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Chapter 6 
AREA AND, INTEGRAL 



6-1. Introduction. 



Area, as we treated the idea in Section l-'2, was" not defined analy-bically 
but accepted as a geometrically understood concept. We did not question the 
idea that a region with a c\i2rved boundary has a definite area but began with 
the implicit assimption that it does. Within the framework of our elementary 
knowledge we ' saw no way to describe the ^ area of such a region except as a 
limit. For thSs purpose we used' a specific kind of limit, the integral. 
Havin^^ gone from the geometries! description of area to an analytical method - 
which determines its numerical value we are now able to use the analytical 
method to define the cor.cept oz :^-rea. In this chau^r ^e shall take the con-, 
cept of area arrived at' intuitively and express it/in precise analytical terma . 

Underlying ,our method for determining the area of, a region, there are a 
few elementary ideas. These ideas are commonly accepted properti-es of area 
which we postulate as the basis for the formal analytical definition of area. 
The'q^rea function a\,which associates with each region. R of t-he plane a- 
/real number, the area of R , should satisfy the following properties. ^ 
Property 1. aCR) > 0 ^ ^ 

^operty 2; If S and T. are two regions and -if is contained in T, 

(every^ point of S is*" also a point of T) then . aCs) < a(T) * 

Property ^. If R is the union "of' two" nonoverlapping regions R^ and R^^ 
Cevery point of R- ^ies in R. or R^ and .only the points ' on 
. their common boundary lie in both and R2 ) > then 

:/ \ c^CR) = qcCr^) + aOR^) . _ r ^ 

Property ^4^. If is a rectangle of height h and width w then afR) ^ hw 

" Property 2 is called the order property of area and' Property 3 the - 
additive proper-by . Properties 2-4 are illustra-ted in J^gure 6- la. 
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Property 2 ' ' -Property 3 * Property k 

Figure 6-la 

We do not expect to be able to define an area for every set 
.Ox points in the plane. Consider the sets 

\ S = [(x^y) : 0<x<l^, ^ <y < - ; 

' T = CCx^y) : 0 </x < 1 ^ 0 < y < f(x)} 

where g is the Wei e3>s trass function" described in Section Ai|-3, and 
f is the function given by 



1" 



for X . rational 

fCx) = 

^'f or X irrational 

(Exercises A6-2, ITo, 4). For the present, it is far from clear that 
an area can be assigned to either of these regions in- a meaningful 
way. ' ' ^ ■ ' 



Exercises 6-1 

• *• 

Read Section 1-2 carefully and locate *the places in the discussion where 
the four iDroperties of area are used. 

Prove from. Property .3 that if a region R is the ^mion of n nonover- 
lapping regions then 

f 

aCR) = a(R^) -f-oiCR^) ... + a(R ) 

, - ' * ^ - 5 

Show that Property 2 is actually a consequence of - Property 3 .given that 
area is nonnegative. 

(a) - Using the given properties of area obtain the area ' of a ^triangle- by 

elementary geometrical^ arguments. 

(b) Do the same for a trapezoid. ' ^.h' 
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5. Estimate the area of each region described "below* 

(a) a^,y) : 0] A [(x,y) : y < 1 - ] 

'''^ 1 



(h) {(x,y)> : 0 < y < 



■} CCx,y) : 0 < X < 1} 



1 + X 

6. ir Property U- Is replace "by ^ 

Property ^ . The. area of 'a unit square is oixe. 

Property. ^ . Congruent regions have the same area, 

shov that .the ■ area of a square vhose side is of leng:f;h -a is a . 

. - ' 

7- Using Numher 6, shov that the areja of a rectangle of height li' and. vidth 
V is hw. 



9. 
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'--2. Evaluati on of an Area. . /' ' " ' 

— '■ / .-^ 

In, Section 1-2 ve reduced -t>(e problem of calculating the area bounded by\ 
a cur-.-e to the problem or determining^ the areas of certain standard regions. 
Let r be a nonnegatlve bounde'S function defined on [a,o] . Ve recall that 
xhe standard re<-ion R under the £raph of f on [a.,b] is the set of points 
bounded above by the s-apri o£ f , below by- the x-axis, on the l^ft by the 
vertical line' >: = a and on the right by x = b ; that is, 

H = iiy.yj) : a < X < b "and 0 < y < f Cx) ) 

(?iG--ire 6-2a). To estirr.ate" the area' of R we subdivided the standard region 
into snaller standard regions by subdividing the base interval [a^b] . 




ig^^re 6 -2a 



subdivide the inter^-ral into n 



parts, setting x-- = a , x = b and 



cnoos 



' ^ u ' n 

ing points of subdivision x^ , x , , x such' thai 

J- 1^ n— ^ * 



' ■ < X < x^ < . . . < X T < X 

1 2 n-1 n 

On each inte-zal , ^where k = 1 , 2 , . . . , n % we have a standard^ 

* region R, where 

We"" then estlnate the area .of each subregion .from above and below bv 

rec-car-Ei;lar approximations. In each interval [x^ x, 1 we obtain a loWe>- 



bound n,^ and an upper bound lA^ for f(x) 

< f (x) < 
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•The" region . is therefore '::qntained in a rectangle or height and, in 

tiirn, contains ' a , rectangle of height n^/ on the common base [x^ l^^-' ' 
conclude • from Property 2 and Pjroperty .i;. (Section 6-1), that 

Using the additive property. Property 3^ then have 

' a(R) = a(R^) + aCR^) + a(R^) . 

It follows ^hat 

a(R) > T:n^(x^ ' x^^ ' %^x^ - x^) + + %^^n ^ ^n-1^ 

and - ' . , . 

dCR) < M^(x^ - x^) V MgCx^ - "^.^^^'^n " ^n-1^ ' 

In abbreviated sum notation (Section A3- 2) ve have 

' n ' - - 

In Section 1-2 we were able to represent tjhe ar-?- zi^ -r e standard region 
under a cua*ve as a limit -of sums of areas of rec^ar. -les ./e were able ^ to 

estimate that* limit ^rom above and below within a £:iven tolerance of error* 

So far we lack means for evaluating such limits- in simpler terms." Here we 

' ^ 2 
show for a simple nonlinea:r case, the function f : x x ■ on -[0,1] • 

how to obtain such an evaluation using special summaticr. techniques. In 

.Sections* A3-2 .and Ac-l we show hrw aress c '^ . ricns under other graphs can be 

evaluated by summation techniques; ir. sc c^w^w^^v v ere only demonstrating yhat 

a direct attack on the problem of evaluating :^ ;ea l3 feasible and that we are 

not compelled to use the subtler, rut often simpler, methods developed in* 

Chapters 7 .and 10 • • " , 

" 2 
Consider the region R under the graph y ^ x on [0,l] , (the 

shaded region in Figure 6-2b(l)). ^Ir.ce f an Increasing function on 

[0,l] ''it w-ill be. e.asy to approximate a'p) from above ajid below in the 

'manner of Secuion 1-2. 



o J. 
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vyTe. uce a cubdivistion or [0*lj into n eaual I--^-.^^ - b-- ■ -— 

GubdiviGion points =:= 0 , ■ = i ^ . . . , x ^ = " - . ^ = ^ - j. J 0- 

k-th interval of the subdivision, < x < :v , ve h-vc 

K— i — — • 

'^r-K-i^ - "^"^^ - ^^^k^ since f is increasir^. 
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. We cjonclude "that' ihe standard region R^. based on tire interval [x^^^^^^x^] 

'contains the rect^'angXe S, of keigjit fix, ^) and - is ^contajfned' In the rec- 

tangle ■ ■ of height - f(x^).. > _ both on *uhe sairie. base /" -^Th^^^i^ion Ox ' the non- 

overla-Dping rectangles Torms a region ' S whicji is ionta'ined- within H ^ 

- " ■ • * ^ ^- ^ * ' • 

and trie Tjriion of the rectangles T,^ contains R Fs^oii^^e -Drouerties 

of area we may then- obtain upper and lower estimates Tor ^i^feh.e 'area cc{R) , ^ 

• We have aCs) < a(H).. < aCT), ^ where ' 

-mm~^ til ^ ^ ~" - 



k=l 



n 



k=l 



n 



Ck r 2k 4- 1) 



k=l - 



r "n _ • n 



^(2k - 1) 



and 



a:(T) = 



k=l- ^ • 



We recognize the secc^na^^sum in the braces within the f02rmula for. Q^CSJ 
as the s'um- of an arith^eti'y progression^ the first n odd natural numbers^ 



whose- sum is n 



n 

The sum > k 



of the first n squares appears in both 



tne formula for cs:(S) and th-at for a(T) . A general treatment of such sums 



is- given in Section A3-2.^or this particxilar^ sum we have . (Example A3"lg) 



k=l 



1. 
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Consequently, ^ ^ 

' • . "^^-"^ -3'- 3 ' 2 --3- ^ 



Since S is. contained in^ R , and R is contained in T , Property, 2 br - 

area states that . ' , " k 

^ . ^ , . . (. 

or 

^ ^ 3-1.1. 1 




^ — 3 2n ^ 



on 



As we increase the^number n of subdivisions, both a(s) and -aCT) become 
steadily better approximations to the number ^ , and we 'conclude that • 

^f^) = 3 • Formally, given any tolerance - e > 0 we choose n to satisfy "' 
the inequality ■ " ' ^ 



1 ' ' 1 



s a 



then a(H) difTer^ from a(S) ^or aCT) oy at most e , and the estimate 
aCSj from below and q:(T). 'from above differ from each other by at most 2e 

. Special sinmaat ion techniques can be '-used to obtain the areas ""of standard 
, J regions for other functions. In Section Ao-1 such summation techniques are 

used -^or the pover function x x"" and the circular function x"— *^cos x 

. ^ Often it is not cpnvenieht, sometimes not possible, to represent . the area a 
-limit of sums which taay be easily' evaluated. The calculus offers simpler and 
m^e general techniques (Chapter IQ} but'^hese, too, maT f ail . The idea of 
apprt>ximation is. the fundamental one, and if all else fails we can always 
resort to obtaining approximations from above and below to the area of a 
standarxi region. ' . ' ' - ■ , 

^ -.1 ■ • 
■ • ■ ■ ' . ■ • ■ ■ 



er!c\ 
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£lxerci^es 6-2 



1. ^ Use the simn^tion method to find the area^ of the- standSrdlfWsipn defined 

^ " - ^ - ■ ■ / ■ 

(a) f : X ^ c ^ O < X < b , .c > 0 . J. 

: ("b) f : X > cx 0<x <h , c >0 . ' ^^ 

(c) f : X ■ > + 2x ^ O < X < h . ' - " , \ " 

^(d) f : X » sin t^ax + b) 5 O ,< x < c ; a b. , c such that '"r\. 

sin (ax + b) > 0 on [O^c] • ^ . ^ . . , ' ""'^ * -; 

>^(e) f : X ■ » co^^ X , 0 < x <^ c . • ' ^ - ^ 

2. " The: problem posed in Section 1-2 vas to. determine the area ^of the, 

standard region for f : x — ^ Vx on [0,1] . The smanation ^ncounrtered - 
there vas similar to the one encountex*ed in this section • Use this JaclT':^ , 
to solve the problem of Section 1-2* ^ . ' - 2 * ■ - , 

3. Obtain the res-alt of Exercise 2 using c5fnly the fact that the ari^a'^under^ . 

' 2 ^* 1 " ^ 

the graph of f "f x — *-.x on [O^IJ is^ rr- , together with the^asic ; 

properties of a^ea^ without resort to summation techniques. • 

^. Show how the upper estimating sums for vx ■ are related "term-by -term to 
the lower estimating^ sums ^or x . (Hint: Sketch a graph of- y =rx 
Use this graph and the y-axis to^ represent the standard region defined , - 
. -by -^c O ' ■ - 

5. ^If S =1/1-^1/^+. .*+Vn, show that.. 

V ■ I vi?<s <.|>^ + ^ . - ' • 

- -3 n 3 - ^ . 




/0 
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6-3* The Concept or Integr als Integrals of* Monotone Functions* * 

tl ' ■ A . - 

. \,±j Definition of integral > . • . * 

" , In the computation of tiie 'area of the ..'standard region under the gra;^* of a 
bounded function " f ■ on a closed . interval ve gave^'upiier and lower estimates of 
the area in pterins of upper and lover' "bounds foir f , op. each interval of a sub- 
division. If the ^fixncti^ f takes on .maximum^ and ininiirruin values on each 
subinterval, as it would if ^f were continuous or monotone, then these would 
give the sharpest possible 'bounds • Wh en . f ^ is continuous it may ^ be easier to 
use 'Slacker bounds than to attempt to determine the -extrema. For monotone 
functions however^ the situation is especially, simple T . The extreme values 
on an interval are taken on at the endpoints • * . ^ 

. We .may allow f -to take on negative values so that the interpretation of 
' -the upper and lower sums- as uppfer and lower estimates of an area may not be 
immediate . Still these upper and lower' sums may serve as upper and lower 
estimates for some unique number, which lies below all upper estimates and above 
all lower estimates; if such a unique number exists it is called* the integral 
of f over the base interval. The idea of integral has far-reaching appli^ " 
cations, and its interpretation 'as area, although useful for visualizing the 
concept of integral^ is' not necessarily the most important realization of the 
conpept. " ^ . 

We consider a boiinded function f defined on a closed interval [a,b] . 
, A subdivision of [a,b^] into n intervals is defined by -a set of points 

a = {x^ , x^ , x^ , • • . > x^^^ x^ ) 
where x^ =" a , x ' = b -and 

X,, < x. < X^ <...<X-<X. , 

O 1 2 n-1 n ; 

W'e shall ^call a set - a of points satisfying these jreauirements a partition 
of [a,b] • On the k-th subinteiTval [x^ i defined by the part^ition a , 

let m^ be a Ip^rer b6\mdj upper bound for f (x) , so that 

for all X in the subinterval . We define the lower sum over cr ■ for the^ lower 
bounds m, as ' . ' . 
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and '-the upper sim over a for the upper bounds -as 




ir ' f is a nonnegative Tunc-tion then -the lower and T|.pper Sims corresponii 
• ^ ♦ ■ ' , 

to lover -and UDDer estjtmates, resT^ectively, Tor the area under the graph of f 

on [a^b'! . 'More generally, vithi^ut restricting the sign of ^ f , ve use the 

* "< ^ 

lower and upper stims to define the integral of f , if it exists. ' , 

DEFDTXTION 6-3 , Let f be defined on [a.^b] • We say that the 
numiber I is the integral _of f over [a,b] if there exists just 
one nimber I such that> for each choice of partitions , cr^ and 

all lower suns over and upper sums , U^^ over cr^ ^ ve have, 



, 'I . ■ ■ * 

' ' We raise the question of exi-stence of such a number I because it is not 
' immediately cl^ar. It is possible to. prove that no lower sum is greater than 
^- any upper sum- Still, there may be a 'gap separating the values of the upper 
'sums, from t-hpse of -the lower sums. If so, there * is more than one number be- 
tween the lower and upper sums and the integral is not defined. CThis^ is tpru^ 
-of the function f , of Section 6-1. See Exercises A6-2, h On the otherV 

-handy if for each €" > O it is possible to find lower and upper sums whjLch 
differ by less than € , there ''is such a number I which these lower and 
upper sums approximatse within the error tolerance-' € in other, words, we are 
able to define I as the limit of upper and lower sums. We leave the proof 
„ofi» existence (under appropriate conditions) to the appendix (Section A6-2) but 
state tr?? principal result here as a theorem which we shall use. - ■ 
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THEOREM 6-3a. Let f oh a oounded function^ on . If for eveiy 

positive e there exists- a partition a of [a^b] and lower and 
uppes- sums' _ L and U over c vhich' differ by 'less than e , .then 
there exii'ts-a nimber 'l vhich is the i-n-tegral of-.f over [a,b] < 
Conversely^ if f is integrable over -[a/o] then .there exists' a 
partition ' a vith lower and upp^r sums L .and U such that 
' U - L < £ . - ' ' 



If ' f has an integral 
over [a,b] . 



over [a,b] we say that f is integrable 



A. proof of Theorem 6-3a requires a verification of the conditions of 
^..Definition- 6-3. Fi^st we must have a . demonstration that no upper sum is .less 
^ -than any lower sum (Lenmia A6-2b) . In that event, tlexe exists at l^ast one- 
number which is both a. lower bound for the s'St of upper sums and an upper 
. bound for the set of lower sums (Separation Axiom, Appendix I-5). It must ' 
- then" be shown that there is at most one number I between "the upper and. lower 
sums..^ This follows from the existence of an upper and a lower sum which are 
■ closer together thlan any prescribed tolerance "e ''CLemma AI-5) . Thus 'the 
integral is determined by a squeeze betweeh upper and lower sums:- For" the 
details see_Section A6-2. ' ' .: - ' " 

(^^i Integrabllity oT mon'btoxLe functions . ' - . ' * 

Pox* monotone functions we may choose in^ and ■ as function vaJ_ues 

at the endpoint^^ of T^.yt^J and it is particularly ^y to ob^tain an 
estimate of the difference betveeji the upper ^and lover" 

the error of ap^ro^iiatd^ns to the' int^gralcf We picture the s-itua-t^ion in terms 
of the area of -a" standard re^^ion for a norinegative increasing function f . " ^ 

■ i ' ■ 



y=f (x) 




I 



> f(b3-f(a) 



ERIC 



. ■ * • ■6-3 

In Figure o-Sa^ the shaded rectangle over the interval [x^^^ jX^^] has height 
K,^, - n.^ J -where. = i:(x^) ^and' rn^ = fC>:^^^) . . . ' 

•The total &rea[ ol* the shac?fed rectangles is the di-xference' between ^<ie ^. 
upper and lover /S uns f'or the given partition- ^ ' " ■ ^ 

Since the function f* is monotone we can ^imagine sliding , these rectangles 
parallel to the x-axis into an ^arrangement wi on" oneir rig^.t ,side5 ^ligned * In 
this arrangement the rectangles -are contained without overlapping in a single 
rectangle of height' f(b) - f^) and base "equal to the length of the largest 
interval of the. subdivision. The length of. the largest interval^ 

v(a) =.max{x^ - ^-1^ 

is a measure of the coarseness of the subdivision and is caULed th^ norm of the 
partition a . We have depicted a bovnd on the .difference between the upper 
and, lower sums: . " ■ . ■. 

^ U - L < [f(b) - fCa)]v(a) . , 

Clearly,, we can make the difference between U and ^ L less than' any error 
tolerance - e by making the subdivision fine enough^ namely, by choosing ^ -a 
so that_^ _ ^ . 



- Since^th^ area I must then lie^ in. the interval of length et^most e between 
U ' and' L its value cannot- differ from, either by more than c and we have 
satisfied the ^ condition of Theorem 6-30-* _^ ^ y 

fi? Although we have obtained the last result by a geometrical argument we'*''"^ 
can obtain the same resxJ-" ."Analytically with more generality: 'any function 
monotone on a closed interval* is integrable, y ^ • 

THEORS:^! 6 -3b . ^f f is monotone on [a^b]^ th'en f is integrable over lajb] 

Proof:. Ve show that f or ^each positive - € if is .possibl^ to find a . 
partition c of [a,b] for which the difference between the upper and lower 
sums on the partition can pe made less than e : . ^ 

U - L < e . ^ . ^ \ ' 

For this purpose we let be the maximum and ^-^^Z mihimjm of f on 

1 • We sjiall Drove that it is sufficient to use* a subdivision a with 
K-lr * K ^ * • 

a norm satisfying 
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when rCb) 5^ r(a) , 



The case; f(b) = is trivial since the function f must' then be a 

constant function,. In this case, we have = -and 



U - L rr 0 



/for all 'subdiv-^sions cr 



We ^consider the case of veakly increasing function f (the veajcly 
decreasing^ case is siinilar} . The maximum and minimum on [x^ i^^J 
Sjven oy the endppint Values 



_f(x,^), and n:^ = f(>,^^,J 



Si^CTiing over the" intervals of the subdivision ve have 



n 



n 



• ^ k==l 
n 



^=1 



n 



k=l 



Consequently, 



U 



n 



k=l 
n 




■ " k=l 



We ^bser^/^ oha1 



k=l 



and 



n-r 



) + tu^) 
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n 



5 



Sucxf acting' x^e secfcnd these Guns from the first y ve have 



consequer.-tly , ' -= 

U - L < v(c)[i{o) - f(a)] 



To nake the difference l^ss than\ e -vze need only chose v( a)- as indicated 
above. We have satisfied the condition of Theorem c-3a 'and it follows that ► 
f is integrable over '[a^o'l'-'. " ; 

(iii) Hleniann . s^jzv^s * Hotation ^ 

We have employed a method for defining area by approximation from above 
and belov; and extended our approach to define the more general concept of 
integral'* This method has the ^reat advantage of logical simplicity in the 
derivation of properties of the integral, , . 

r 

.1' 

A more direct m.et.:od^ but one vhich requires somevhat m^ore com^plicated 
argument J. is to utilize .values of the function in the intervals of a subdivision 
-instead of upper and lover bounds for approximating the ar^a. Thus^, for a 
function "f _ defined.on [a^b] and a partition a — {x^ ^ ^ x^ ^ • • • ^^^3 
of [a^b] v;e introduce s'^s of the fc^r^i 

n 

(1) - " = 2^ -^h)^^^- '-^.-i) 

\ ■ ■ f - - ' 

vhere 5 is any value i^the subinter^/al ' [x^ i^-^-I* • Tifese are called 
P.iemann sums For a general Rieme^in sum the rectangle over v ^^x^^^]- vill 

usually not include all of the standard region under the grauh and vill usuallv 

■ ■ " .. . - ' ' {. ' ^ 



After BerrJiard Riemarj?., .a German mathematician of the early 19th century^ 
a pioneer in the. careful study of the concept of Integral and in other im.portant 



i'nclude some region above the cui-ze (Figure 6-313) so that there vill oe a 
partial cancellation of errors. Since < t(i^) < , no matter hov ^, 

'is chbsen, we see that the Riemann s-Lnns are sandwiched b'etween the--upper and 
lower sums 

* L < R < U . 

ir f has an integral I , ve can therefore approximate I by Riemann sums 
In fact, the approximtion' to I by Riemann sums can be kept within any pre 
scribed tolerance '^of error for every sufficiently fine subdivision a and. 
corresponding choice of (Section J\6-2)- We ^^,^^11 then have determined " 

the integral as a new kind of limit, a limit of Riemann sums: 

lim R • ^ ^ ^ 




.,^5.;.. ^ It is natural to suppose that if this limit of Rlemann suins exists, then 
sb does the integral I of Deifinition 6-3, and to suppose that the two are 
the same. This is not an obvious proposition^, but it is true (Exercises r 
ITo. 3} • These remarks are summarized in. the following theoj-em. 

THEOREM 6-3c . The value I is the integral of f over [a,b] ^ in the sense 
Definition 0-3, if and only if " it 'is the limit, of Riemann $ums, 

^ 'T = ^im R . * 

m 

The proof is left to Sectipn a6-2. 

The integral I of f over [a,b] is usually written in the' elegant 
notation"" of Leibniz." In Leibnizian. notation, the Riemann sum (l) is written 

■0' ^ _^ 



k=l 



where represents the " difference - ^ * In representing the 

integral Leibniz used a foOT reminiscent of the Riemann sums. 



I 



D ^ 

f(x) dx . 



We shall call the endx>oints a and b of the interval of integration, the 

" 2 
lower and upTDer ends of integration, respectively 

ough, as we shall see, the Leibnizian notation for integral nicely 
compl^ents the Leibnizian notation for derivative, it stems from conceptions 
which cannot- abide the light of logical reason- In the thinking of Leibniz 
and most of the early users of the calculus, the integral sign which is 

an elongated Roman "S" is a special sxammation symbol which replaces the 
corresponding Greek symbol " Z • The integral "^^^ thought of - 

as the'^um of the areas of the infinite set of "recoOTglesV having 
"infinitesimal"', or- " immeasurably small" base dx and height f(x) for 



' -^-here are concepts of integral which are more gfeneral than the one we 
consider here. For example the functions of Exercises 3-5^ No. 12 are 
integrable in a more general context, 'but not in the sense' of Riemann. 

2^' ■ -■■ ^ 

It is cus-toniary to cali these values the lower -and upper limits or "bounds- 
of integration, but the terms "limit" and "bound" are used so often in other 
senses in the discussion of integral that ve choose 'to break with tradition 
and introduce a new term. « • . 



^ < X < b . (the Roman "d*' in "dx** replaces the Greek ^'^'^ of the finite 
Rieraann s\im). These ideas are nonsensical on their face"^, as the redoubtable 
metaphysician Berkeley made plain to his contemporaries. 

.• 

Only Newton among" the mathematicians of his age had some slight success 
in clarifying the basic limit concepts involved^ and even h^ used the' idea of 
^inf initesimal freely when it suited his purpose. The task of providing a 
'logical foundation for the calculus -was effectively/ begun by mathematicians of 
the nineteenth century* Nonetheless^ the idea of summation of '"^inf initesimals' 
vas.both suggestive and fruitful. In ancient times^ Archimedes in "The^ethod' 
ijiade ingenious use of it to discover Cnot prove) formulas for the areas of 
conic sections. Euler used this nonsense without question and managed {to 
develop vast areas of analysis without a clear-cut definition of limit. On 
the other hand, the imprecise ideas of Leibniz and his contemporaries hkve 
their pitfalls 'and mathematicians vere not always successful in avoiding them. 

(iv) Arclenffth " - , 

We have already made some use of particular Hiemann sums. In estimating 
the- integral of a monotone functioH we used. upper and lower Hiemann sums formed 
by taking as bounds JJie maximum and minimum values of ^f*^in each interval of a 
subdivision. We coul-d also use upper and lov^r Riemann sums for the continuous 
^^"tions since they share with the monotone functions the property of having 
a m^imum and minimxim value on each closed interval (Theorem 3-7b). For con- ^ 
tinuous ^functions J however^ the estimates by upper, and lower Riemann sums "are,.. 
not the^ appropriate general tool ^cause the extrema of a continuous function 
on an arbitrary closed interval iti^T be beyond simple analysis, as would be the 
case for the Weierstrass functioi| ot Section Al;-3. In other cases, "the 
Riemann- sum may be the appropriate device becaoise it is inherently impossible 
to obtain the necessary bounds on every subint^rval^ the following example 
shows . ' ' \ 



^he concept of . "infinitesimal" requires the existence of quantifies which 
are smaller in absolute value than any positive niomber and yet not zero. For 
real numbers such a conception is -inherently self -contradictorv (see Exercises^ 
Al-3, No. 13b) . ^ — 

^See Boyer, C.B. The Concepts of the Calculous ^ Columbia UniverS^ty 
Press. New York. 1939'. . \ 
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^Example 6-3 * The length of an arc of ^a continuous ciirve is another 
quantity which can. be defined in terms of an integrarl. Given a continuorus ' 

func€ion f^ on [.a,^] and* a partition 
* > cr of [a,b] it is natural to attempt 

-to -approximate the length L of the 
arc of the graph between " x = a and 
X = b by the length P of the poly- 
gonSl arc joining t^he successive points 
of the graph corresponding to the parti- 




Figure 6-3c 



tion points.^ For y^ 

the length of this polygonal arc is 
n 

P 




This sum can be ^put an the form of a Riemann integral. We observe if f 
differentiable that, by the I/aw of the Mean^ = f ^(^^J for some value * 



IS 



satisfying 



(1) 



^ * Consequently, 



"thai: is, P is a Riemann sioin for the- fiinction g.: x- 
ft 

then define the length L of the arc by the. formula 



ATT 



We 



(2) 



= f . g(x)dx = f /l + f » 
-'a J a 



ur dx 



if the integral exists • 



There is one peculiarity of this treatment of arclength which you shoiiXd 
Since the segment has'' the shdrtest length of all arcs joining two 



know, 

points (this is assumed here, but it^_5>ern be proved) > it follows on summing 
over the intervals of a subdivision that (l) is always . a -lower simi for (2), 
Without an obvious geometrical way to describe corresponding upper sums, we 
must abandon our idea of approximation from above and below. Thus we nre 
compelled to use the Riemann sum approach to arclength. 
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Exercises 6-3 

Svaluate t.he integral of each function f over the indicated interval, 
"^a) f (x) ^ 2. ' 0<^<^ 

(c) fCx) = |- -^^^X^ 2.5 < X < 3 




Cd) f (x) = 5- x- 3<x<5 

Ca) Find the mininam and the zii^lmvin, values of f(x) =- 2 + 2x x^ on 
the 'interval [O^l] , and use them to find tvo numbers respectively 



J n 



below and aoove the value of \ f(x) dx . 

d 

(b) Check your result by evaluating the integral. 

Findiupper and lover.'suias differing by less than .1 -for the ^ area under 
the graph- of f _ : x — ^- on [l,2] . ' ' . 

Evaluate e'ach of the following, integrals. 

r 1 ' 



(a) J x-^ dx 



(b) 



2 

Ix] dx 

-•2 




(c) • I X dx. ^ (See Exercises 6-^. Ho. ^) 

J -1 . 

f 1 1 ^ ' . 

Approximate I ^ dx by Riemann sims. 

J 0 i ^- X ■ " 

A function f defined on the interval [a,b] is said to be a step - 
function on [a,b] if for some partition ' a = {x ^x^ < :x of the 

-01 ^ n 

interval, f(x) is constant on each open subinterval •(x^ 1^^^ ^ ^ = 1 
2 , ... ^ n . Thus sgn x is a step function' on [-l^l] , where sgn x 
is defined by * • 

i ■> ' ^ r -1 , X < 0 

sgn x=, *OjX = 0 ' 
'.l,x>0. 

(a) Prove that a step function is integrable. 
. /-b 

(b) Find I sgn x dx . ^ * . ** 
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7: i?valuate each of .the following integrals: 

' ■ f 3 - f 5 

(a) \ [3x + h] ax, / (c), \ dx . 

J-1 ( ■ J 1. • ' _ • 

i: ' ■ • 

(b) d.. _ " (d). ^^[.S] a.. 



8; Let = {x^^x^^x^, . . . jX^} iDe a partition of [a^b] , and f , a function 
■which is ' integrable over each interval [oc^ i^'^-' ^k=1^2j ...^n/ 
Prove that t ' is integrahle over the entire interval [a^b] and. that 

h n 

^ ^ r(x)dx = f(x)ax.. 

9- (a) Prove Tor 0 < ^ ^^^"^ 

^ (b) Fi-om Part - (a) prove that for 0 < a < b 

...b£ a3 
T 3 ~ 3 



I X dx H -rr - -rr * 



a 



Cc) ' Generalize this method to^ obtain 



'b 
a 



X dx 



.for 0" < .a < b- 



c-^. Elenentar:.- Prbpert ies of Interirals . 

> 

(i) Geometrically sug.^estea properties . , . ' ^ 

Beginning vith the postulated properties of are:i in Section i-1, we 
rorr^iated the ^eor.etrical concept of area of a standard region in terms of 
the analytical concept of 'integral. The concept o'f inten;ral is son:e'';hat n:ore 
general than that of area; not only :nay the integral be defined 'for negata-ve 
functions, but the integral niay also be defined^ for inunctions for vhich intui-. 
tiori su£:5CstG no interpretation for the area under the £:raph (Exercises . 
TIo. 5) . !Icne\r.eless , the postulated properties of ac^ea sugc^^"^ properties 
true of inte^;;rals in general. " . 



Let 



and 5 be nonnegative functions with f(:-:) 

Since the stand 





g(x) 'on fa/o] 
region under the 
graph of f ■ is contained in the 
standard region- undeV the graph of 
g^ (Figure 6-^), from Property 2 of 
Section 6-1 the area of the foraer 
must be no greater than the area of 
the latter. - A similar inequality' holds 
for integrals in general - 



Fi^^xre 6-Ua 

• THSORS-l 6 -4a : If f and 
then 



5 



are inte^rable ^nd fC>^) < g(x) on ■ [a^b] 



J f(x)dx < j" gCx)dx . 



V 



r 



Proof. Let I denote the integral 'of ^ over [a^b] , and 'J ^the 
int^egral of g . We know (Theoreir. c-3a) thai^ for ever:/ positive ^ e there 
exist upper and lower sunis U and L for g such that U - L < c , Since 
L < J < U (Definition 6-3) we conclude that V - J < e . Thus we can find 
upper stuns as close as desired to J . At the sar^.e tirne^ every upper sum for 
J is an upper -sum .for 1 since f(x) < g(x) . We have I < J , for if we 
had I > J we could take e = I - J .> 0 and-fro:n U - J < I - J it would 
follow -i:r^t U < I a contradiction^ since U is an upper sun for.- I . 



Consider -the decomposition of "the standard region, .6\j;er ["a^c] into the 

, two standard regions 'over [a^b] .and 
[b^c] where a < b < c (see Figure 
S-kh) . The additive property of area 
(Property 3 of Section 6-l) states 
/ that the sum of the areas of the two' 

subregions must be the ^area of the 
entire region. This corresponds to 
a general statetnent for integrals. 




Figure 



THSOKEM 6->Ub > If f ' is -integrable over [a,c}\ then^ for a <b < c 

b rc re - 

=1 f(x) dx . 



(1) 



(x)dx + i* f(x) dx 
a ' J b ^ 



-Proof. From the integrability of f over [a^c] ^ it follows that f 
is integrable over the subintervals [a^b] and [b^c} ; (Lemma a6-2c) • Con- 
sequently, for any €. > 0 according to Theorem 6-3a we can find subdivisions 
, a' of [a,b] and g*' -of [d,c] with corresponding upper ^nd lower sums, 
, L* .and tJ" , L" such that , - : 



< G and 



Clearly, U = U.^ + U" and L = L* + L" are upper and lower sums^over [a,c] 
for the partition c congtructe.. taking^ the 'two partitions c^^ and 
together 'as a partition of [a;i . Furthermore, ^. . ■ 

I u - L = (U^^ - lO + (U" - L") <-2€ . 

For th^ integrals .1,1* ,1" over the intervals [a-, c] , [a,b] , [h,c] , 
respectively, we have . ^ „ 

' U - I .< 2€ , U» - I' < € , U" - I" < ^ , ^ . 

whertce^ for every positive e , - ^ , 

.iT\ + I" - T[ = Kl' - UO + (!'* - U'')' - (I - U) [ 

< he ' 



' It fQllows that -l' I" ^ I , as we sought to prove. 



Up to th'is point the symbol \ T(x)dx has been derined only for 



a < b - We nov derine the Integral so as to make (l) iiniversaily ^-alid. 



Formally substituting a for b and c In (l) we obtain 

^ a /-a >-a 

f(x)dx 4; J rCx)dx = J fCx)dx , 



vhich can be satisfied only if ^ r(x)dx = 0 - We define the integral^- 
according2or • - " ' ' - , ^ 




Furthermore, if we formally set c = a in (ij^, we obtain 

r b /-a /-a 

{ f(x)dx + \ f(x)dx = \ f(x)dx = O . 

•'a J b J a 

-'This equation suggests the following definition. 

j. . J * 

DSFINITION S-ho . Cf f is integrable over [a^b] ^ we define 

( f(x)dx'= * f f(x)dx ♦ 
■ 'b . -'a ^ 5 

With these definitions. Equation (l) becomes valid independently 

of the Yrder'^f a , b , c . ' . ^' . 

Corollary > If a , b , and c are any points of an interval over which 
r is integr^le, then 

A- r "° f c r 

• - . \ f(x)dx + V f(x)dx = \ fCx)dx . 

J a J b J a 



The proof is left as^ an exercise- 
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Oil 



V 



t 



2 • P • 

X dx where a > 0 . Since x is ^ 



monotone/Wor x >0 the integral .exists . We consider a subdivision of [0,a]' 
.into n \ equal parts and in the manner of Section 6-2, obtain upper and lower 
srums 



-ZX^) "t £ 



and 



L = 



)a 



a a 
n ~ n" * 



We utd^lize -the same siimmation formula as in Section 6-2 and o"biain by the 
same argtments, 



1 



" 2 , a3 
X, dx = 

0 • . 3 



This is -a general f onntila', " valid for all positive values (and negativfe 

values 'also. Exercises o'r'h, No. 2). Now, applying the Corollary'to Theorem 

we can obtain thev integral of f between any positive ends of integra- 
tion whatever: " ' 



X f(x)dx 
J 0 ' 



ro fa ft 

■= \ f(x)dx - \ .f(x)dx 



0 



b3 



Example 6-Ub > Property i+ of area^ that the area of a rectangl^e is the 
product of the lengths of two adjacent sides, tells us for f(x) = c where 
c is a positive constant, that the area of the standard region on [a,b] is 
c(b - a) , (Figure 6-Uc) • More generally, whether c is positive or not. and 
* ' ' ■ y-c . - no matter wh^t the values of a and 

b , it is true that 

-b ' ' ■ . . ■ 




dx = c(b - a) 



Figure 6-hc 
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We need only prove "the 'result for a<biif a>b the result follows 
by the Corollary to Theorem 6-4b. ^ . . ^ • 

f In every interval, c Is both an upper bounc? axid a lower bound for 
■f(x) = c • For eve27y partition of [a,b] , then, "'we take 



n 



U = L = 




n 



= G 




• .= c(b - a) . 

;. ^ ^ • ■ , V ^- 

Sxample 6-4c ■ Consider -^le 'area under the graph of f(x) = x on [a,b] 

a > 0 , (Figur^e . This region is a trapezoid withi' parallel bases ot^ 

length a' and b and altitude b - a . We know from elementary geometry 




^ that the area, of such a trape^bid is 

a)(b + a) = ^ - 



2 
a • 



More generally., we prove for all a and Id that 



b ,2 2 
X dx = . 

a 



Again, .it is surficient to prove the result for b > a ; . f or other cases the 
resxilt foll6ws-from Definitions 6-4aand 6-4b. We subdivide the interval 
Ea,b] into n 'equal parts and obtain upper and low.er sums 

, . ' 392 ■ " 
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, " • "6-4 

I ■ * 

n 

/ U = ^ ^ (a + kh)h" ^ * 

^ n 



L = ^ ^ [a + (k X)h]h = U - nh^ 



where h = ^ — - .x We have. from the rule Tor summation of an arithmetic 



progression^ 



b - a 



{2a + C"b - a) +Mi] 



2 " 2 . 2 



For -the lower sum, then 



^ • • 2 2' 

L = U - nh^ = u - (b - a)h = ^ _ ^ . - a)h 

Combining these' results and talcing the limit as n ' approaches infinity ve " 
obtain the anticipated value for the integral. 

(ii) Linearity of Integration . - ^ ■'. < 

For positive constants ^ XX and p integration is a linear operation: . 

\ [ofCx) •+ pg(x).]-dx = al . f(x^dx + p V gCx).dx ,• 

• ^■'a . - . "■ Ja , • • ^ >a- ■.. ' . 

for if U» and L* are upper and lower, sums for f , U" . and L" for g 
it is imnediate that U = oiJ' + 3U" and L = ctL^ + PL" are upper and lower' 
^ sums for the linear combination ctf (x) + Pg(x) . This result does not depend, 
on the signs of a. and p as we»now prove. 

THEOREM 6^. Tf f -and g are integrable over Ea,b] . then W linear 
combination of + pg is integrable over' [a,b] and 

' , ■ \ [ii^Cx) -^•.pg(x)]dx = a \ fCx)dx + p V "gCx)dx 

J B. J a. . J a ■ . ■ ' ' 

- To simplify the considerations which depend on the signs of a and - 
P we divide the proof into two parts. • ' 
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Lemma S-^ha , If f is integrable over [a/^^ 1:hen for any constants cc 
the functl^ orf is integrable, and ' ^ ■ 



ProoT. Let o be a partition of [a^b] a^d tal^e upper and lower sums 
over a , i 

n 



• ♦ 



L 



for which U - L < € 



If a > 0 , then 
n 



— n ^ 

are upper and lower sToms;, respectively^ for of . It follows that 
• ^ - 

o . - . Ql, < ore ' ■ • 



and hence *that the^dif f ^ence between upper and lower siims for of can be 
"made less than amy desired toler^ce. If follows, that aS. Is integrable. 



. Fttrthermorej for the integral I *.of f - and. jj* of <xf over ' [a*b]< we have 



from which it follows that . - . 

I J - al|' = I (J - aU) + aCu - l) I 

Since this result holds for all positive € we conclude that J = al . 

If a < 0 then is a lower sum and ocL an upper suin for a:f • 

^ The proof is thus , reduced to the preceding ^(Exercises 6-4^ No. 3). 

If a-= 0 ,\ the leiima follows trivially* : 
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We have not attempted to -give an- i^OHp^WE^ji of the integral in terms 
of* area for functions -which take on negative values. If'- f(x) < o' o'ri [a,^] 
then -fCx)^>0'. We have, i^i'the light of Leimna^6'-2<-a,' • 



f Cx)cLx, = 




-i 



'L-fCx)]dx .. " • . - 

The integral I of f 'over [a^b] 
is, therefore, the negative of the 
area 'Of the standard region under theX 
graph of -f (Figiire 6-ij-e) • Alter- 
natively^ we may consider I aa* the 
nega^tive of the area of the region 



{(x,y)' : a < X < b , 0 >y >f(x)} , 



the region boimded below by the graph 
- ' * of . f and above by' the x-axis • , 

Figure \ ■ . ' 

. ' In general the integral may be interpreted as the signed area between 
the graph of f and,4:i:fe. x-axis^ =^where the, signed area is -oositive and ecrual 
to the area under the graph for the part of the graph abov-e the x-axis, and 

•where the signed area^is negative and equal to' the negative of th-e a^ea 
between the graph and x-^jcis for the part below, In^;particular, if the graph 

•of f is synmetric with respect to the origin we have f(rx) = -f(x) and for 
any interval [-a, a] centered at the origin the signed area of any standard- 

■ regi ph above the x-axis on one side of "the origin is .the negative of the 
signed ^ea -of -the syrmnetrrcafly situated region. -belcDW" the x-axis on the 



other side of the origin; in this case 
No. h.) 



f(x)dx = 0 . (S^cercises 



Lemma 6-4b , f and g ^ are integrable over [a,b] , then f + g- is 

integrable over [a^b] and * - ' , . 



[f (x); + .g.(x) ]dx. = -j" . i'(x)dx .+ • J - sXx)dx ^ 



6.U. 



iny^ f 



We make use of an a\ixiliary res\il-t (Lemma A6-2d): Given any^ fixed 
tolerance, for any integrable function All sufficiently fine partitions hav^ 
upper and lower sums- closer then that tolerance Thus for each positive € 
there 'exists some 5 such that any partition a will have an upper sum U • 
and a lower siim L satisfying ^ - - • 



whenever 



|u - l| < € 



v( a) < 5 . 



Let and 5^ be the controls corresponding to the given e for f 

and g y respectively^ and take 6 = min[5^,&2^ • ^^"^ ^ partition" 
with via) < 5 • There then exist upper and lower sums over a , U* and 



L» for f , and U" and L" for g such that 

|U' - L» 1 < € and [u" - L" | < £ 



Recall that 



n 



n 




and 



n - n 



k=l 



^1 . 



where 



Since 



m,^V < f (xT - <-J?I^' and. m^" g<x) < M^" 



m^^ + m^^' < fCx) + g(x) < M^^ + M^" 

it follows that U = U" ' is an upper sum and L = L' 4- L" a lower sum, 

for f . g over a . We conclude that 

. : ' . ... /. U - L = (TJ' - lO + (U",- X'') < 2€ \ ^ 

and it follows that f ^- g is integrable. Furthermore, for the integrals - 
I' , I" and* I of f , g and f g ^ respectively, we have the estimiate 

= Id' - uO (r' - u") - (I - u)L 

\ < ke J 

\ - 

for each positive £ • It follows that I = I' + I" . . 
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The derivation of Theorem G-rhc from the preceding lemmas is simple and is 
left as an .exercise. 

In Examples 6-Ua, b , c we have shown how to integrate x , a constant, 
and X . Emplfoying Theorem 6-li-c we^ now have the means to integrate any 
quadratic function without further resort to estimates by upper and lower 
sums: . ^ 



(Ax*^ + Bx + C)dx = A f x*" dx + B \ x d 
a ■'a J a 



I X dx + C \ 
J a J 3 



dx 



An immediate application of Theorem 6-U-c gives the area between the 
graphs of two functions f and g on [a^b] , where -fCx) ^^g(x) , as the 
integral of their difference. If f (x) > 0 as in Figiire 6-ila then the area^ 
between the two graphs is simply the area of the standard region "under the 
graph of g less the area of the standard region xinder the graph of f , 
tiiat is J ' ^ ' ' ^ 

' " ^ [ g(^)dx - [ f(x)dx = f [g(x) ^ f(x)]dx . 



There is no reason to restrict these considerations to .nonnegative functions, 
for if r(x) < 0 for some x in ' [a,b] , and m is a lower bound of f(x) 
on [a,b] , we .translate the x-axis vertically |m| units .in the negative 
direction so l^hat - ^ ' O ' ^ 



V. 



(x,y '+ |m| ) . 



In the new coordina-te system the region lies between the grkphs of the non- 
negative functions f : x .-^ — -^fCx) +. |m| and g : x — ^ g(x) + (Figure 
6-4f.) ■ ' 
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y=f(x) 




Figure 6-hf 
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Since g(x) - FCx) = g(x) - f(x) the definition of the area of the region 
"between the graphs of f and g as the integral of the. fxjiiction g - f is 
clearly appropriate whenever f (x) < g(x) on [a,b] Thus, the area of the 

standard region under the graph of F : x --g(x) - fCx) ' on [a,b] ^Figure 

6-Ug) is equal to the area of the region between the graphs of f and g on 
[a,b] (Figure 6-kt) . \., 




Figiire Sr^hg 



X on^ lo^h] . (Figure 



Example 6-4d . Consider the area of t;he region between JShe graphs of the 
functions f : x ^ cos^ k and g : x --• -^ 

6.Uh.) ; " ' 

We might attempt to represent the area of the region as the limit of sums 
of areas of rectangles • On the other hand, we know that the erea is given by 

^ [f(x) - g(x)]dx , . - 

* n . • 

since f (x) > gCx) 




But 



all X in the interval [Oyh] 



\ [f(x) - ^(x)]dx = \ dx = 4 , 
J 0 . Jo 



since 



2 2 

- g(x) = <:os X - C-sin x) = 1 for all x • (The graph of 



F ' X m f (x) - g(x) is shown in Figure. 6-l4-i. ) In conclusion we nolfe that 
the area of 'the region shaded in Figure 6-4i is e'qual to rhe area of the 
region shaded in Figure 6^kti» 
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Figure. 



y=F(x)=J 



Figure S-hl 



Exercises G-h - ^ 

!• ^^So^ie^the corollary "to Tlieorem >6-i;-'b. < ^ 

2. (a) SiLOw "thai: r : x ^ x is in-begrable over [a^b] , no matter what 
the values of a and "b • 



(b) Prove that 



I 



2 

X dx — for a < 0 . 



(c) Prove that \ ^1 dx 

a 



3 " 3 



for all values of a and b 
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• Exhibit -the details of tbe proof of Lemma 6-4a vhen a <,0 . 

(a)^ If tKe graph of f is syrmnetric with respect, to the origin, then 
f is odd* Prove that if f iar odd and integrable on [-a, a] , 
then 



a 

f (x)dx = 0 

-a 



(b) If. the graph of f ±s symmetric with respect to the y-axis, then 
f is even* Prove for an even fumctipn f which is integrable on 
[-a, a] that 



Interpret this result geometrically. 



/ 



Prove Theorem as a consequence of Lemmas 6-"^^ atnd 6.-Ub. Conversely, 

derive- the Lemmas as corollaries of Theorem 6 -4c. 

Prove: If f and g are integrable where g : x ^ [f (x) | on [a,b] 
then 



f f(x)dxl < p |f(.x) jdx . 



Compute the values of the given integrals using Theorem 6-^^-0 m 



f3 ^ ^ 

(a) J (3x - 5:x: + l)dx 

Cb) f ■ (x - l)(x '+ 2)dx 
J o 



(c) 



f ^ 

j (x +*'2>Cx - 3)dx 



(a) -Find the area of the ^region below the parabola, y = x^ - 3 above 
^ the X-axis and between the lines x=r-3,.x = 3. 

(bj Find the area of the region between the graph of 

^ - ^ X - X - 6 , -the X-axis, and the lines x = -2 , x = 3 .* 

First draw a rough sketch' of f and indicate (by/ shading) the 
region whose area is to be computed. ■ 

Find all vstlues of a for' which 
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f3 ■ 

10. iJsarpute \ f(x)tix where - 

^ : ' 0 <x <i. - 

V;. ... :/fCx) = .. 

. . 1 5 - , . ■ 1 < X < 3 • 

11. Verify that the following property holds or f : x » x 

h' ■ ^ c-a 



r D ^ c-a 

\ f(c - x)dx = \ f(x)ci?c • ^ 



Explain the . property geometrically in terms of areas . Do you think that 
the property holds for- other functions that are-integrahle? Justify 
your answer. 

12. If a function f is periodic with period , X and integrahle for all? x , 
- show that ' - ' 

f . f(*c)dx = 21 \ f(x)dx , (n> integer) • 
^ J a Ja 

Interpret geometrically. ^ ' 
13 • Evaluate . 



jp lOOrr 

y (1 + sin 2i)dx 

J O 



(assuming sin 2x -is integrahle) . 

14. Prove -that if f is integrahle om [a,h] and if f(x) >0 for all 
X in [a,h] , then v* - 

h 

f Cx)dx > 0 

a 

15- Internet \ .f(x)dx in terms of area if f(x) may take on hoth 



J a 



- / • ■ - ' ■ 

posit^e- and negative values in ■[a;,h] . ' 

l6» Interpret . \ {g(x) - f (x) ).dx in terms of area If we admit the possibility 

. * a - 

V . - • . ■ 

that f (x) > g(x) for some values of , x in [a,h] • 

17- Prove that if f and g are integrahle over * C^^^l 7 then 

^ . |p'{g(x) - f(x)}dx| < |g(x)!dx + |fCx)Tdx . •• 
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18. .Let t and g be in-tegrable and suppose -fcha-fc f(x) < g(x) on [a,"b]- . 

(a) If -the- strong- inequality fCx) + € < g(x) , for some e > 0 holds 
>on any.-subinterTral o£- [a,b] , prove the strong inequality 

I fCx)dx < \ g(x)dx • 
J a J a 

f and are continuousj at x = u in [a,b] and 

r(u) <^(u) ' -prove that strong inequality "hoicks as above. 

19. If runqttoxiS^^ and g are integrable, and f(x^< hCx) < gCx) on , • 
[a,b] JS(^ers it follow that 

^ " b b 

r f(x)dx < T ii(x)dx< r gCx)dx ? - ' 

^ 8l •a . Ja 

Illustrate by an exftmple.' - . 

20. (a) / Prove the Mean Value Theorem of integral calculus: . If f. is con- 

tinuous a.nd integrable on. [a,b] , then there exists a value u in 
the open interval, (a.b)- such thert * ^ 

- - • ■ b ^ " 

[ f(x)dx - f(u)(b - a) • 

(b) -SiidV that the value fCu) in (a) satisfies 

f ^ + f -, + ...+ f • 
f Cu) = Ii.11 -5^ i . 

where ^ ^ ^ and f^ = f(a '+ kh)" for k = O , 1% 2^./"... , 

n . Thus, f (u) . . can be JLnterpreted as an*. extension of the idea of ■ 
mean or arithmetic average to the values of * a' fxinct ion on^ ai> interval- 

21. If ^^^+,^■4- ... o;;:show that-' ■ ■ ; >.■ ■ ■ 



a^x + a-x +.*.-*-a - a. =0 
O j_ n-1 T 



n . _ n-1 

n-1 n . ^ 

has at least one root .in CO^l) . 



22. (a) Prove that ±£ fCx) is integrable over^ [a,b]. , then |f(x)j is 
integrable over [a^b] .... 

(b) ' Show (^ t^t the converse is not true. 

- ^ : ■ ■ : ■ ■ ^ " 
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23, If f ■ and g are integral le over [a^l^] then both max Cf ,gj^ and 
^^^min _{f j,g}^ are ^also integrahle over Ea^b] . 

2i4',^^(a) ^Let and . g- "be bounded and integrable over [a_,b]. 

■ " Prove .(q-) 23ie function f*g" is. integrable over [a^^b] ; ^ ' 

f 

(b) If g is bo%inded avay f rom zero^ then — is integrable on' [a,b] « 

■ . f ^ ; ■ ■ ' ' 2 • 

25» If f and g are bounded and ^integrable ^ then \ (a f (x) + /3-g(x) ) . dx.^ 

J a " 

exists and is > O for all constant or and ^ , 



Show from this that 



{ f(x)^dx - r gCx)^dx > . r f(x) g(x)di 
J a Ja, Ja 



2 



with equality if and only if . (for: f - and. g^ continuous) 

»• , ' , ■» 

' ' " ^- - " ■ ■ ■ ' ' ' ^ 

V i • f(x) = c^x) , k <x <b . ' " . ; 

■ ' . ^ ■ ' •« 

(Buniakowsky-Schwart Inequality. This is , the integral analog of Cauchy's 

Inequality - Exercise .^-2, Number I6.) 

26. If f is integrable aiid its graph is flexed -upward* on an interval [-O^a] , 
show that ^ .\" • * * 

a - " ' ^ ■ ' 



y 

J 0 



f(x)dx■:^>.af(|) 



Interpret geometrically, 
27. ^Show that / ' . 



. 2^ J* ^ 



28 • ' Show that 



(-0) 



, - ^ ^- ■• • ^ ■ . ■ ■ " ■ 

29. Find a continuously diff erentiable function P (i.e., F' is continuous) 
in [0,1} vhich satisfies the three conditions ' V:! - 



(a) F(0) = 0 , F(l) = a^. 



(b) 



0 
1 



and 



(c) \ F*Cx)'^dx is a' minimum. 

Jo ■ 



/ 
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6-5* Fiirther Applications ot the Integral, 

The interpretation of integral as area is hui: one or its-Zmany applica- 
'tiDnsi^*In this section ve shall give two -other applications, 

(i) Volumes of solids of^ revolution , 

The general problem of evaluating the volume of a solid can he reduced to 
a succession of integrations We shall not attack the general problem of 
volume;, "but- shall solve the proolem in terms of integration for a simple 
special case, that of a solid of revolution. 

Let f "be a nonnega-tive f^lI^ct3.on on [a,b] , (Figure 6-5a) . We define 
the solid of revolution 'generated by f on [a,b] as the set of points 
swept over by the standard region under the graph of f in a complete rota- 
tion about the .x~axis (Figvire 6-5h}. ^' 

y 




Figure 6-5a 





Figure 6-5h 
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Fi^re 6-5c • - ■ ' . 

If we choose a z-axis in a direction perpend iciilar "bo- -the 'x^ y-plane tKis 
"solid can be' described as the set of po^ints ^ 

fCx^y^z) : a < X < b' , + < [r(x);]^3 J 

^ We can easily obtain uppei*' and lover . estimates Tor i;he volume of this 
solid. In Figure 6-5a we have^ depicted f as a f\inction yhich takes c5n the 
maximim value M and the minimum value m on Ta^b] . The solid of' revolu-. 
tion generated by t ' on [a/o] is contained in an outer cylinder with a base 
or radius M and contains an inner-cylinder with a base of radius m' . Talcing 
the formula for the volume of a right circular cylinder from elementary geo- 
metry^ we have * . ' . S 

- 7nn^(b - a) < V < TcM^(b - a) " - * 

■ - ' : . ; 

where V is the volime of the solid. * ■ . 
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* We can divide up the solid by means of a partition of [a/o] in a fashion 
similar to the- subdivision of a standard planar region. The solid is' cut into 
slices by parallel planes x =s x,^ through the successive points of the parti- 
tion; By obtaining upper and lower bounds for f in each interval of the' 
sHbdivision of [a^b]^. we can. estimate the volume of each slice from above and 
below. Let be^an upper bound and a lower bound for f on [x^ l^^-' 

A cylinder with- a base of radius and height x^^ - x^ ^- contains the slice 

of the solid between the -planes x = ^d x = x^ ^ and the slice in tujrn • 

contains a cylinder with a base of radius and height ^ " ^ 1 • Adding 

the volumes " of such cylinders we obtain estimates for the volume V in the 
form of upper and lower sums: 



n 
k=l 



n 



(Figure 6-5c),. These are upper and loWer sums for the function " 



g 



«Cf(x)r 



Jr g is integrabi).e we must have 



Example o-ga . We shall obtain the volume V of the segment of a sphere 
of radius r intercepted by a plane a:t distance a from the center (see 

Figure 6-5d) . This is the solid of 
revolution, generated^y the circular 




arc f(x) = vr --x on the interval 
[a^r] We have 



Figure 6-5^ 



= 1U 



[f (x) I'^dx 



(. r - X ) dx 



- ' In pairticular, if f is 
and therefore integra^ble. 



nonnegative and monotone, g will be monotone 
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Earploying Imieoreni 6-ij.c and the special restilts of Examples ts, we ob-bain 




X dx 



' • - • . ' . . = «r^(r - a)' - |(r3 _ a^) 

* . . = f(r - a)C2r2 - ar - a^) 

= |Cr - 'a>2C2r + a) . , '.^ 

c 

(ii) Calc-ola-b ion of displacement from, a known veloei-ty function . ' / 

Let us consider the straight-line motion of a body for which we know the 
..^velocity V . as a function-of time, v = fCt) , and for which we wish to 
determlne^the position s of the body as a function of time^, s = 0(t) . 
Given the .velocity of mdtion for 'a given time Interval [a,b] it should be . 
.posslbl.e to'-determine the total displacement or . signed distance moved by the 
body in the given intei^al. Intuitively, if we divide the time interval into 
sublntervals so small that the velocity does not change appreciably in each, 
•then we can estimate the displacement in each sublriteinral. The sum of these - 
estimates 'is an estimate of the total displacement. , 

• Specifically, let * ' " > ' ' . 

" ■ ■ . ^ ^ = cvt^,t2,...,t^} 

• ' V- ' » ^, ' * ■ 

be a partltldh pf [a,b] . If in the interval [t, . ,t^-] we have approxi- 
mately fCt; = v^ where v^^ is constant, then the displacement .for that time 
interval should be' approximately ^^^Ct^^ - "tj^_^) . If we taJce f or V^^ an 
upper or lower bound for the velocity on the Interval "we can form 

upper or lower sums and estimate the total displacement from above or below. 
In this way, ,we argue that the total ^displacement can be expressed as an 
intj^gral ^ — ■ 




(1) , . 

where v is given as- a function of time, v = f(t) . 

We have made out a plausible case for. the expression of the total dls^ 
placement as the Integral (l)., and^e shall, go on to prove it. Given the 
known function f t — ^ v , we -wish, to determine the total displacement' 
0Cb)' - 0(a) where is the function which gives the position of the body 

at time t , Since ■£ > is the derivative of 0 with, respect to t 



( Def ini-bion of velocity. Section 2-4),. we have by the Law of the Mean 



where '^y^^j^ "^'^k "^k * ^"^ follows that 



n 



k=l 



In this way the total displacement ^{^) - 0(a) .is"^ expressed as a RLemann 
sum over any partition of [a^h] . Xf f is integrahle over [a,h] it 
follows (Iheoreni 6- 3c) that . . , 




1 r ^ 

(2) .:" * ^ ■/ . ^(^\- 0(a) = f(t)dt . 



b 
a 

which is the result we sought to prove. 

. In actuality we have established (2) for any function 0 which has an " 
ihtegrable derivjative on [a,b] , 

- ■ ■ ' ^ ^^ . " " 

(3) - 0C^) - 0(a) = \ 0U-t)dt , 

" * \ - J' a 

This general result is the most important applica-tion of the. concept of 
integral* In Chapter 7, we shall- examine this and related results in 'detail, 

■ Example 6~^b * As an immediate application of (3), shall describe the 
motion of a body in free vertical fall near the slirface of the earth, ^For 
this purpose we utilise the concept of a c c elerat i on » which is Refined as the 
derivative, of velocity w.ith respect to time* We are given that the accelera- 
tion of a body in the gravitational field near the earth's surface is, for all 
practical pujrposes constant, about 32 ft. /sec . If z denotes the height* 
of a freely falling body above the earthy we have for the velocity v , 

w _ ■.. - ■ -^11—, 

and for the a c eel ear at ion a , - • ■ ' 



6-5 ^ . 

Here we have 1:alcen the positive sense of displacement, velocity, and accelera 
tion as upward; therefore we must set a = -32 iij Equation (5). We take ' • 
t = 0 as the time the motion .is . initiated, and 'seek the velocity v = f (t) 
and position 2 = 0(t) at each suhseguent instant t of the motion. From 
(3) we have (frpm Example 6-ij.b) ' 

• f(T) - f(0) = .f C-32)dt = -32r 

-'0 , ■ • ■ 

Setting Vq = f (0) above' we obtain 

■ V - Vq = -32t 



or 



V = - 32t , 

where v^ is the initial velocity; thus f(t) = v^ - 32t Entering this ' 
resizit . in (h) ^ we have i 

" . If = -0 - 321: .■ \ . ' . 

■From (3) we conclude that - ■ ' ^ - 

0(-r) - 0(0) = j ^ (vq - 32t)dt' 1 \ . ■ • • 

Employing the results of Examples 6-4b, c, and using Theorem 6-4c, we have 

where is the initial position- of the body. At time -t: after the initia- 

tion of the motion the position of the body. is ' 

(6)^ _ , ■ z = 2^ + v^-t - .i6t^ . 

By successive differentiations we may check that Equations C^) and (-5) are- 
satisfied. We have ;_n&t verified that, (6) describes the only motion which is " 
possible under the giveh initial conditions, bufwe shall see later that the 
initial conditions do uniquely .determine the ensuing m&tion. 
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• ' - Sxer 

1*. Find -the voliaiiie of "the solid of revolution generated "by f x m ' vSc 
on [0,l] . * 

2. Use the procedure of this section to find the volume of a right circxilar 
cone of altitude 'h' and base of radius r * 

3. Obtai*n the formula for the- volume of a sphere of I'adius r by first 
shoving that the' sphere ' is a solid of revolution* 

U-m Find the volume "of the ellipsoid 'generated by rotating the ellipse 

+ = 1 about itl^iajor axis. (Assume a > b .) 
a b . . ' ' • 

Find, the volTjmie of the segment of, a sphere of radius r bounded by tvo 
parallel planes if the bases of the segment are at distances a and b 
from the center and are on the same side. 

6. If the acceleration of a partible moving along a line is 3t - 2 in 
centimeters per second per second at any time ^ t in seconds and- if th 
velocity is 2 centimeters per second when t = 0 , f ind^ the distant:- 
covered^* during the first second. 

7. A particle moves along a line so that its velocity at any time is given 

2 

by V =r l^-t ^ - lift + .6 • Find the distance covered by the paorticle betveen 

the insxants when it is at rest. * 

— * - * 

8. With what upward velocity must a ball "be thrown if it is to reach a. 
height of lOQ feet above the point from which it' is thrown? 

. 9'* A stone is thrown down from the top of a 200 -foot tower with eLn initial 
velocity" of kO feet per second. How long will it take the stone to 
reach the ground? With what velocity "will it hit the ground?. 

10. Answer the Questions masked in Number 9 . i<^ the case where the stone is 
dropped from tne tower • ' / _ - 

/ * 

11. If the. stone is thrown strai'g^t up with a velocity of kO f^t per 

second from the top of the 20O foot tower^ with what velocity will it 

, strike -the ground?^ 

? • 

12. Find xhe vciii^jafe of the solid ' obtained by revolving the region boionded 

2 ' * " 

by the parabola y = and^i-he line / y =^ x about the x-axis . 
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A cylindrical hole -or. radius 1 inch is drilled out along a diameter ot a 
solid sphere of radius h inches. Find the volvmie ot the material cut out. 

Find the volume .of . the portiqn or a sphere remaining after a cylindrical 
hole is drilled out along its diameter If the length of ^ the hole is H . 
Check your answer by considering somte'-^^Jecial cases. 



Mi s c ellane ous" Exercises 



2 

(• cos ,1; 

K is a constant prove that^ I ^ K dx = K cos 2t . 

■ J sin t 



.sin t 



Find the area of the region boimded by the graph of f : x » 6 + x - 
and the line "y + x = 3 . - " < . 



Over what intervals is the given fimction integr^ble^ 
(a) f : X — • . ' 



T 



X 



Co) ^'i : X 



For which of the functions of . I^umber 3 is it possible to extend the . 

domain so' that the function g defii:ied on the extended domain is 

integrable over every closed interval? "boes the value ot the* integral 
-of g over any, interval which contains a pcirtt of the extension depend 
-upon the way in which the ^domain of f is extended?" In the light of 

your conclusion suggest a generalization of the definition of integral. 

The area of the standard region of a function . f. over. [a,b] is given- 

by . ' ■ • , \ 

|(2a^ - 2b3 - Sa^ + 9b^} . 

Find a function f ■ for which this is ti-ue.. Is there more than one ^sucli 
function? Interpret your answer geometrically. 

A point moves on a line . such that after t- seconds its velocity is 

- 2 " * ■ ' 

V = t - 9t + 20 . If ^its position is s =^0 when t^= 0 , how far does 

the point .move during the time when the velocity is nonpositive^?- ^ 
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7- Shov -tha-t ' 

' -12.2 



Ca} 1< r 2£^L^ dx < , • (a > 1)' . 
J 0 X + 1 

(b) 1< \ dx <a^ , Ca>l) 



8. Por a monotone function f on [a^bl we have found tiiat the upper and 
lower sums over a. partition c satisfy ' 



/■ - U - L -< e 
provided -fche norm. v( a) is sufficiently small, 

€ 



< |f(b) - f(a)r 

when f(b) 5^ f(a) . Since the integral I of f over [a,b] lies 
between L and U'. we can estimate I by either sum within the 
tolerance € . Show that the^ arithmetic mean i[L + U] is" an 

estimate of I within^ the finer tolerance * . . ' 

9- Find Riemann sums differing by less than 0.1 f9r the area of the 

standard refeion of f : x — =j: over [-1^,0] . 

* ' " . \. . ' ■ ' 

10. If when one applies the brakes of an automobile a constant deceleration 
of a ft/sec^ results^ detemiine the value, of c necessiary to ensure 
that an automobile traveling at '^^^O mi./hr, will stop 56 feet from. 

' the place where the "brakes' are applied , "... * . • - . 



11- Show that 

b 



f(x)dx =.5-g-A{f(a) + 4f(2-l-^) + 
a 



where- f(x) is any quadratic function. 

12. (a) Let f be continuous and increasing on [a^b] , g be its inverse ^ 
and set ^ = ^(a) , a = f(b) . Prove 

* r ^ f b 

^ \ g(y)dy = eb - oa - \ f(x)dx . 
^ or ' J a - 

Interpret this result geometricalOy when • a - ,and a are positive* 
(Hint: Compare with Nos. of Exercises 6-2.) . ' ' 

. (b)" Prove the -formula and find a similar interpretation when f is 
decreasing, on La>t>J • 
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Check the a^c length formula by applyi^ng.it to 'a segment of ^ a straight 
line and comparing with the fornnila for th^ distance hetveen two points 
on a straight line. ' ' 
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Chapter 7 * 
BASIC* INTEGRAL THEOREMS 

7-1. Integrability . : ' ^ ' 

Our purpose in this section is to settle' the question of integrability 
for t*he functions vhich ^concern us most in this text. We have already shown 
(Theorem 6-31)) that a function f vhich is monotone on /[a,b] is integrable' 
over [a^b] . In addition, we know that any linear combination of integrable 
functions is integrable (Theorem 6-li-c), Coupling these results, we obtain a 
gener^ class of integrable functions, the^Ilnear combinations of ^monotone 
functions, -^his class contains most functions studied in the calculus. 

We generally require that' a function be continuous and dlfferentiable. 
Its derivative will usually have at most finitely many zeros in any closed 
interval (with the trivial exception of a ,constant function). Such a function 
:has finitely many^^axima and minima separating intervals in which the function 
is moncjtone.,. It is a member of the general class of piecewjse moj&yfctSne . --^^^^ 
functions . . ^ ' ^ 

DEFHTITION ^-la . A function .-f is said to be piecewlse or 
sectionally monotone or; [a,b] if there is a partition 

cr = ^'^Q7'^y^2,^ •'^n^ -9^ [a,b] such that the function ' f ' ^ 

is ^onotgne on each suoiuterval [x^^ 1'"^^ * " " ' \ 

• - • ' in , ^ 

The direct approach to the problem of jshowing that a piec^wise monotone 

functioja^is integrable would be to use the metho^ .of Theorem 6-3b of estima* 

tion from above^^nd below for each interval whei^-^e function is monotone. 

That approa^^h is left as an exercise. Instead we siiow 'that a piecewise * 

^ • ' «■ ' 

monotone function can be described as"*"a linear* combination of Tnonotone 

* ■ . ■ ■ ^ 
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^functions . The idea is to decompose the representation of* f as a piecewise 
monotone function into the sum of a .weakly increasing rumction constructed 
from the ascending sections of the graph and §f weakly decreasing function 
constructed from the desceliSing sections. The method is illustrated in the 
following example. 

Example 6-^ . Consider the fionction f : x — x^ o« an interval [,a,b] 
where a < 0 <b , (Figure 7-la) • On the interval " [a,0] the function is 
decreasing ancJ on the interval [O^b] , increasing. We can represent f as 
the sum of. the two functions g and h where " \, 



g(x) = 



a < X < 0 , 



0 < X .< b 



hCx) = 



a < X < 0 y 



0 < X < b y 



and the functi^:: g is weak];" ir,';reasing and h weakly decreasing on [a^b] . 
Since ^ is. th - lin. - como^natic--- fCx^C g(x) + hCx) of monotone functioi^s 

we conclude -ha^c f is integrenle [a,b] * 



, A (linear combination of monotone functions may^ have bizarre ^properties , 
We show that a sum of two monotone 'functions need not be piecewise pionotone# 
Consider the function . , . 



g : X 

which has the d'erivative 



."^g' : X 



2 1 ■* -^1 

2x + X sin — for 0 < x . 

X 2 ^ 



for X = O , 



2 - cos — -^"2x sin.;— .'for 0 < x < i , 

^',.X' ^ 



for X = 0 



Thus g^(x) >0 f or 0 <x <^ , and g . is- increasing. Certainly 
h : X — — ^-2x - is decreasing, tjut the sum f • = g f-given by 

^f(x) = X. — is hot piecewise monotone, on"^"^. [O,^] y . . ■ f 



- / 
/ 
I 
I 
i 
I 

/ 



' X 



Figure' 7-jCa- 



In general, leif f .■ be 'mDnotone on each interyaX, of the subdivision of . 
ta,bl. defined lay the partition a = {Xq,x^,X2, • . . ,x^3 ^® shall represent 
the- function f in the form f = g + h' where g is veakly increasing and 
h is weakly decreasing. If f is weakly increasing ofi [xq,x^] ,'set 
g(x) = f Cx) and hCx) =. 0 on [xq,x^] . If ■ f is vee^^ decreasing set 
gCx) = 0 and h(x) = f(x) on [xq,x^] . How as x increases, if f (x) 
increases (weakly) add the Increment of f(x) to gCx) *tnd keep h(x) 
fixed; if r(x) decreases keep g(x) fixed land let ti(x) decrease "b^. the 
same amount as^ f(x) • Thus, ve proceed recursively: if f rls weakly In- • 
creasing in [x^^-^,x^] we define;^ ^^^^^^ ^^^^-i) ^^^^^ ' ^^^-i^^^^^ 
h(x) = ; otherwise we- define . g and h in [xj^-i^x^l T^y ^^^^ 

g(x) = s(xj^.-l) and ^x) - hC^'^O + (fC^ - ^^^-1^^ " 4 ^^iistruction of 
this kind is depicted in Figure 7-lb. • ' . . * 
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Lemma 7*1 . A piecevlse monotone function f can be represented in the 
form s + h w&ere g is weakly increasiiig^nd h is weakly decreasing. 



Corollary . Any function which is piecevise monotone on a Aclosed interval 
is integrable over the interval. 

r 

The last result is the basic integrability theorem employed in this text. 
For analysis and its applications, two classes of integrable functions have 
major significance: the piecewise jKonotqne functions and the continuous 
functions. 'Most of .the functions we are concerned with are in both classes, 
but a function can be in one class and not the other. For example^ the useful 
fujiction X m sgn x CSection A2-l) is monotone on [-1,1] but not con- 
tinuous; the Weierstrass function of Section A4-3 is continupus but has 
infinitely many strong local maxima and minima in every interval a^d therefore^ 
cannot be monotone in any interval, no matter how' small. We see, then, that a 
continuous fiinction may not be piecewise monotone. Furthermore^ it is not 
always 'possible to expre'ss a continuous function as a linear 'combination of 
monotone functions (Exercises A7-2, Uos. 1,2). The proof that . every continuous 
function is integrable mxist then be a new venture • We do not have to prove 
integrability, for all continuous functions to , develop t^^ calculus. Since it- 
requires^ either the development of ne-. concepts or a degree of analytical 
complex'ity, the proof is left to the appendix (Theorem A7-2) . 



Exercises 7-1 

, - ■ • n - ■ * * 

1. Show that any linear combination of monotone ftinctions c f can 

be written as * a sum of two functions g + h where g is weakly 
- increasing, and h is weakly decreasing. „ 



^ A local extXemtim f(u) is said to" be strong if for all x in some 
deleted neighborhood of u we have f (x) ^ f (u) . . ^ . 



For each of the following -express ' f as the svm of monotone functions 

m 

g and hr and give formulas for g(x) and h(x) in each of the. sub - 
intervals where f is monotone. 

(a) fix — fc-arc sin (sin x) j -^t < x < jt (Exercises 4-5, No. 1(a)) 

(*b) 'f : x — arc sin (cos x) , -jr < x < (Ex^tises h^^. No. 1(c)) 

(c) f : X if x^ + 5x^ - 20x'^ - 50x^ - kOx (Example 5-8a and Exercises 

" ; 5-8,. No. 1) 

(d) f : X — ^ -x /3 • x^ (Exercises 5-8, No. 5) 

(e) f : X — x^/^(x - 2)^ (Exercises 5-8, No. li'bj) 
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7-2. The Integral and its Derivative . » 

A Tunction f which is integrable over [a^'b] is also integrable over 
any interval [ a,x] '■^ vhere a < x < b , (Lemma a6-2c). If f is integrable 
over [a,b] ve may then define a new function F on ' [a,b] whose values 
are defined as in:^egrals, 

(1) * F : X f f(t)dt . 



^he formulas obtained in Examples o-Ua, b, c immediately yield the 
integrals _ 

^2 x^' 

3 3' 



J t^dt ^ 



a 

Cat = Cx - Ca , 

a 

X ' - 2 2 

a 



In each case, we observe that the derivative of the integral is the integrand 
(the function bering integrated) . In Section 6-5 found other evidence of a . 
■reciprocal relation between differentiation and .integration: if the function 
0 has the derivative f on [a,b] and f is integrable over • [a,b] > then 

-0(b) - 0(a) ^ \ ^f (x)dx . Is it true in gener^^^/^that the derivative of an 

/ . ' - :J ■ ■ ' ■ . 

integral is the integrand? . . 

We pose the problem: to^eif f erentiiate tl^r integral F of f .if . the. de- 
rivative* exists andj incidentally, to find cc^ci^ions ^tinder which the derivative 
exists. Thus, from (l) we wish to evaluate . ' ' ' . 

F'(x) := lim " '^""^ . ' " ^ ' : ' 




' f(t)dt -\ r f(t>dt . . - 

and, for h > 0 , if the two integrals' are interpreted ar^as, their . ' 

"^nce ±% the area of the standard region under the graph of f " on the 
inte2rval [x , x h] J (Figure 7-2). If f is continuous . then f or small h' 
the values. fCt) will approximate f(x) for t. in [x^x-+ h] - ; the area ■ 

O ' - . ■ 421 ' c ^ ' - ' ' ^ 
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.of the ^standard region on [x , x + h] may be expected to "be clo^ to that of- 

the rectangle of height f(x) on the same base. For a continuous function f 

•J ^ 

we have the approximation 

F(x + h) - F(x) « hf(x) . ■ 

{ 




V ■ - Figure 7-2 

If we divide in (3) by h .y and taJce the limit as h approaches 0 we 
anticipate t/iat 



F^(x);= ^ r fCt>dt = f(x)^.. 



This- r ^T?l t^ which we have found intuitively," is now proved by a carefxil 
elaboration of these arguments . * . ' . ^ v ^ 



Lemma 7-2 » f is integrable on an interval containing the points 

a and x , and continuous at x , then ■ ■ ■ . * 



dx 



f f Ct)dt = f (x) . 
^ a 



Proof. Let F(x) 



f(t)dt so that by Theorem 6-ifb, 
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From the continuity of f it follovs that for" any positive € ^ we can ensure 
(h) - - . ■ f (x) . c < f(t) < f(x) + e , , ■ 

for" all' t in a sufficiently small neighborhood of x , say 

|t - X I < 5 . ' 

If we choose 0 < h < 5 the inequality (k) is satisfied for all values t 
in [x , X + h] . From Theorem it follows that 



(5) 



(^f(x) - E^h < j ^ f(t)dt <^f(x) + e^h . } 



Similarly, if - h is negative-, 0 > h > -S , on employing Definition we 
obtain (5) with the inequalitites reversed. In either case, on division by 
h , we have " 



x+h 



(6) '• ■ f(x) - ^ <| J f(t)dt <fCx) + e 



whence 



x-f-h 



^ f * fCt)dt - f(x) 

X 



We conclude that 

. F*(x) = lim ^ ^'}- - ^Cx) ^ ^.^ If f.(^)dt"= f(x) . • ■ 

1^ r>» ' n . , ^ n J 

h-'O ..h-*0 ^ X . 

Lemma 7-2 states -that differentiation inverts the. operation of integration. 
From a continuous function f we obtain >a new function F by integration and 
the derivative of this new function is just the function 'f with which we 
started • 



Exercises 1-2. 

1. Prove the inequality (6) for b < 0 . 

2. Prove . - . 

■ > a . • . 

- . , . ■ \ f*tt)dt = -f(x) . 
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(a) Differentiate 



Je(x) 
f (t)dt- 



. ■ tmder suitable restrictions on f and g (Hint: Consider the 
integral as a composition of fiinctiohs) . 

("b) differentiate 

Jg(x) 
f(t)d^ 
h(x) 

under suitable' restrictions. ... 

• From the Law of the Mean and Lemma 7-S derive- the Mean Value Theorem , 
(See Exercises 6-4,' No. 20(a)); that is, prove if f is continuous on 
[a^bj y then 

j f(t)dt = f(u)(b - aO 
a 

^f or -s.ome u .in the open interval (a^b) . 



0- 
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7-3 • .The Fundamental Theorem ^ 

If the effect of differentiation is to undo the work of integration it 
is natural to enquire about the performance of the tvo operations in the . 
opposite ■ order, whether' integration reverses the .operation of differentiation. 

Suppose that F is diff erentiable and that F* is continuous on an 
interval containing the points a and x • We^wish to compare the integral 
of with F . From' Lemma 7--2'we know that 



^ j'''F'(t)d-^ = F'(x) . 

a 



We have already proved (Corollary . 2 to Theorem 5-4a) that i-f two /functions , 
have the same derivative they differ by a constant.. It follows ibiat - 



\ ■F»(t)d-t ,=-'F(x):.+ C 



where "C is constant. Setting x = a in this equation, we obtain 



•J F*Ct)dt = 0 = F(a) + C 
^ a 



whence 



and 



C = -F(a) 



r F»(t) 



dt = F(x)' - F(a) 



Coupling this result with that of Lemma 7-2 we have 



THEOREM 7-3 . (The Fundamental Theorem of the Calculus). If f is continuous 



(1) 



on an inte.rval ' containing the ''points a and ^ x then 

, X* 



d 
dx 



J f(t.)dt ^ ffx) . 



If F' is continuous, then it is integrable (Theorem A7-2) . Actually^ 
as we have seen in Section 6-5, the result we now prove follows without . 
assiming continuity solely from the integrability of F' on the ^c^^ind that^ 
" the integral is the limit of - Riemann sums (Theorem A6-2) . • 
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7-3 _ . 

Conversely, if F has a continuous derivative F' on an interval 
containing points a and x then 

(2) f F'(t)dt = F(x) - P(a) . ■ 

•J 

In this remarkable result we have exhibited th^ intimate relation between 
derivative and; integral. With this link the differential calculus and the 
Integral calculus are seen not as two separate subjects but as aspects of a. 

^ single'" discipline, • 

The great role of the .Fundamental Theorem is to provide the means of 

^transforming the fomnT calcixlus of derivatives -into a formal calculus ' of 
integrals. Diff^e^ientiation^ 'as we- have seen^ iriVolves much simpier analytical 
techniques than integration oy^ surnma'tion. When the Fundamental Theorem can 
be applied to a problem of integration it r^resents a. ^considerable economy of 
labor. For example, in Section 6-2 it was .necessary to be ingenious' iti the 
ai^ of stimmation to obtain the formula ^[ - 

(3) ^ j xdx=-- - . 

a - ^ - ^ 

• 

Without further investigation, we could not even be sure that= the formula! C 
was valid for other than positive values a and b . Now we see at once-ZftrOm 
the differentiation formula 

- ■ ^(^) = 

dx"^ 3 ^ 

that Formula (3) is correct and that it holds I'or -"T values a and "b . . 

■» ■ . 

The fornn£La 



1 COS X dx = sin a y 



-.~wh;J:ch requires sven greater ingenuity to integrate by summation techniqu-es, 
' now- follows directly from . . - ' - ^ 

^ . - D sin X — cos x . - . ' 

JWe have devised no summation technique for obtaining the formula 

I X sxn X dx = sin b - b cos b - sin a + a cos a 
^ ^ a 

but we can verify its correctness by calcxilating the derivative ' 

d r . ^ ^ . ^ 

— Csxn X - X cos x; = X sm x . 
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■ • ' -If 

According to the Fundamental Theorem any .integral of r ' is' a solution of 
the functional equation 

(^) ■ \ DF = f , , - 

- A solution F of is called an antiderivative of f . An integral of f 

raust be an antiderivative; an ant i derivative of f may not "be an integral, 
but can always be expressed as an integral plus a constant (Exei}cises 7-3, 

No. k) . . \ . . , 

. ■ ^ \. : ■ ■ 

Since tKe distinction betveen antiderivative and integral is so slight ve 
shall not attempt to preserve the distinction in later sections but refer to 
any solution F of (^4-) as an integral - of f . ' '* 

The .class of all antiderivatives of f denoted by an integration sign 

"without ends of integration, 

J f(x)dx . 

This class is. called the - indefinite ' integral of f • ■ "We put 

- J f (x)dx--^ F(x)- C 

where F is any particular antiderivative. This notat-ion calls attention to 
the f ac-t' that the indefinite integral is* a family of functions whose members 
are given by assigning values tp the parameter C . Thus . . 



X dx = ^ + C . 



If the ■cc^'-.ext does not raak^ the distinction clear we shall sometimes refer to 

b 



the Ir"- T f(x)dx as a definite integral . 

a 



From any differentiation iformula we may obtain a corresponding integra- 
tion formula^ In general, we h^^ve J f'(x)dx = f(x) + C ; for example, the 



formula 

d 




J sm X = cos X 
dx 



yields 

A. ^ 

^ ^^^^ ^ 1 CO; 



s X dx = sin x -^ C . 



An antiderivative F is called a primitive of f*^ in many texts. The 
word, primitive, ' is opposed to "derivative" , "primitive" denoting an original 
function., from which the de^rivative is derived. . . ' 
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The formula 



(5) '. 



One of the most important integration rorrmilas corresponds to th^ chain rule of 
dirrerentiation.' Let z = g(y) and y = h(x) and set f{x) = g. h(x) . From 
the di.rf erentiatipn - f Qrmil?^ . . ^ ; 



, we ootain ' . ■. ' >■ • ■ 

In iieibnizian notatiorL, .-.the-chain rule and the- corresponding integral formula 
taXe on a simpler appearance: 

V §^ - dz dy ' 

■ dx T dy dx - ^ 

" »^ . * " • 

and ^ . " 

' /dz , r dz dy 

■ ■■ ^ / ^ = J S ^ = ^- ^ 

In Chapter 10 ve shall make extensive use of this result (Substitution Rule). 

If ve recognize the function f as the derivative of F on [a^o] then 
we can- obtain the integral of' f over [a,b] without appealirxg to sumnation 
technicues: ^ f 

"■ I 

- • f(x)dx = F(b) - F(a) 



we can inped lately apply everytjiing we know from' Chapter h to integr^e a 
broad, class " of frinc-tions . - 'Wi-th t^is knowledge^ ve have the power to calculate 
simply areas and volumes 'for an ^K>rnious variety of figures beyond the realm 



of elenientar:>- geoinetr;y- . - 7^ 



r 
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.Bq."ua1iion (l^.)^ DP = f ^ <ls a dirferential e^i^toon Tor that is^ a . ■ 



..condition on the function gi'T^en in the Torm or an eouation which involves one * 
■p.r more derivatives of F • Often in applications the most convenient fosOTi- ' 
latlon. of a .problem is one given in terms of a .differential equation,'; perhaps".' 
'the .most significant application of the concept of. integral is itis iTit^rp-3;;eta- . 
tion as a- solution' of a differential equation. ^ ' 

/ ■ • Exercises 7-3 

1. For each^ of the following "differentiation formulas write the corresponding ^ 
integration fprnru2,a: . 

(a) -^x^.j^) ,3x2.3, ■ ■ , ,■ ' 

' f . avSc- - 1 . ' ' ■ ■ 
tc-' -air -5= ~ ' 

(dj ^ ^ = sm 2x • 

2. Find the given derivative and then write the corresponding integration formula: 

- r 

(a) ' cos bx , ' 

d 2 ' *" "* ■" . * 

(b) - — tan X ^ ■ . 

(c) arctan > 

dx - ... - > . . . - 



(a) ^vT^ 



3« Verify the following integoration ^formulas* 

J - 2 1 
sec ax dx = — tan ax c • 

(b)" J (a^ bx)^dx = %^TlT^ - C ,'r ^' -1 



Cc) { ^ dx 
vax + D 



= v4x^ + b + 



(d) 2J s-n 



2 

X sin 2x dx = sin x C • 



(e) r ^ dx-= 2 arcsin -/x^ + ^C . 
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(a) We have 



dx 



1 + X 



2x 



(1 * y?)^ ' 



hence. 



1 + x' 



p- is an SLhtiderivative of* - ^ ^ y 

(1+ x^)^ c 



Prove that . — \ ■ , although it is -an anti derivative of - ^ 



1 + X 



(1 - x^)^ 



"is not an integral J 



2x 



a V (1 + 



(b) Gi-ye a necessary . and sufricient condi-bion^ thert an ant-iderivativei" 

F ^ of a f\mctioh f continuous .on "the domain [a^h] be an integral. 

The - initial value problem :f or th^ dirferential equation ' 

• ■ ' DF = f ■ . - • 

is to determine 'the function F when f is given and an "initial SMflfeue'*-^ 
F(a) is specified. Sho^- under suitable conditions that there exists just 
one function F satisfying these conditions. 

Ito ITo. 5' for the differential equation ' 

r ■ xF»(x) + F(x) = f(x) . ■ ^ . 

\)Lt f has an "integrable derivative on [a^b] , prove that f can be 

represented as the sum of two monotone functions^ f ^ g -t- h (Hint: 

Consider the^ntegrals of f'Ct). t |f»(t) I . ' " ) ■ 

Use the Fundamental^ Theorem to'- derive, the linearity of integration 
(Theorem 6-4c) from the liheard(ty o^^-4iiif f erfentiation (.Theorem 4-2a) • 

A horizontal translation of .a graph in the planed (x^^y) ^ (x + c y) * 

amounts only to a lateral shift for the standard r.egion under i^he graph 
. (Figure 7-3). 




Figure. 7-3 
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Verify tha-t -the expression of "this gfeometrieaJL proper*!^ in "terms'* of. 
in-tegrals is giveh by "the formula ' . . 



\ f(x>dx = ] ■ -r f(x - c)dx 



10. 



(a)* Derive -the preceding fonmila using only the metlii^^^of. Sec'tions 
• V ■ 6-1 to 6-i4-, ' : . ^ . . ;.• . • . 

(15) Deriye the fornrula using the Fundamental Theorem *; ' - " - 

Equation (5) can be interpreted geometrically as- sta-ti-^ that a unifo^TU 
change of vertical- scale by the factor - X , that is^. ^."transformation 
(x^y^) ^ (x,Xy) y multiplies areias by X *. Since tlra^^^^ a^re no 
preferred directions in the plane--the choice of coor^i^ate axes is only 
a useful convention — the same result mist be true of ^ "Uniform change of 
scale in any direction. ' In particular, a scale tr,ans^^^^^Tiiation 
(x,y) * (Xx,y) in the x direction must multiply a3?efas by the factor 
X • Verify that the expression of thi-s [geogLetrical property m terms of . 
^integrals is given "by the form-uXa - 



■ J f(x)dx = y i f(^)dx , 



X ^ 0 . 



(a) 
(b) 
(c) 

Cd) 



a . ■ . ~ aX 

Derive -this f orniula using only the methods df SeC^^ons 6-1 .to 6-^-.. 

Derive this formula ras^gjg the Fxindamental Theore^* . . 

, ' * \ ' ■ ' ' ■ • • ' >' 

The number ' . ir is defined as the area of a circX^ ^f radius 1 i*.,-.-^ 

Prove from; the results of this exercise alone ttiS''^ the area of ^ ; ^ 

■ 2 ■ ' ' 

circle* of radius r is ' itr. • * ■ 

By the method of (c) -find the area> of the ellipse 



2 ! 2 
a . D 



11,. Prpve that^ 



b *■ 

f fx)dx 

a- 



- (b+c)x. . ^ 



■K ^ 0 
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12.- Using .No. show that - 

. (a) 'f "^ijrf-Csin x)'dx-= J f'' f(sin x)dx 
. 0. . ■ \ ^ io 

• ■ , "(assuming the in"tegrals exist), 
(b) Evaluate j x sin x dx . 



i. 
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7-^* yprtnal Iirteg3»%lon * • " . - - 

•• •■■ ^ • ■ • ■ * . : 

• • .the varie-ty of fomc-bions which ve know how l:o dif f eren-tiate is already 

I * * • .* . " * " • ' 

enormous ♦ Given a function whose intiegral we wish "to evaluate there is a 

good chance ^^tljat it. is expressible* as the derivative of some known f-unctlor. 
. *If so, the integral can he evaluated easily. The approach to the pr^oble^ of 
^ evaJ^ating Integrals .tlirough the Pxindajnental Theorem is subtle and indirect, 

but tile g^in liL formal simplicity' is * remarkable* 

-It., is convenient when FCx)*" is given by a long expression -to use th^ 
abbreviated notat^ion ' 



.b 



a 



= F(b) - F(a) 



, for 1 F^(t)dt • We shrUL generally use this notation for specif ic -nxjunerical 
integrations, ^ ^ ^ 

Somis integrals can be brougli^ into, the form of the derivative of a kno^ 

function with slights. aJLgebraic manipulatiions. For example, apart from 

' 6 
..a. constant factor is the derivative of x . We have, "then, ^ ; . .. 



b._ ^ J 



J " 4x^-dx;= 6x^dx-..^,^ 



= ^b - a ) 

a 



Again, ^apart from a constant factor, . cbs 2x is recognized as the derivative 
of sin '2x ; thus, - . 



sin 2b - sin 2a 



a 



cos 2x dx = ^ J 2 cos 2x dx = ^ sin 2x 

■ '■ ■ ' ■ " ■ ■■■ ' < " 

Such, manipulations with constiant factors are so^ easy^ that we shall usually 
employ t^em without comment from now on, 

, A more interest^ing example is. . * 

■ J ■ (1 - 2x)^ dx . 

We* may evaluate "this integral by taking the 'binomial expansion of the integrand 
and integrating term -by -terra. The more insightful approach is to recognize 
, tiha-b,' apart from a constant f aether,, the integrand is the derivative of 

(1 - 2x)^° • ^ ' ' . ' 

■ . • •• .' -u . ■ J ... - • 



^\ \'. •. ■ D^d - 2x)^° -.10(1 - 2x)?(-2) •. ■ ' . • - 



We then have ' . ' ■ ' . 



■.f] >^ ■•' - . •• ■■■■■^.0 ■ - " 

■ ' ■ • ■■ •. • • '--^ ■• • . ■ , • 

- .0 • •. '■ ' ' ' ■ . ■ •■ " . ' ' •■ . '■ , ' ■ - . . . \ •■ 

Other general ^ techniques -of fo.rbal integj-ation vill be treated in' Chapter 

■ • *,-.j-In ai^jlying^the; foIl^^Jlas to . evaliiate' definite ■ integrals' we iiius«t be care- , 
ful to be;^ sure tliat the integrand :S . is • 'continuous"' ±^ ' some 'interval- containing 
the. ends if Integration. OtherviSe ; the ^ integratio^ is meaningless.,.. In 
evaluatirig-f x^dx- or . example, if the, rat ic5hal^^ r is negative tlien 

is not continiipias atr . x -= 0\, The • in-tegration 



s 



r , •■ ,b - a 
X dx = — ■ ; — 

_ ' ■ - - r .+ 1 - 



■.-foi' negative ->ar:- wiii; be meai^ngful in general only ' if a and b .are positive 
The same caveat^ applies to | sec^jc dx and J ^ dx . In the first the 

ends of integration TEust lie between consecutive zerosXof cos x and; in the 
second, between '1, and -l- . . - ^ 

The Fundajiental Theorem is an extremely powerfiil tool for solving .problems 
of integratiorif,. but it should not be thought that the Fundamental Theorem is 

the answer to all problems of integration. Consider 

■ i . ■ ' . ■ 

t^id. , ' ■ • 

• a ' 



(where a--and h lie in an interval. vhere ^s.±s defined; i.e*'^ ab > O) , ' 
Since - is monotone, the integral exists, hut the problem of formal integra- 
tion is another question.' We have found no' function F for which F'(x)*= i 
^Furthermore, although the, reasons for this. are not evident, we could not find 
such a function by. differentiating any of the- functions treated in. Chapter i^^' 
including all functions vhj.oh can be--fdrmed from them by. rational combination, 

.inversion, and. compos itiori. The integral fC-x) .= f. -.i dt >is.an important ' 

■' 1 • ■ .. . . . . 

function and we shall investigate its properties in Criapter'- 8,.^ . 



- ' • ' . '. ' ' i- ' Exercises . " ' ■ 

Use ImdwleSge.-"^ derivatives, previousiy obtained "to find an expression Tor 
each or '"the^ ■ f olloviiig . ' r ^ ' • - , . 



(a) [siri fax + ■'D)dx ■ (h) f ' .'^ 

(b) 'Vr/ax + V dx - f^.^ J 



dx ^ ; 



2 



2 ^ , 
an Idx dx 



dx 



;-(c): . :| :(^"> x)^° dx : ' V (j) j" 

J cos la^ij ^ * i H- X 

(f ) J 2x six? x^. .dx : , (m) j" 



X dx 



Evalua-te. each of the following ; -in-tegrals . 
(a) \ I cos -t p dt — ^ •* (d) f D sih^ x .4x 



I cos t r dt — ^ --i (d) I D 

O * / - J 0 ■ 

(b) ^ dx (e) 1 

14- Ifx 'Jo 



2 • 
X sin nx dx , n an integer 



Evaluate the folloviiig integrals: 

(a) . f ^ x^/^dx ' ^' 

. V -1 . - 

Vo) f ^ (x - 1)2/3 ... , . ... • .. 

(cV/f.'':— ^-dx/ • 

Vl.-;- - X -5. ■ • • • ■ 

What aire the restrictions on' a and "b ? 



-I 



■tan X sec x 

a . . 



What .are the restrictions on a and ■ b ? 



(e) j (x^ 1)- 



b . 



(r) f ~ht(sfCx)) s^(f(x)) ft(x)dx 

•'a ^ 



> ■■■■ 



(s) 



I 



b 



sin x"^ cos x^dx . 



Consider -the staf emer;t 

<2r ■ - '.i 



Jo 



= 2. 



5. 



5y obtaining the . corresponding indefinite integral, shov hov ve might t^e 
led to believe this statement. Explain why the statement has no meaning- 
in the present context and shov how it can be given a meaning. 

Find the lengths pf the, following cxir-^es between the indicates points. 
Ca) y = |(^ - 1)3/2 ^ ^^^Q^ (10,18) . 

h -2 

^ \ X X .» 

y = "F" l^rom X = a to x = b ^ vhere 0 < a < b i 
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7-5 ♦ Estlinates of Integi-als * ' ' ■ - ' 

. When raced vith a fxxnction f Tor vhich a formal T?rbegrai can be 
•Qb-tained only wi.th difficulty, if at all, we may yet' obtain a practical estima- 
tion of the integ;rai of f by integrating" approximations to f for which " 
integration i5: siniple. If we. can estimate f from "above and below then^^we may 
apply -Theorem to obtain upper and. lower bounds for the integral. ■ 

^ JExample^ 7-3^- • The inequality . . ' v . ' ' " 

■ . (l) . . • - ' ■ ■ 1 - X 5 <^ ,'' 

. • .-. . . - ^ 1. ^ . , ... 

■ is a direct cons'equence of the relation . . - 

' . : ; . , ' (1 x") = (i - x^)(i - x^) <'i <-i ^- . ^ /. " 

From' jCi)^ "we conclude that ^ - 



[ Ci- - x2)dxV r < f dx 

0 • / J 0 1 + x ■ ^ O. ■ ^ . ^ 



■ and^ 'D arctan x = ^ (Section 4-5) ^ , ' 

■ • ' - . ' ■ ■ - ■• ■ ■ - ... 

. : / ^ ^t "'"2" ^ arctan t < t, . 

^3 •. 

- We approximate arctan t by the value t - — ^ . The error 'can be no greater 

than -r^ . For small values of t we can therefore obtain an excellent 
approximation to ""'arctan t ^- 



Such aji estimate can be used 't&. estimate ' -jt . For example, we ^ have 



/ ^ ;i Jt 

arctan -er- == -z" 
■\ > ^3 ^ 




Cons equently 




where, for the error e , we have lei < — ( — V ' • '^'e- have "^j^-= 1.732 ■ - 

approximately. ! The^ maximiam 'possible- -error in the estimate of ir is given i '■ 
approximately by " - - - ■ ■ 



For jr ve have approximately 



.• . . «'(^).Cl.73)-a-3.*08 -^" ■■" 



. Accepting ^'= 3.14 . w6 see that the actual error ifey considerably s5^1.1er 
than- the estimated maJciimm error',' ^ ' ^ ' 



Example T-^b , From the inequality 



O < cos . X < 1 Tor ' O < X < |- 



• ve obtain by Theorem 6-4a 



r 0 dx < T- - cos X dx < f 1 dx 



vhence^ by D sin x = cos x ^ . / - - / 

■ ■ p < sin -b < t , < "t < §) 

In-tegra-ting now from 0 to x , we o"btain for x. in [o,— ] 




or 



whence 



- ■ ■ x2' 
0 < - cos X + 1 < - 



.1.- ^ < cos X < r , ■ . ■ (o:.< X < |-) 



On integratin£; a^ain from O to t ve obtain ' v ^ ■ ' 
- . ' ■ . ' . ' ' " ■ ' • ii. 3 " ■ ■ ^* '"^ 

■ : •' .. ' ■ ^ '•' X ^ sin 't'£ t' , • Co < t < |) . 

(Conroare Vne result of Exercises 5-T,,No. 9-b).. A further integration yields 



■ ■ ■ . \ 



433 
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•vhence. 



2 

X . 

2 



1 - 



2^^ 



<.- COS X 



< COS X 



< 1 - 



2 

X. , X 

2~ ^ W 



Integra-fcing once more, we have 

.3 



t - < s m t < t — ^ + 



. 120' 



,(0 <^ < i) > 



Co. < t <|)^ • 



^Con'tinuing in this-^way, ve can get ..boiinds f or cos x • and sin^ vhere at; 
each s-fcage we add terms of successively l^iglaer degree. It is possible tC show 
Tor a fixed value of or t tt 

mate 



the'se estimates can; be made to appr^pfe 

^ . ■ . " ■ , ■ % ■ ' ' 

cos X snd-rnsin t . witlain^^any given positive tolerance: j£ siircply by 



• ccntl^nuing the process far enougli, Hovever, tlae es;feimates * are .esg^ecially ; 

use:fiil for' the -approximate, numerical calculation of the sine. and cosine when 

X and t ar^ smaller than 1 \^ The 'diffe^ nee/ between the uppfer* and- lower. 

•estimates is proportional to a high power of a positive number which, is less , 
. than. 1 and the error is accordingly small. For example^ from the last 

inequality^ we have approximately . 

sin 0,1 = "0, 0998533 

'-with an error of at most one unit in the Ihast place. Values of the trigono- 
mietric funcl^^ns for larger x and t can be calculated in terms of the 
values for lesser, x and t "by use of trigo^nometric identities^ e«g.^ 

sin 0.2 ^ 2(sin 0.l)Ccos O.l) . . 

The tables of the trigonometric functions are computed, by methods similar to 
these. " , — . . ' 

\ ■ - 

In . higher analysis- axid applications , approximations and estimates such as 

we. have exhibited here are often far more important than explicit rfepresenta- 

- trioris • even when they 'are obtainable* For the examples . given here we have^ in 

;the first' instance^j a -familial; function;, arc tan, but no sjinple' -way -to' calculate 

*^ '« . " •- ft. - . ■ . . . ^ , 

its. values. We .'represent the function as . an' integral of a rational function;, 

" • ■ - * ' ■ ■' • ■ • ^ ' 

approximate the rational' function by polynomials and integrate to obtain simple 

polynomial apprpximations to arctan*'. - 'The^pprqlximat^ons are f^ar more convenient 

fox numerical purposes Vthan the explicit -naiii^ arctan. 




• In thfe second* instance we push' the concept of estimating an integral from 

estimates of the integrand in a very jfacvorable circums^tance. We use the v , 
cycling of the sine and . cosine funct^4>ris "unde-r . T integration .to improve - 
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our initial .estimates (This is done again in Chapter 8 for the " exponential 
function.) Hovever,. tl^ basic .fdea in general "is not; that of an integration 
cycle, -but the use of a^bound on a higher order derivative to obtain, estimates 
for^ a, function; this ide^ will be exploited in the proof of Taylor.* s Theorem • 
/Chapter I3)'. . ' ' . 



. * V ' ' Exercises • 7*? - ■ 

■ * \ ^ , . " \ ■ ^ ' ■ . ■ ■ _ . - 

(a) Obtain good ajpproximat ions to sin j and cos ^ and give a 

tolerance within which yotr-a-re sure of the accuracy of these ^/alues. 

Cb) Provide. a general fomrula for tliese estimates, and prove by mathe- 

inatical induction that the general formula is correct. 
Evaluate:' ' ' - ■ . ' ' . . . : - 



(;a) lim 
x-0 



6 • sin: X - 6x h~ 'X"^ 



Cb) ; iim - ^ 



(c) lim" 



-sin> X - X 
x(l - . cos 



3. (a) . Prpve. 



1 - X .< 




< 1 X + X 



^- > . 1:+ X 

(b)'^ Prove, in general, that 



1 + X 



wl^ere p and q . are any natural numbersr' - ^ ■ . 
Cc) Use-1:'he ^results (a) . and- (b) to obtain upper, and lower, estiinates' 



for arctan x 



CdJ Obtain a. better approxiination to- ' tt- than that of --Exaiuple 7-5a and 
show that th'e. -approximation is. accurate within 'a closer ^tolerance. 
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• • ' / 

Miscellaneofus Exercises . ' 

Det^^ine a number ^ for which each of the following integra-tion 
-formulas is .c5brrec-fc« 

CVlJ (5x + 2)'^ dx .= k(5x + 2)^ + C. ■ ■ '; - / 

(b) J k /33: - 2 dy = (3x - 2)^/^ + C. . 

j( c) J* ^±n ax dx =^ k cos ax +' O. . • 

' (cf) K cos 2x dx = k sin x cos x + C- . 
Compute V each of the following integrals • - . : ' ' ' 

(a) J sec ^x dx • ' (e) cos x dx * 

.a- ; . ^ 0 • • 

J^/^ — f ^ 100 99 ' 

^ sin X cos X dx ^ (f) I sin x cos x dx 

3^/2 ^ . . Hint:- See Exercises 6- i^-. No 



(c) J 



s-in x dx 



(d) J + sin 2x dx 



-A 4 3 



sin X cos X dx 



O ■ * 3t/2 

(h) J X sin X cos x dx . 

Hint: Use Exercises 7-3 j 



Pind the area of . the given standard^ region. 



(a) f : X — ^ /2x ^ 1 over 10,2] / . " 

r x -~— >ve^- to,2] ' ^ 



(c) 



— x*v4x^ + 1 over [o,2] , 



(.d) . f :• x' ^ — over [0.2] 



Caxspu-te each, or the following integrals. 

" • ■ * ■ - 

(a) J (sin X - 2.cos*x)dx 

• ' J. 1 ■ • ' 

(b) J • (2x + CSC x)dx 

- '1/2 - . ;'■ ■ , 

(<^) J ^- -^inCx + rBT)dx , (n an integer) 
jt 



(dXj ^^^ 1 COS 2x 



0 

lOQrr 



:C2 ^sin X - sin dx - ^ 



cos 2x 

7^ over 



5-. Find the area of^^he 'standa^rd region r : x 
[ . [0,271] • - . ^ . ^ 

■6. Solve each of the foTloving differential equations subject to the pre- 
scribed conditions. 

V. ■ 

Ca) = s A + > X = p /y = -3 ■ ■ ■ 

■ - * \ > . ■ . * 

/ ■;Cb); J^=\3,5t^Vt = 0 ;-v = v^- . , 

7. Solve the"_dif f erential equation 
~ - ' ■-*■» . " . ■ • ^ 

^ - - ' " " 2 dy 

■ '. t + 2ty =;?'cas- -rrt ■ • - " - 

suDject to. the condition- t = 1 , y = 0 • ^ K 

- ^ ' ^ . ■ ■ . • .> ' N . • 

/- * ■ " ■ ' J 

. ; 6..^ The- standard region of f : x"-^'i^ '.over'" .[a,^] is rotated about the 
' y-ajcis* . Find the voluine pf the solid generated . 

. 9* ^ Find the area, of the region .ijounded- by the parabola x = (y - l)^ and - 

* - ■ the Line y -.x 1-.= 0 • ~ ' , ^ 

' '^^'^^ "^^-^ e^ea of the region bounded by the graph of f : x - x^ 

the X-axis. ' (See Exercises 5-8, No. .5.) ' o ' » - 



ana 



\ ' ^ip^ the- area of the region -.bbiinded by 'tihe curves . y = ' and y ^ x*^ \ 
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12. The region bo^lIlded by -the ciirves and - y = is rotated about 

' the X-axis. Find; 'the volime of the solid generated. Find the volume of 
the -solid generated by rotating the region about the y-axis. - ^' 

'13 • What is the mean, value oi". the function f r x — » sin x over the 



interval I'O^^] ? Of : 
ITo. 20b. X"/^' 



. 2 

sm ^ ove 



2r [O,— ] ? • (See^ Exercises 6-^^ 



It* Find the area bounded by the graphs, o'f f x cos x - sin 2x 1 

and g : X — 



COS 2x - sin x + 1 between the lines, x = and x = 



15. Ca) Find the volume of the paraboloid generated 'by rotating the regioiv 
. in the first quadrant bounded by the parabola y = x ^ the y-axis,. 

afid the line ■ y = h , h > 0 . 

(b) . Compare the 'Voiunie of the paraboloid with the volttme of a right 



' circular cone of" equal base-radius and height. 



lo. Find the volucie of a goblet in the form of a paraboloid of revolution 
which is t inches in diam^'u^ and 3 inches deep. 



17. Starting -with 




1 * ^ ^- t"' 1 

- arctan 



10,000 



5^5/261 



■ j^y/(D.H. Lehiner)i, use Number 3Cc) of Exera^ses >7-5 to find a rational 
Y ar>r)r6xinia>^^r^ to tz- oorreSS to lea^t 15 decimal places . 



■l3. Evaluate: 



a" le^t 15 

■ / 



(a) lim 



+ n- + 



2n 



vn ^- n • n 



-V 



-(•b) lim 




r=u -Vn^ rv^ 
2n 



lim-^ 



T a2~72': 

1 /n r 



n ■ 



-n 



n +1 



2 2 
n +,-2 



n 



2:^ 2 
n + n 
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Chapter.-8 ^ • 

LOGARITHMIC AMD EXPONENTIAL FUNCTIONS' 



8-1 . Introduc t ion . 



In this chapter ye shall exhibit the" strength of the integral theorems of 
Chapters 6 -and 7 "by us^jjg them to i^rame precise definitions of power, exponen- 
tial and logarithmic functions and to derive the properties of 1:hese -functions 
in siniple but logical fashiofi. First we proceed intuitively from the familiar 
algebraic properties of power^s^^roperties which have ye* to be conclusively 
proved in all generality^ Beginning with the intuitive^^ concef)t of |)ower, we^ 
-consider functions based upon that -concept: powers^ exponentials, and 
logaj^ithms. When ve at^^^mpj/ to. differentiate ti^se functions we shall see 
*that derivatives of logarithms ; are especially simple. It. is tempting then to 
use the fundamental theorem and treat_^logaritlms as antiderivatives rather 
than define them in terms of their algebraic properties. We dcf so, and from 
the definiti^n^^of^^th^/'^^ as an integral obtain the properties of 

logarithmic, exponential and power functions simpiy., natiirally, and con- ^ 
vincingly* - * , 

First we explore the properties of -eo^pnentials and logarithms based on ■ ' 
'an intuitive approach to th^idea of power.- As we proceed, d^fic\ilties arise- 
ih ^defining tljese f^nction^in comn>ete "generality, but' Se'- shall be*. content^ 
to^leave these difficulties xmresolru'ed -for KjS^^^jS^ . ^en^*Vfe obtain the..- > ■ 
definition of - logarithm as an integral -wg'^=^g^j|^^^Mg^^ to these problems . With^ 
the resources of the integral theorems of Cgl^jj^s ^6 ^nd^ 7 the resolution of 
the&e. difficulties .will tvLm out- to be quite siSw.e.' ' . - 

isTr -The original meaning, of -a^^ the ' n-th pover^of a > was""coirfined to^- 

« " "V/ ■ ^ -'^ ' ' ' * - * . 

positive integral^ , values of n> " for each natural number- n , ^ ^_ is defined 

as' the product of n factors ^ . ^ w ^ ■ ' 

In particular^X^^/ is the*" "prodT^t'V^of one ^ ^'aug^t'or^^ a = a' . In the symbol 
a^ , a is.; called -the base -and "n ^h*^, \axpo£ignt For positive integij^al 
'exponents m and n ye have the -general- laws ^ { ^ * ,r ^ 



(1). . ■ a"', a" =^a^""" 

' '" ' ' ■ ' ' ^ > ■ 

'(2) . . . (a^^)^ = 

•The observation -that 



n 



m 

a 



^ ^ . . - (jp > m , a ^ 0) 



leads to the definition of powers^ with" zero and negative exponents simpler ..by - 
an* extension, of 'this ?fornrula to the cases Vnere n =• m ' and n. < m : ' " - 



' . ■ ' ' f ° = ^ o , „ * • (a 5^ 0) 

and . ' . ' ■ " • ; 

J - ■ ■ s . \ ■ 

-n 1 ■ - - , -, s ■ 

^ =/~ - ^ - M 0) . 

If we require a ^ 0 and b 0 then the laws (l), (2)/ (3) f>r positive 
.exponents become .valid for all integral exponents. ' 

We may think of the introduction of negative exponents a| an extension of 
the range of validity of rule [l) to include 'the additive idmtity and in- 



verses; ,t{iat* is, we define a"^ .and so that • 



a • a = a -^^a . . 



In exactly tb3 same spirit we are led to fractional "exponents ..^'^ we extend 
rule (2) by introducing the multiplicative inverses; that is;'^we de:Cine a^/^ 
so 'that ; . - , ' 



. l/mn 1 / \^ 



a . 



±/ix - - ' ' ^ ^ - - 

. Thus. a ' is to be defined as some solution of the equation 

» - . - ■ ' ■ ■ ' , n 

■ . x =a. 

■ ■ ' ■ ' , ^ \ ^ 

'When n is pddy thjoijxunctlon x - — ^ x is continuous' and^ gionotone and -ranges 

- n * ' * 

over all real nuj:roer5. X't follows^ that x = a has precisely one solution, 
the n-th -roa^ of a which we Iriave /denoted, iofi^/ '^v^- (Section A2-l) . ^ When n^ 
.is even, ^ > functi-pn .x — ^ x is' only piecewise monotone, de.^ 

creasing fpr negative values and increasing" for ppsitive values of x . The 

' / 2m ' " - ^ ' ■ - ' • ' ' ^ 

range of.^ x —♦..x is the set of all nonnegative' numbers and every positive ^■ 

2m 



number aspears a's a ,value of x twice, once for a positive value of x a 
oi3fce for ^ negafciv^-^Va^ue. In order to' give the symbol a def iJiite 
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■ •■ •' • ■■ ••■ •. ".. --8-1 

unambiguous meaning for a > .0 ' we defined- the SroVtli'* -root of a as the 
nbrmega*tt3fe solution of x = at • Finally.^ when 'a is negative v^- has 

no tneaning as a real momber; we ^tvo'id complications caused by this Tact by 
requiring that., a be positive in all subsequent discussions of a where 

z is real.^ With this restriction we define a^^^ for a"> 0 as the unique 
positive solution of x = a' • - ;a . - 



1/ 



- \ ; We have defined a ^ for a > 0 and positive integral n . We now 
define- fractional powei^ in general by' . ■■ . 

' .* a^/°^ = (a^/^)^ =TV^^^ • '-^ / (a>0) ' 

, where ^ p and- q are integers and '"^q "is restricted to be positive. The 
algebraic properties (l) -:(3) still hold for this larger class of powers. 
(The proof is straightforward and is left to you as an exercise.') Consequently 
.the, concept of power function; x — x^ , (x " O) i fir^t defined^ onI;y for 
natural numbers n has been 'generalized first to all integral powers, then 
to all rational powers. The derivation of the properties of these functions, 
-their ^algebraic properties (l) .- .(3) , their monotone character, their 
differentiability, raises no serious difficulties (Exercises 8-l,oKos..l and 2). 

Complicated questions first arise when we attempt to generalize t^h^*^dea 
^of power' further to -irrational exponents*^ It seems, natural to define a^ 
^ for an irrational number x ^in terms of approximations to x-^ by rationstl ' 
n"umbers. For example-, we wofed expect to get successively better approxina*''^. 
* * V2 

tions to 3 by using successively better decimal approximations to the 
exponent, evg-, , 3"^ , 3^;,'', '3"^'^-"^ , 31*^^^ ^ However, if we vere i;o pursue 
this idea and define real powers as limi-fcs of ra-fcional powers, the proof -thai: 
aH-^he general properties of rational powers carry over to all real powe;rs . 
^would. require prolonged formal argument. Instead,, let. us assimie for the pre- 
sent that these properties actually hold* "We shall come back to the problem 
of detaining : a when We obtain a more^jp^yenient ins.lght into its solution. 

■ . - ^. " ' "^i" * " ■ ■ ^ 

Once we have - defined the powers a..->,for each real r and each positive' 
a w^are free to introduce the" power fuActlon' x — h^x*^ , (x > 0^ for any 
.real exponent r . FurthezTnore, we may also" consider the ' exponential function' 



given by 



whef:^ the base a is positive and the domain is the set of all real ntimbers. 
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If has a derivative^ then 



' x+h -^3 

^ h^o ^ . 



Assu ming the j)rcp erty ^ a = a to holcLTor ^"i T exponents, 'we have 

''Factoring . and recallira^ -the limit theorem for - a product we get 

■ . / 

y . > ■ h 

\ ' . • h~0 ^ h-0 ■ . ■ 

a^-- 1 

Bu-b lim — ~ (we assume the^limit exists) does not depend on x ; it is 

■ h-0 ■ " , ■ ^ 

constant. In fact, . . 

h .,■ ' 

W lim ^ ^" ^ = E '(O) , 



h~0 



and consequently. 



(5) - " • E^*(x) =E (x)E„*(0) . ■ . 

-a a a 

(At this time we are not- cone eined about the value of the constajit E '(o) . 

a 

In this discussion we have assumed only that E 'is diff erentiable at the 

a • 

one point x = 0 and satisfies the "functional equation" \ 
. E^(x + y) =jB^Cx) + E^(y) . Compare Exercises 5-l/cio. h.) 

We see then that the derivative or rate of ^change of an exponential 
function is proportional to the function itself . This fact is typical of 
? ^ -unregulated growth and decay processes, and makes exponential functions the 
key to an understanding of many natural phenomena* - 

. The inverse of the power function ^ x — ^x?*^(r O) ^ is the power function 
^ X — ^x^/^ . with ^^iprocal^ exponent, so that hy taking 'inverses of power 
^ 'functions we obtain nothing new. The inverse of the exponential function 

X » with "base a , for 'a ^ 1- is a new kind of function, the logarithmic 
■fimction with base a : ^ 

■ . ' x— *-log^x , for a > O and x > 0 "^(a / l) , 

where log x is' defined in terms of " exponentials by * ' ■ 

- ■ ■ ■ . ■ • 0 • _ . •• . . _ - 

. - '■ , ' ■ kkS> , • ■ 

o ■ ^ 
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J- 

or 



The properties of l^arithmic f;unctions follow from those of the -exponentials, 
in particular, corresponding to the formula a^a^ = a^"*"^' , we liave on setting 



■u = a" , . V = a*^- , 



(6-) \ \ log^ (uv) = log u + lC£ V • 

^ a ». a a 



.To determine the derivative of the logarithmic function we employ Theorela 



^-3 on the differentiation of inverse functions. The derivative D loc: u 

where u = a is just the. reciprocal of the derivative D B (x) on the 

X a 

ass^^mption that the latter derivative exists. From * , • " 



a 

and from- (5), we have 



^u ^^^a^'= E '(x) . , where x log^u , 



V^S^^ = E '(0)E (x) • 
: , . a ^. a^ ^ . ■ ^ 

Since the exponential and logarithmic functions are inverses we conclude that 



D log u = — 

.u ^a u 



where the constant is recognized from C^^) as c = ^ ' I(q) - Thus, the (privative 

of log^x is proportional to .x'\ . We expect, then, for positive a ' ^d 
X that I . 

^^1 

^ - dt = log^x ^ log^a - log^Cf) 



for some as yet unspecified baseia^ a .. For simplicity, then, we fix a = 1 
and define the function L by . ' . \ 

L(x) \ dt^ 

where we anticipate tliat L(x) = log x with the value of a to be fixed 

a ■ • 

accordingly. • . . ■ , 
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- •■• In ^ thl's . section -'-We have^ijfsed a hexiristic development to 'treat 'arbitrary ' ' •; . 
powers"^ exp6nentials^ and logarithms; that is, we have used an argument aimed * 
at discovering the truth alDout thes-e matters without concern f or/^the detailed" 
confirmation needed for absolute conviction. This is* often the way a mathe- 
matician develops a new 'area: he e^cploMs/^tehtativeiy, not necessarily. 



proving every point as he -goes, but framing - conjectures for which he has., 
reasonable grpund^s for "belief . In this wa^ he often conies upon some xmifying 
principle or simple fact which can then be used to justify logically and 

"Completely .what had before been a.ccepted only provisionally*^ Just so, in our- 
discussion we have discovered that the derivative of a logarithm is propor- 
tional to ^ . .Tn. other wor(J^, a logarithm is an integral of a very simple 
function. This fact now caif^be taken as a springboard for the development .of 

^the entire subject- We shall define the logarithm as an integral of — and, 
with information of Chapters. 6 and 7 about in-^egrals, we shall be able to 
derive -all the properties of logarithms, exponentials and powers encountered 
in our he\iristic discussion. 



- \ Exercises 8-1 

1. Prove that properties (l) - (3) hold for rational e^cponents, a > 0 * 

2. Establish the monotone character and differentiability of the power 
functions x m x (x > 0 , r,. rational) . 

3. Let f be defined for a^ real numbers and let f * satisfy the functional 
equation 

(1) . Jf (x + y) fCx)f(y) , for all x and ' y . 

Ca) Prove that if f is a solution of Equation (l) then either 

fCo) = 0 or fCo) = 1 . 

(h) Prove that if f (O) 7^ 0 , then ^ there is no value of- x for which 
fCx) =0 . 

Let f satisfy the functionail eauation 
^ ^11) ' * ■ ^ fCxy) = tU) +.f(y/ V . - . . 

for aH X , .y in its domain. ■ - . . 



(a) Prove ^^^^i^ the fui^tibn f : x is tlie- only solution of (l) 

that iVTdefined for aH real numbers x 



(b) Prove that if f is a solution of (l) ^and the domain of f 

includes l-and -1 but not O ^ then f(l) = 0 and f is an 



even function. 



(:c) Prove -that if . f is a solution of (l) then. fCx^) = rf(x) , 
r rational, 

..(d) - Prove that if f_ is a solution of (l).and if f is diff erentiable 

at each x 7^ 0 , then f»(x) = ^^iXil for each x 5^ O* , 

:(e)" . Usittg (^y ^how t-hat any spluti^n of . ( l) which is dif f erentiahle at 
*each , y O is. ir;tegrable oh any closed interval . [a,;b] where . 



ab' . > 0 



I 



,0 - ,^ 
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■^8-2.. The Logarithm a s\an Integral / . '■ 

. Pursuing the lead erf the preceding 'section -^e^^ptroduce the function 
L given by ' - 



and ' embark on the project Qf . showing . that L is actually a rogarithjaic ^ ' . 
function in the sense of Section 8-1. 

' ■ ■ ■ 1 - ' ^ ' 

Since — is continuous for t > 0 the integral of (l) exists-;, and by 

the Fundamental -Theorem of Calculus - ; " : 

Since the derivative L' exists it follows -that L is gontimj^s and, " since 
. .L'(x) > O on tTie domain of positive x , that L is an increasing function^ 
Fxirther, since 

(3) ■ " L(l) = f ^ i dt = 0 ^ . - 

> ' ' J 1 ■ ; ^ / * 

; follows that L(x) is negative for 0 < x < I and positive for x > 1 . 




Figure 8 -2a 



vl Figure 8 -2b 
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T*ms,. in Figure 8-2a for > 1 , L(x)- is the, area of the shaded region -under 

xr^ ' 1 ' • " * ■ ' 

the^.graph 7=7- and in > Figure- 8 -2b for x < 1-: it is the negative of the 

^ ■ • . " • ' ' • . ■ ■ ■ ■ ' " • . " ■ ' * '■ ' i . ■\. 

area-, of the -shaded- :r eg ion under, the .g-2:;aph. ' . . 



We. observe for-, the sign, of the second ..derivative "that . ' ' * .j^ 

It follows- that the graph y = LCx) . is flexed downward. 
. Next we prove tha^t L satisfies. _the. same addition property as logarithms.- 

THEOREM 8-2 The func-^ion L satisfies the eouation ' . ' 
y - , 

' (4) - L(ab) = L(3) + L(b) » . 

- - « . 

^ for all values, a and b in its domain. • ' " 

Proof . If we consider L(ab) and . LCb) ■ we see that t^iiey' differ by the 
'constant L(a). and shoiJLd have,- the sanie derivative with res pect; t-o b ■ . ' 

In fact, by the Chain Hule ;&nd Equation (2), , ^ 

' - D^L{at) = aL'(at) = a(^) =-| ^ ^ " " 

whence, / ^ ^ 

D^L(a-t) = D^L(t) . " ■ ■■ 

- - ' ' . ■ ^ ' ' . . ' 

ir we integrate with respect to € from t = 1 to t = b we. obtain -by the^ _ "' ' 

'Fimdamental Theorem ' 

. '. L(ab) - L(a) = L(b) -^L'(l) - _ . . ['^ ^ . . 

Th<2 addition property, (4) follows' at once from Cs)- . 

As" an immediate consequence of Theorem 0-2 we obtain a rule hav^g the 
'same form as that for the logarithm of a quotient: 

Corollary 1. LC|-) = L(a) - 'L(b) . 

Proof - From Theorem 8-2, we have 

; - LCa) = - b) ■ . 

from which the result follows immedia-^^ly . 




The proofs of the following . corollaries are left as exercises, 
: Corollary 2. For^ all integers / n , ■ ■ . *. - 



Corollary For all .ratio;ial values 

-"; - LCa^) = rLCa> . ■ - ... 

5c5wth these results we are equipped to plot, the graph-of: L vand to 
examine some of "its properties;^ Using estimation by' upper arid lower sujr.s 
- for the more; refined . methods discussed .--in the ..chapter on numerical^ methods) 
.we can .obtain- ; - . ■ . ■ ' . 

To^ ^calculate the values of • L- at^^ other point^s we simply use the results 



above, e-g,^ 



LC"|) = -L(2> ='-0.593..^ - 

_L(1+) .= 2L(2) = I.38G. . - , . ■ , 
L(^^ = = 0-3^--- , etc. 



By siich means we can -plot an adequate graph of "L (Figure 8--2c). 

Since L(2^) = nL(2) we see that the values of 'L(x) have no bound - 
^either-from above or below: by taking n positive and sufficiently large 
we can: make. L(2^) larger th^n any given positive .number^^ -by" taking n 
negative and^ absolittely . large we can make lC2^) less than any given 
■ negative number. Since "is continuous; it follows from the I^itermediate 

Value Theorem that L(5f)' ranges over all real values . . ^ 



^ ' Figure 8 -2c 



• Exercises 8-2 

<g !• iProve Corollaries 2 and 3 to Theorem 8-2. 

2/ (a) *ow -that the area A of the standard region o:^ f : x — 
oyer the interval [1,2] satisfies the following inequality: 

(b) Approximate A to the nearest * (^ovi need not carry, out the 

calculation; represent A as a sum-) 
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(a)* Far .a > 1 show that the area A of the standard region of 
- ^* : ^ '"^x ^^^^ Cl^a] ^satisfies tile .'inequalities' 




\. 1 * — A <.a - 1 ^ 

a 



.(-b)*>?*br 0 < a <1 shov that A satisfies * ^ . 

. . *' . ^ 

- . . " 1 - a- < A < — - 1 . ^ • ■ • 

, ' . . . s ■ " ' 

(a) Make a^iareful plot a^the graph or L using L(2) = O.693 and 
; interpolating further values between those already given. 

(b) Draw the tangent to the graph of L at each of the points 

1-1 

^ "JT--' 2 ' ^ 4 J 8 . Do these tangents cqnf orm to. the plot 

in^.part a ? 

(c) Obtain'the solution c$f the ^^qlJation L(x) - S^^^bfi the accuracy' 

available from your^jal 

_ - y^. . — ^ <f 

(a) Us^'ing estimates by means ^f upper and lower- sums, how many values 
of the integrand' i- are^need^d to calculate L(2} within-, the . . 
tolerance indicated L(2) = 0.693 ? ■ ' 

(b) Using the- method of a)pproximating ^ by a linear function'^ (s%e 
Sections 5-3( i±) -^a;^ 5-7) oh eac^ interval of a . subdivision of 
[1,2*] ^show how-to/ estimate .i(2) ' and determine, the number of • 
values of ^ neec^d to " give L(2) accurately to three decimal 

- places. - . > " ^ 

(a) ' Starting from ' ^ ^ ^ - - ' 



1. - X . . • " 1 - X ' ^- 

show that ; ' ' - ' " ■ 

■ / . 2 ^ 3- ' m 
-LCl - X) , 

n 

^where -p^ j r^^.dy 



(b) For the interval 0 < x, < 1 , show that 



ix m 

:hat . ' ^ 

\ 



9 



0 <f^ni-< (1 , xHm.t'l) ' : • ' ■ 
and^or" ^ < . ' " *1 show that 

IHJ <M_ 



(c) .- Show thst 




2n-l 

^ ■ R 



2n - 1 n ' 

X ! < 1 , where I R * ll < * — ^^"^ • 1 } ♦ 

(a) Using part (c), oTDtatn a '-iraiue.for L(2) acciorate to tovar decimal 
places ♦ 

(e) "By seirting x = ^ in Part C c ) , we could obtain a value Tor L(3) . 
However/ it is more efficient to calculate. L(3) by setting 

-. " .^ = %■ and using both Parts ( c) and (d). Calculate L('3) this. 
. way accurate to ^ouf decimal' "places • ^ " ^ . 

(f) Obtain a valy;eyf-or. L(5) * by setting ^ ^ • 

(g) Giye seyeral ways of obtaining a "value for. log 11 • — ^i^hich is mo^t 
efficient? " ■ ' ' ' ^ ^ - ' ■ • 

(a) UstAng upper and lower* sums as Estimates for I t- dt ^ obtain the 

■-■ ■■■ . ■. ; ■.; - ■ . ■ J.^ 

.inequality . ■ - 



I + L(n) < 1 .+ i + i + ■+ ^ <1 + .B(n) - ' . 



(b) Sstimate . — T' 

n=l -. 



1 ^ " ' ' 

(c) "Prove" that . lim — doea not exist* ' 

■ * ' n ' 

- N"** n=l ^ 

^ind D ^( [ax '-^ bf) ; and obtain the corresponding- "Integration fgrmiilg 
over any •interval _ [h,k] where ax + b ^ O fo3r- any ■ x in [h,k] 



gnie Exponential Fujict-ion* Ge^ieral Povers . . 
3^3 • ^' ^ ^ ' • ' 

have verified that lCx) defined as an integral of ^ has properties 
3,i?garithm' but "^--^ story is not yet com-blete. We must show that L is 



' ^verse of an "exponential f-unction x 

-ne - - - ^ — . 



for some "value a 



^nis *in -hiiT-n Tnus't "be, confSefefibler .vith a definition of- a V for irrational 
^fits as a .conti^^^"^s e^^^sion ot.the function defined for rational 

gince ^ is an increasing f "unction it has an inverse 
, ' E : L(z) 



S , ; ( Z > O) . 

-the Qoma^'n of ^ is the range of L ^ the domain of E is the set of 
^ ^e^^-^^bers. Since rhe range of E is the domalrl of L ^ the range of. 
^ ^he set of all Positive nuribers. We obtain the graph ^ y = E(x) , as for 

vei"^^ ^""^ctions in general, oy reflecting the graph ■ y = L(x") in the line 
'\ ^ (J'igure 8-3). ^ 
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The properties of L can ' immed lately be translated into properties of 
E • ' Since L is continuous and increasing, so also is E . Putting 
L(;l) =.D. in (l) ve obtain ^ - - , 

(2) E(0) = 1 . . 

Setting u. - LCa) v = LCb) "in Theorem 8-2 ve^ obtain ' * * 

u + V = L( ab) , ^ 

and consequently;, 

(3) . E(u 4- v) = ab = E(u)E(v) * 

It follows that ^ • . 

Furthermore, for any rational exponent r , - * 

(5) . [eCu)]"" =^.E(iai) . ■ ' . 

The details of verification for Equations (3) - (5) left as an exercise 

For- a > 0^ and r rational, ve obtain from (5) 

- . • * ' • a" =(E(L(a))!)'''== E(rLCa)) , 

where we tecall that E(u) =*a and u = L(a) * This fomrula is- particxilarly 
interesting because its left side has been. defined o£ly ^f or ^rational values 

of r , wherfeas its right side is defined for all real values of r ♦ is 

^ r 

therefore natural to-- use this ■ formula to exl^end the definition of a to 
irrational values. In this way we fill the gap of Section 8-1. in the 
extension of, the power ^ fujict ions to powexs with' real exponents. 

1 V 

' . _ V. - ■ 

DEFIKITIOTT 8-3 , The power a is defined for all real values x 
and all positive values a by ^ . 

= E(xL(a)) . ^ ^ 

Since E is continuous it" is clear that . . 

r ^ 

t * , lim a = lim E(rL(a)) ' ' , 

r-'X r-x . * . 

' = E./lim rL(a)j ' (from Theorem 3-6e) 

r-x 

"= E(xL(a)) (from Theorem S-^rt)) 

X 

^; = a • 5 



8-3 



In this way, we have established j the continuity of the exponential fjunction ' ^ 
-X » a as arr extra dividend. ^Furthermore, if r is restricted to rati;Orial 
values ve see that the definition of a'* fulfills the condition that -Jpowers ^ • 

With- i~^tional exponents shall be the appropriate liinits .of powers. wit>} . 

rational" exponents. Nonetheless;^ we shall be completely satisfied 'only if.;we 
can verify the laws ^of exponents,]. Section liquations (l) - Cb) , for-^'tke 

more general class of ppwers . Poor ^ the" proof of the first law, we have 



f - 



aV := 5(xL(a))E(yLCa)) ./ 

■ ;= E(j5iCa) + yL(a)) • ^ 

* • 1= eC<x + y)L(a)) , 

- M= [E(L(a))]"^^ 



from Equation (3) 

from Equation (5)"' 
from Equation (l) . 



The proof ^ of /the two remainingr^aws are left as exercises, 

The ^monotone property of the power fiinction x is easily established. 
/ ' , ■ ft.' I . . . 

Since E and/ L are increasing 'functions we have for 0 x < y , using. . . 



a 



- x'^ = E(aBCy)) - E(aL(x)) 



that ^ 



a . : a 
y - ix 



> 0 if q: > 0 
= 0 , if a = Q 
<. 0 , -if a < 0 . 



Tn r^orp§^:'^ x ' is * increasing for positive, a., constant land equal to ^ l) for 
o: = , "decreasing for negative a . . • i 

: " f . ■ ■ . ' . 

Finally, we verify the continuity of the iDOver funcrtion .x^ fbr any 

\ ' * ' ' 

exponent a! rational or irrational. We have ^ 



liiii x^ = lifti- ECaL(x)) 
x-§ 

' : = E(lim aL(x)) 
= 'E(dL(£)) 



7 



(from Theoi^em 3^6e) 

/ . 

(from' ^Theorem" S-j^o) 

' / 

/ 

/ 

A simple proof suffices to establish t;he strongly monotone character of 
the exponential function x — r**a for positive a when a ^ 1 y^it Is left 
as-':ian exercise. Once it' is established that the functrion 
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X— *.a'' (a f 1) 

is a strongly monotone function^ ve may introduce the inverse function 

• .-^^^a * — ^ z * (a ^ l) 



From Definition 8-3 'we have 



from vhich it follovs that 



L(a^) =• zL(a) 



We*- conclude that 

' • ... . ',- 

To cfcmplete the discussion^ ve must show that E is" itself an exponential 
function vith definite "base. We set . ' - 

^ ' . .e = E(l) • ■ - ^ 

Thus e is the unique ,value for vhich * 

(7) . , ■ ' ' ^ ^. L(^) = 1 

We obtain from "Defi ration 8-3 . . * 

The constant e defined by Equation (j) is one of the important numbers 
of analysis; it appears in an astonishing variety of contexts^ many of them 
seemingly quite remote from the idea"^ being discussed here.- The value of. e 
is given approximately by . ' 

• e = 2,7l8 ' ' 

(Exercises No* ij-(c)). The function E : x — ^ e^ is- ca^tLed the . 

exT)onential function 'in distinction to all other exponential funCtioii5,-^^^^Th©^ 
exponential function E is often denoted by exp. The inverse function L 
is now definitely established as a logarithm 

L : X > log X . . 

e 

The function L is referred to in .this text and in all more advanced works • 
as the logarithmic function and denoted simply by log without subscript: 
'Common logarithms (logarithms with base 10) are still useful for ha-nd 



461 ■ 

X L/ 
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-computa-bion lout with the advent of machine conjputation they have lost much or 
their once great importance •* The logarithms used in analysis are almost in- 
variably logarithms with base ' e • 

— For many purposes it is essential to have some idea of* the relative, 
oj^^ders or magnitude of the power ^ logarithmic and exponential functions. We 
show that any powear f^mction 'with positive exponent increases more rapidly than 
the logarithmic functaron and more slowly than the exponential function. 

" Lemma 8-3 . For each positive a , . ". 



,1:^ i2§^ = 0 

, ■ X 

and 



lim 

X-^TO X 



a 

lim — = O . 

X 

x*-^ e 



Proof. We begin by obtaining estimates for log x . For 1 < x y 

we' have — < ^ < 1 . whence, , ^ ' - 

X — t — ^ ' 



1 



/"X 

O < < log x< \ r^3t<x-l<:x:. 



Thus, log X < X for x > 1*- and, consequently, log < Vx" , whence 

log X = 3 log -v^c < 2Vx . 

We conclude that ^ . * 

- . Q < los_x ^ 2_ ^ . . 



>John Napier (155O-I617) is justly regarded as the inventor of the 
logarithmic fxinction.- Although the basic idea was definitely *^in the air" of 
his times, he was >the first to publish a table of a l^jgarithmic function (l6l4) 
and his ideas about logarithms were more insightful and efficient for the con-, 
^struction of tables than those of his cpntemporaries . IsTapieriaJi logarithms , 
are logarithms to the base e . ■ / ■ 

Henry Briggs (1561 - I631) was largely responsible for the introduction of 
^ logarithmjs with base 10 for the purposes -of computation. 

Gregorius "a Sancto Vincentio> .S.J. (1584-166?) made the remarkable dis- 
^ covery of the addition property (Theorem 8-2) for log x interpreted as the' .. 

area of the standard region under the graph of a hyperbola based upon i'ts 
. asymptote- -this before systematic development of the calcxilus . ^ . . 
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It follows from the Squeeze Theorem for limits as x approaches irif inity 
(compare Corollary 2^ to Theorem 3-^^*) that ^ 

(8) lim = O . 

X**oo 

This is the resxilt from vhich the other order of magnitude estimates follows 
For a > 0 we o"btain 

a ~ a q: .ay ^ 

wnere y = x . ' ^ . 

Now- we compare the -values of power and e^onential functions : 



X / X \ _ / log z \ 



X ^ 

where z = e • Employing the preceding result ve ohtaan 

lim % ='lim/^^ " 
r X 



X'vocs e 



\ Exercises 8-3 

1. Verify- properties (3) - (5) • 

2. ^rove Equations (2) and (3) of Sectj^on 8-1 for real powers in general. 

,3. Proves that the exponential function x ^-a y for positive^ a , a 1 

is strongly monotone* r ^ ' " 

Find -fche largest -Dossible domain for each of "the following functions. 

(a) "fy: x — ^EL(x) • 

.'(b) f : X ^LE(x) ^ ' , - 

(c) f : X — ^EE(x) 

"(d.) f : X — ^LL(xJ 

■5. Sketch the graph of the function given by' f(x3 = 

P 



(a) 


'2^ 


(f) 


2^ + 2"- 






(s) 


2^ - 2"- 




2X-I - 




+ l/x 


(d) 




Ci) 


2^/- V ; 


(e) 


. ' 


(j) 


^l/x ^ . 



0-1 A 



8.- 



6, Sketch the graph of 

(a) r : X — ^EE(x) * • - ^ 

^1)) f -:*-LL(x) . ■ 

7. In each of the 'Tollowing solve for x in terms of 



(a) 


y 


= L(tan 2x) 


(b) 


y 


= E(x^ +.1) 


(c) 


y 


= E(x --LCy}) ' ■ 


Cd) 




= log (x - Vx^ - 1) 


(e) 


y 


= ECx) - E(-x) 



8^ Show that if = e-^"^^^ 



and z = e^-^^S x ^ ^^^^ ^ ^l-log y 



9. Prove that if. f sat: f.ies 'the functional ^^guation f (x + y J = f (x)f(y) 
for all x' and y , and if f(x) = 1 + x g(x) vhere lim g(x) = 1 ^ 

x-e 

% then f '(x) exists for every x and f*(x) = fCx) . 
- (See also Exercises 5-1, No. ^0 ' 



A, 
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S-^., Differentiation of the " Loj^arithm and Related Functions • 

The differentiability of the exponential and pover functions follows at 
once from- the differjent lability of' the logar^hm* We have already foxmd ^ 
(Equation (2), Section 8-2> I , 

(1) . ^ log X =r ^ . ' (x > 0) . 

We apply; the rule for differentiating inverses (Section h-S) to obtain the 
derivative of the exponential function; If . y = E(x) ve -Jmve 

• ^'^^^ -= y = E(o:) ; 

that' is, • . 

(2) . ^ - - D^e^ ='e^ . 

The "exponential function has the remarkable property of being its own derive- 
tive. It is the prototype of functions describing unregulated processes of 
'growth and decay in which, a quantity changes at a rate proportional to^-the' 
quantity itself • This property accounts for much of the great importance of 
the exponential function in mathematics and its applications. 

\ We now 6btain the derivative of the power function for any exponent, - 
rational or irrational. From Definition 8-3, we have 

x^ - E(aL(x)) , Cx > 0) • 

Applying the chain rule, we obtain r 

whence 

r \ ^ a a-1 ^ 

(3) , D^x = ax 

In this way, we have obtained in all generality a result which we could prove 
earlier only for rational exponents (Section ^-3)- ' ^ 

- . An exponential with any base a can be written in 'the form (Definition 
8-3) . " - . 

I-t follows from the chain rxile and Eguatiorr (2) that 



. ' ■ - 
. . . o D^a^ = E'(x L(a))L(a) 

= e(x L(a))L(a) 

vhenc^ v . 

(^) V D = a^ log a . 

We recall Trom Section 8-1 (Equation h) that for* the function E : x ^ 

0 



E * C0) = lim - — -— i 



Taking the derivative at x = 0 in C^) we obtain 

= los a ^ . y 



D a^ 

X 



x=0 



^ - 



an interesting representation of log a as a limit: ^ 

a^ - 1 • ' 

(5/ log a = lim — — ^ — • 

Exponential functions vith' bases other than e are not much used since any 
given exponential function is easily given in terms of exp by = e^^ 

where c = log a' . 

Since a logarithm with any base a is sim;^^ proportional to- tiie 
logarithm. with base e (Section 8-3, Equation (6)), 

^ ' log X = ^23^ 

r a - log a - 

we have, at "once, ^ • . . 

■\ ^ , ■/ Where =^3^ £ 

It is for this reason that logarithms vith base; e are often called "natural*' 
logarithms, natural in the .sense that, the choice c = 1 yields the simplest 
possible expression for the derivative. ^ 



/ "Equation (5} could have served to define the loga^i^thm, -)5ut the necessary 

analytical approach differs considerably from the one we have adopted here. 

2 - ■ ' ■ ( • - 

^In feany intermediate texts, the symbol In x is used for the nat-ural 
logarithm, but its use in professional literature i\s rare. 
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The properties of logarithms may be used to simplify the' differentiation 
of coapiicated products and powers. For example^ consider the problem of 
drf ferentiating a product / 



0(x; = t^(Ji)f^U) ... f^(x) 



We assume that the derivative is taken at a- point whyere f, (x) > 0 , k 1 ^ 
/ n • (if ^*j^Cx) <- O we can replace ^"^^ negative and change 

the si^ of 0 accordingly.) 'We have 



log 



n 

0(x) 



log f^Cx) 



k=l 



"and from 



obtaio 



and , thrfnee ^ * 




0'(x) = 0(x) log 0(x) 



' /K=l 



Sxaaple 8-^ . To differentiate 



\ 



0(x) = 



(x^ -^ 1)3/^ (1 . sx,A)^^ 



2''(x^ + X + 1) 



ve* first obtain 

-30'^ I. ' P ■ 

log 0(x) = ^ los(x + 1) -+ 25viogCl + sin'^x^ - -x log 2 - los(x + x + l) / 



then different iate anci find 



0 



._3. 



3x , 100 sin X cos x ^ _ 2x + 1 ^ 

JHTF = 2 ^ ~~ n los 2 - ~ 

^c + 1 1 + sin X X + X + 1 



which yields 0' (x) on multiplication by 0Cx) . 
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Exercises 8— 14- » _ ' . 

^ .' 

1. Use logaritlpmic differentiation to evaXuate eafch of "the followin^v:\ 



(a) D 



( . \ 




. (d) D 

2 . Firid 
(a)- 



( 



■ = 3 

f ^ ax 
,{cj e 

(d) y logCl + x^) 

Find' D^- . 

(a) y = (2^")^ 



\ 



ox" 



Co) 
(c) 

.(d) 



y = 2^ 



COS X 



y = e 

logVx 

y = e 



(e) y = log Ve^' 

Dirrerent ia-te • 

(a) y X log X - X 



y - e Sin x 



(c) y = arctan 



Cd) y = log(cos x) 




/ 



5- Dif i"eirent iate . 



(a) y = ^ - (f) y ^.e"^ 



(b) y -= x'/^' ' ■ . (g) y = x'^'' 

l^x . .e 
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(d) y = (sill x)^ Ci) y = loc los(x) " 

(e) = x^^^ (j) y = log ±oz logCx) 
Din"ereh-tiat.e. ' (First- sirr.pli'fyj if ^possible. ) 

(a) y ^ log (sec x 4- tan x) 

(b) y = — log 

(c) y = log (x ■+ i/a^ x^) 

(d) V = sec X tan x +' log ('"s^c "tan x) 




(e) y = log t/)^ + ^in^Cx^ + ) 
5^J■alu^te each of ."the following in-tegrals. 

'1 o ' ■ - r ^ 2 

Ca) I .e^"" dx " ■ (e) .1 2x e"" *dx 



j^.e^^ dx . ■ - ■ J 



(c) 



j ^ e^^ dx Cg) j 



0 1 + X 
dx 



X log X 



(d) 1 2"" dx 



8". Show tha-t If ^ e"^' = e^^^' then y' = -e^ ^ 



-9- Prove: 



(a)' li: 



. log(l + x) 



* X— 0 

cx ^ ^ ' * - 

Co) lin = c , c constant. 

— x-^0 

, N 2 log Cl -^.Jg) ' 2x ^ X- 2 
C c J lira — \ = TT 

x-0 x-^ 



10* • ^Ass-uming the existencjs of the Limit in Equation (5);. use-tiie representa- 
tion of V log a as a limit to derive* the 'adaiti^ri^pr®perty of logarithms 
(Theorem^ 8-2)* " " ' , ^ ^-V^^' - ^ ' 



11 • -Apprpximate the .difference between, a? * and "^^"^^^Si/a > O ■ and a ?^ l) 
, f or larg^ ^|x| where x'<0'. - - "S^r • . /' . / 

•1S4 « -Prove J^hat • >*1 -h 5c for all y: ^ O and i^serthis resTilt tl> deriye 

* ' ^ the following irreaualities . * ^ ^ ■ c- . ' »^ 

•* . .- *■ • , , •« I. 

: . ' • " , ' 

•^[aV e'^ >.l - X , £or''all x'j^ 0^.' ' ' ' ' 





- X 

1 


^ 1 


- X 




1' ' 


< - 





Cc) e^ < rr— — , for X < l"^ X ^ 0 



(d)^ e'^ < — i , for X > -1 , x'V O . 

13.:- Prove' V : '^^^^^^ . . - ^ 

lim e =0 
a~ -oo ^ ^ 

" ' / . J. ' 

lif. Examine the behavior oil ^ f for small ]x| ^^and very l^ge jxj • Use 

the information obtained to sketch the graph of f . ^ 

'-la) r.= ' ■ • ' . ■ .. 

1 - e ' > 

l/x ■• • 

- ^ ^ - — , " l/x ' " • 

1 + e ' 

15- ' The velocity v of a fa]iling "body at time t is given "by • \ 

. ^ = - ^'^^^ ' 

where g and k ^ are positive constants and the positive sense of 
motion is directed downward* 

/ \ ^ 
' Ca; Find the acceleration a at any time t . Show that a = g - kv \ 

(b) Find the distances that the body travels between t = 0 and t = t 
* Cc) If g and t remain fixed deter-mine 

lim V = lim ^ /l - e"-^"^) . 
k~0 k~0 i • 

,(d) On the same set of, axes,, sketch the graphs of the functions t — s 
t 3 and t *-T-^a . 
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. "8-5 • The Differential Equations of e^ , sin x , cos x . 

* ' i ' ' * . • 

The exponential function is basid to ^analysis and its applications;^ its 

importance can hardly be oversxressed - ' The "property which -gives the exponen- 
tial function its unique place'- is . iriva;;ianc^ under tihe operation of dif^ren- 
tiation: D e^ - e^ ; ' - ' 

We remarked that the class of functions' which are proportional tp their 
J derivatives' is important in the study of growth and decay processes. . ' . 

example^ jthe rate' of increase^ in weight of © bacterial colony under favorable 

• conditions is proportional to the weight already present.- Your cup of coffee 
cools "and your cold leiaonade (assuming no ice) gets warm at rates proportional 
to the difference in temperature betwe^ your drink and its surroundings- In 
Ciiapter-<9 we shall discuss such phenomena in detail. We shall study the pro- 

■ perties o'f such a function through its differential equation y^ = cy • ^ In 
.the same spirit we can study periodic phenomena in terms of the differential 
equation ^f or the sine and cosine functions and study the properties of the 
functions themselves through the differential equation- 

THE^REM 8-3a ^ - *A function f^ given "^y y = fCx) ' satisfies 'the differential 
^ equation - ' 

(1) '"^ . . , y*-= cy • 
subjec-t-to'' the ini-tial condition 

(2) ■ - . • - \ f fo) = a . . . 
'if' and <^ly if ' ' 

. ■ (3) - y = ='^e'''' - - ■ " ■ 

- . ■■ - • i \ - ■ 

.5. Proof s It 'rs immediate th^t the: function defi-ned "by (3) satisfies the 

* Conditions (l) and." (2) . To Complete the, proof we must show that the solution 
(3) is xinique;, that no other 'function' satisfies the differential equation and 
the initial condition. . ■ . 

M Let u ^^(x) be any solution of (l) and '(2). Since e^ > 0 f or- ai;L 

. ^ * ' cx - - * / \ -cxT 

^ *z we may suppqee u is given in the foi^n u = v e wh^re v = gtxje . 

Entering €hls expression for u ^in the differential Equation Cl) we obtain 

• D u =-D [v e=^] = v'e=^ + cv e^"" ' 

= cu , (from (1) ) 

= cv e '. . . ^ . 
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-^t foll<''^^ ^'ha.-t v»e°^ = 0 > hence. that v» .= 0 and-t^t* v/ik constant. 
Since = « we mus-t have v = a ' . , ' , 

. ■ ■ ■ ■ 

A 5 ^ ^onseauence of Theorem 8-5a ve see tjiat -the , expon&itial f^unction 
5j X ^ "* lis"^^ been defined originally as -fche ^^solutioji. of the 

^trf^^^^^^^"^ Equation C^) which satisfies the initial condition' rCo):^=^l 
uJiii^^ ^^istence such a solution/ -we might then, define "powers, ' - ^ ' 

sri'^^^ ^d exponen't^^ls with any ba-se in terms of e*^^ . -The- catch is" the 
' vJ^p^^^^'^^ existence' of the solution of ^he differential eqiik'ti^pn. ^A. 

^^^^ p^^of of existence for solutions of :dif f erential equations^" requires . 
o-fce '*^^^^^iaent and ^ould be a digression 'for us.' *' Nonethele's^>i the . idea' 
Oj^ ^efi^^^^ ^ function "the solution- of a differential equation has -special 
ij^^ ^e^'^ becatise the circular- functions si.:;L x and cos x' .,^- which have 

ti^^ ^eery ^^^^ned. analytically, both satisfy the simple differential eq^^trion , 

^Jiff erential ESP-ati on {h)^±s as important fbr analysis 'and its 
^ ' ati^^ th*e Equation (l) for 'the exponential functions. ' It is the" \^ 
"^^ototyP^ equatic^^s which describe perioddc phenomena, the osciHalJions 

Of* ryr^^^ '^^^ electro^gnetic vibration^s which we perceive as color, the:, 
jj^^ ^ure ^^^^^^tions which ^we perceive as sound. 

^^e how * sin x cos x ' are characterized as solutions of" (i^) we-- - 

tifc ' -^i^^W^ss theorem JLilce that of Theorem 8-5a. 



5^2^* THfere exists at most one solution y = fCx) of (U) ^^hich 



• ssti^^^^^ the initi^ conditions \ ,j 

^5) \ ' ^fCo) = a , f'Co) = b \ 



-t^his case existence happen^ to be' a consequence of ,a special property 
^^i'f^irential Equ^-tion (IJ; it is separable (Chapter 10),'but the 
:^the ^jjj ^ sep^^able equation leads back to the ^logarithm and the 

Drv '^'^^^-^ departure adopted in this.text^ 
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' " ' ' 8-5 . 

ProoT. Le-t u and 'v be solutions *pf (U) which satisfy (5") • . We" see 
that y = u - V is a solution of (h) which -satisfies the "initial conditions; ' / 

(6) - ' f<o) = 0 , f »(o) = a • ' 

On nrultiplying in (h) by y' we obtain ' . ^ . ^ 

It f ollavs tha-t" ; > - ' 

^ . • / ■ • . . . ' ■ . ' , , 

(7) * - ■ -(y-O- + y'^ = -C 

where" C is constant. F^rom the initial condition (S) , 'however, wef conclude 
that C imst be zero> hence, both terms on the left in (t) must be' zero. Ve 
conclude that y = u - v = 0 and that . u - v • - ■ ^ . 

From this theorem we see 'that the sine can be defined as the unique 
■* - ^ ■ - 

solution u = 0(x) of C^) which satisfies the ' initial ■ conditions 

(8) "' . - . 0.(0) = 0 , {z5'(o.) = 1 . 

.and tUe cosine as the unique solution v - ^(x) of (h) which satisfies the 
initial, conditions ' . ' 

'(9) ^ ^(0) =1 , ^'{0) = 0 • _ . 

, Observe that if u and • v - are solutions of (^), then so' is the linear com- 
bination, av + bu ; and the unique -solution satisfying 't^e general - initial- 
conditions (5) is^'^fcl^e linear combination 

(lo) . ' y = av + bu • - ' • ' 

These ideas permit us to dispense with geometry in defining the sine^and 
cosine, but before we can make this approach meaningful we must show that 
solutions u and v satisfying the initial conditions (8) and (9)'' do exist. ' 
A differential equation may ^ot have a solution. Equation (?), f'or example, . . : 
has no solutions when C is negative. To^prove existence we work^witii the .** 
inverse functions. * ^ . ^ y \ 

Recalling the rule for diff ei'entiating ^the arc sine, we set- ^ , ' 



"(11)\ ' - - X ^ g(u) = X — ^— dt 



u 

This integral defines g : u — ^ a^rcsin u as afc^;^ increasing function of u 
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Tor —1 <.,u <1 since the in-tegrand is continuous and positive on the open 
interval (-1,1) . It follows that the inverse Txinction ^ ' 

0 : 

is a continuous and increasing Tunction.- Since* g'Cu)^ ^ O anywhere on the 
interval (1,1) ' we see^that; 0 is difTerentlable, and, by the rule Tor 
differentiating inverses • " " . , ^ ' 

(12) - -^t- ^_^r(^) = = _ • ■ ' ■ 

^here ^.= g(u) '. Since , the function on. the^ right ^ is dif f erentiable, it 
follows that 'u' , is differentiable' end ^ obtain by the chain rale and 
Equation (l2). <^ . ' - ■ * * 

(Since-^^u is restricted to the open interval (—1,1) the possibility of k 
zero divisor does not arise.) We see that u satisfies the differential 
Equation (4)..* The' value x = 0 in^ (ll) can, only occur when u = 0 since 
g -is^ ah increasing function. It follows on setting x = 0 in (ll) and^l2) 
that 0(x) satisf-ies the^^initial condition (8) , ' . 

It is true that (ll) defines the function ,0 only on a neighborhood of 
X = O , but the differential equation itself can be used to extend the 
- solution to all values of x • " ' ■ - 

. Since u . is differentiable it follows from C^) that u" is differen- 
tiable and on setting v = u' that " . - ^ 



y" = D (*u" + u) = 0 



Conseq-aen-tly, v = ^(.x) = 0'(x) is also a solution of- C^)-, FurtherTnore ^ from 

Cl2) . ^i-C0> =r A - [0iQ)]^ = 1 , and'a-rom (4) iy*(o) = 0"(O) 0(o) = 0 . The 

ftmction lir is -ther-efore the uniaue solution satisfying the initial condi- 
tions (9). . = ■ . 

ye may now abaSdon all' our doubts; the solutions 0(x) and ^(x) « exist ^ 
and are unique. The familiar circular functions may now be defined by , 

sin : X » $^(x) 



(13) 

cos : X. »^^(x) 



'We still have -work 'to^do. The familiar niles go^-erning the circular 
Tunctions must now be" derived • For the most part this is a simple matter and 
is left to Vie exercises. The- integrals (ll) for the arjcsine yields defini- ' . 
tions of sin x ^"fend • cos x only on a neighborhood of the origin- It is 
necessary to shov th^t'the differential equation and initial conditions . deter- ^ 
■mine solutions defined on the domain" of all real values. It is also necessary 
to prove that these solutions are periodic and' to establish the role of the 
number . " The tech-nical details* of these proof s are given iA Appendix -8. 



. Exercises 8-^ f ' ' " , 

For each of the following find the f-unction f which satisfies the _ 
given differential equation subject to the given initial conditions .-^ 

?a) yV= 2y > f(o) =5 ' ' ] 

(a), y" + y 0 rf(6) = 2 ^-fUo) = -2 > 



Shov th^t the function given by -y = fC:^) = b sin ax + d cos ax satisfies 
the differential equati( 
f(0) = d ,.f^(0) = ab . 



the differential equation y" ^ + a-y,= 0 and the initial conditions 



5 

Show that the fu^iction f given by 



y = f(±) = e^ sin x 



satisfies the differential equation 



• y'' - 2y» 2y = 0 " ^ ' • - 

'and the initial co'rfditic^ f(0) = 0 , fJ(0) = 1 . Show also that the 
- foU2rth derivative o^ ^^(x) is proportional to f (x) . ^ ^ 

A particle- moves along a line for 2 'hours so that i"^s -velocity at any 

1 '^t ' - * /_ 

• time.^ t ■ is 'given by v = e"-^ ^ in miles per hour* ^Find the dis5>lace- 

. ment .at the end- of- 2, hours and- the distance traveled during the-last 
hour. • - . ■ . 

5. Derive Formula Cn) ^ot the: inverse of 0 ■ directly from Equation (7). 

6. Prove the identity ' \ \ 

2- 2 . ' • . , ' 

u + V = 1 J 

► where u - 0(x) ,and v = i'Cx) as defined^ in this section.^ * ^ 

7. Prove that u < arcsiTi u < — ^ O < u < 1 . 

1 - u ^ ■ • ' *■ 



-,8. Prove lim 1^2-2. = liia ^^iil = 1 " ■ / ■- •-- ' 

■. " ■■ . . - - '■■ 

9. Prove the fuJ^e tor d-if f erentl?ating .the cosine; that ±s,- '\ ■ 
■ , . . ' ^'(x) = -5Zf(x)' . ■ , . 

10. Prove that'' 0 and ^ as defined in this section are dirre^ entiable to 

aU- orders . * . " ^ ^ 

■ - * ■ r 

11. Prove ^'hat the sine, is an odd fVnction- and that: the ^cosine is even; .i*e.. 
* that ^ 0C-x) and -^^C-x) = i^rfx) . . ' . 

12 • Prove the .addition" theorem for the sine: " £ 

r ' ' • 0(a - b) =0Ca)M.(b) + 5^(b)^;;(a) . ' 



(Bint: Use the Tact, that 0(a + x-) <^s -a solution of the differential' 
Equation (^)*) 

State and prove the corresponding addition theorem.^f or the cosine*^. * . -t^ 

14. Interpret the constant C in Ea'uation (T) in terms of the amDlitude of 
oscillation;^ " . " 



15 * • Discuss the existence and "izni^ueness of ther solution of the follovini"^r 
initial value problem L 
2 P ^ 

. ^Df + ujf = 0; f(0) = a , f '(o) = b . 
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S-6. ^ The Number . 

The propertles^ns^ ^ i:he eOTonential fxmction can be derived rrom 
simple estimates obtained xn the same manner"^as the estimates of - Section 7-5 
Tor -sin- x and cos x . We consider values of x in the closed interval * 
[0,a] • From the monotone property the exponential f^mction^ we have 



xntegratring" we obtain 



e < e < e 



^^'^\ edt<ex 



x<e-l<ex^ 

whence, * • ' . , 

(1) V 1 + X < < 1 + e^x ■_. .. , ;. w ■ ■ (0 <x^< a)' 

* In general, i-f* " _ . . ^ / ' 



< :/g(t) , . ' '(0 < X < a) 



we have 



whence, _^ " J 



>X . /-X . . - , 

\ f(-t)dt < \ e d-fc < \ g(t)dt ■ "Co < X < a) , 

Jo Jo Jo 



(2) 



J. X . ■ , - y- X 

1 + \ fCt^dt < < 1 + V gCt)dt 1 (0 < X < a) 

-Jo Jo 



Applying the result of (2) to (l) and Integrating repeatedly, we obtain 

x^ x3 - ■ x"" X "x^ x3 -e^x"" ".- 

(3) 1 + X + |- ^ + ... + Se'^ <1 + X + + + 



- : ' Co < ^ < a) . 

A similar result holds for negative vsilues of x (ExeVcises 8-6^ No, 1-b) . 



^ . The number e is justly called the Euler number after Leoriard Ihiler 
fl707-17fi3) who recognised its pervasive role in analysis and established 
many of - its^'propeiHbies * - ^ - Jr^-*-^.- 

* In three .prociigious treatises Analysin 'Inf initorum . (.17^) ^ Calculi ^ ^ 
DifferenfgSriis (1755)/ Calculi Integrsals . (1768-70) j Euler opened and developed 
vast .a.reas of analysis* The .fertility of h£^ .ima^gi^ation and the ^sheer magni- 
tude of his work are unmatched. T?Sfere is scarcely ahy area of mathematics 
. without its "Buler's Theorem'' or " Euler ^s Formula." 
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Prom Formula (3) we can easily ob-tain precise est^imates for^ e 
. observe ""rirs-t, on "taking x = a = 1 and i> = 3 that: , • 



We 



r 



V:. 



'I + 1 4- |'+ I . 



e = 1 t + — 



From this inequality we Crrtaift 
in (3), we find 

where for the error term. e^x). we have 

(5) -0 < e(x) < 

In particular, setting x .= £ .we obtain 



e 5 ■ • 

S 2. > whence e < 3 



n 



n; 



Entering this result 
Cx > 0) 



C^''^- 1) 

nl 



n 



X 



0 < eCl) < ; 

— nl 



8.7 X 10-"^ , so 



Since nl increases extremely rapidly with n (thus Ikl 
that (k} gives e to 9-place accuracy whe^as^/n = 14) and the k-th term of ^ 
the sum for e Is obtained --from the pre"ceding te^'upon division by k , it 
is easy to obtain -^he value of e -to a large .number "of decimal places. We 
"i^l'Listrate by calculating e accurately to 'nine places. We carry the calcu- 
la-tion -to eleven places -fco allow for the error in rounding off. 



ERIC 





n 

r 






■ 0 


1.00000 


00000 


0 




1 " 


' 1.00000 


'00000 


0 




2 


..50060 


. 0000a 


0 




■ 3 


; .16666 


. 66666 


7 




h 


. " .0U166 


66666 


7.V 




5 " 


^.00833 


33333 


3 




6 


*Q013S 


■ 88888 ' 


9 




7 


.00019 ' 


8i;l27 


0 




S' 


i 00002 


48015 


9 




9 


.00000 




3 




10 


.(DOOOO 


02755 


7 . 




11 


.00000 


00250 


5 ^ 




12 


^ ' .00000 


00020 . 


9 




13 


.00000 


• 00001 








.00000 


"oSopo 


1' 


Total 


' e 


= 2.71828 


1828!^ 















Rounding off to nine places we obtain the Easily memorised result 
(6) . . , ' e = ^.71828" 1828 . 

(a more acc^Lrate c6mpu:tation vould show that the total abo^e was actually 
accurate to all eleven places.) We leave as an exercise" the problem ofL^ 
verifying that the sum of -the error from rpunding .off and from cutting off the 
calculation at^ n.^=r lh is less than half a unit in* the ninth place. 



For a given x it is easily seen that we Qan bring the error e(x) 
^ <^ « • 

X ' f 

the estimate for e beljDw any given tolerance by taking h large enough. 

For this purpose we^set n = r' + m -and choose r > 2x • Setting 

/ X . \ r - " . • 

53 = — ^ -'-^^ ■ , ve obtain from (5) . ' ' ' ' 

r # ^ . 

+ Ic ^ 2x + k < I" = ^ ^ 2 , . . . : m) we have 



in 



V 0 < €Cx) < — - 



We conclude^ then, J.hat 



(8).. . ■ = limV^gr (x >.0) 

From the estimate \ 



1 



0 

it is easy to show that is hot a rational number- The number 

v= Cn - ^ 1 ^ I ^ ... ^ .^^ l ^.),) 

is an integer • If e = ^here p and q are integers then the preceding 
estimate talfes the formf - . 

■ _ — q ^ (n - 1)1 nl/ — ni' . 

whence^ for the integei* u == (n - l) ! p" vq , ^ 

n — — n 

If we let n be any' natural number bigger than 3° 'we obtain ^ 
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The a^ijmp-tion that e is rational leads to the false conclusion that there 
is an integer betveen . 0 and 1/ . It. rollows that e is not rational. 



Prom = — we can obtain" another representation of e 



as a limit. 



We 'have' 



LKl) = lim. ^^S^^ - ^^^^^^ 



h-0 

= lim logCl + h) 



l/h' 



whence, since L*(l) = 1 , 



log lim Cl + h) 
h-0 



1/h 



where at the last line we have used the continuity of the logari-thmic function- 
From the definition of e (Section 8-3, Formula (7)) we h^:^r^%he fundamental 
result - 

-A- 

(9) 



e - lim (1 + h) 



1/h 



If we restrict 
(10) ^ 



to values — where n is a natural number we obtain 

■ ^ ' e = lim (1 + i)"" . 

n <i . . 

l\n 



9?he quantity (l — ) can be interpreted as the value at the end of 



n 




"^one year of a deposit of one dollar left to acquire interest at an annual ^ 
interest rate of 100% compounded n times a year.. If the integ^st is 
compounded continuously, that is, if the interest is calculated as the limit ^ 
in which the number n < of interest periods approaches infinity, the value of 
the principaLl at -the end of^one year will be e dollars, $2.72 • Dis- 
appointingly small ^ isn't 'it? (Exercises ^8-6, No. 5a) 

Since the graph of"^ x ^ log x* is increasing and flexed do-^nward it 
follows that h ^ (l + h)^^^ is a decreasingAi^inction* (Exercises 8-6, 
No. 7). This resiilt gives us another way of esl^^ating e from above. For 
h^> 0 , f h)"^^^ must be no greater than its limit^ e , and i^or h < 
must be no smaller than its- limit In summary, 

(1 + h)^/^ < e"< (1 - h)"^/^ 



(1 +.h) 
-(11) 



1/h 




(0 ■< h L: 1) . 



Thus, setting h = — we obtain 
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• ■ 

(i).^<e<(|)^ 

^ ■ ■ f 

2.25 < e < . . 

The estimates (ll) for e are not particularly useful for calciilating e , 
but they have value in theoretical discussions. - 

Setting h = — on the left and "h = — on the right in (H) obtain 
, n n -r X 

in 1 . n-+l 

(1 - r-) < e <.Cl + — ) 

n — — , - n • ^ ^ t 

• or * ' . ' 

^ T n , n+1 

This estimate has extremely interesting consequences • Note for the product 
k + 1n^ 

of the terms ( — ^ — j ,k=l, ... that ^- ^ 

K^) ... L ^ ; -1-2-3-4 ... n " . nl 

k > . 

Since eacii factor ( — - — ) ,k = l,2,.'.. ,n_,in -the -'product is no 
greater than e by; tl2)^, ve have. 



n . (n + 

^ ^ — in — 



7 



whence 



/.^-Nn n _n 



e 



r 



n 



Since (l -h — )^ increases to' the limit e • >we' see that it has its least 
value at n = 1 and therefore' 

1 - ' ■ 

This fomrula gives us some idea of the prodigious rate of increase of nl ; 

for large values of - n .'it increases faster than any exponential a^ . 
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It ±s possible to obtain an upper estimate for nl by using. -^e right 

side or Cl2).' We form the product of the terms ^ •*• ) for k = 1 , 2 

3 > n . From (12) it follows that 

P 2 3 .h, ^ - ^ n+1 , ^ -i^n+l ^ 

^2? ^^r~^ ' jrr* — > 

whence 



n — n 

e .e 



n+1 



Since (1 + ^) decreases to its limit^ its greatest value is attained at 



n^l 

n a ; hence (l + ^) < 4 and 



nl < hni^^" 
— e 



In stunmary^ 

e — — e 



It is possible to improve the numerical factors in (13) by leaving out the 
early terms in each product, those for which the 'approximation to ' e is not 
particularly good. (See Exercises 8-6^ TTo. 10), By means of subtler tech- 
techniques it is possible to do much better. There is a beautifully simple 
asynrptofic representation 0(n) for ni , tha1^ is, a function 0 such that 



this Is the famous Stirling's Formula, v ^ y 



which involves no-t only the constant e , "but somewhat ■ mysteriojasly, sihceS 
present considerations jseem totally unrela-Jed to 'the circle, the constanVv^ir 



\ 
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nocercises 



(a) Using mathesia-tical induc*ticn prove the result of* Formula (3)- 

(b) Obtain a result similar to Fornrula (3) tor negative values of x 
and^obtain an ei^or estimate for your ^ result • like that of (5)* 

(c) Use the result of b ^ to prove for. negative values of x . 

Fill in the do^ails to show that Formulas (h) and (5) follow from 
Formula { 3) • 

Prove that the value fo-r e " given by (6) is correct Jo the indicated' . 
number of decimal places; i.e., show that the error in (6) is le^s than 
one' half 'unit in 'the last place. 

Use ('9)' and (lO) to evaluate each of the following limits. " 
(a) iim (1 + ^) . 



X 



(b) lin (L + ^) 



(c) ' Lim (1 + 2h) 

h~o- 



3/h I 



r r\ -, ■ ■ . , v2 CSC h 

. h~0 

l/2h= • 

(e) lim (1 - |) 



Evaluate lim "xC - l) . . 

x«-<x5 - . . ' , ^ 

Ca) A California savings and loan association offers an interest rate 
of compounded continuously. What is the equivalent annual 

interest rate for money left on deposit one y.ear? 

(b) How^ long does it take for an amount of money at the; same interest 
rate ( if .85^ compounded continuously) to 'double i»tself ? 



l/x 

7. (a) Prove that x — ^ (l + x) ^ is a decreasing runction- 
(t) Which is greater 

/ . 1000^?^^^ or 1001^^^ ? 
(c) Which is greater 

1,000,000^'°^'°^^ or i;ooo;oio^'°°°'^°^> ■ 

Show that for- n > 9 , vS" > + 1 . ' • . ' 

9, Show how to ohtain an approximation of ■ » 



1 



t 2 

e'S' dx , (0 <• t < 1) 

0 

Use Equation (4) to obtain an„^«^imate oif the error of approximation. 

* n ' ■ 

10. Prove that nl > 3C— ) for n > 1 . • ' f * 

LHint: Use mathematical induction, 1 



8-7. The Hyperbolic Functions . ' ' J 

For rererence we 'Include here a brief 'discussion .of "the Simple combina- 
'-tions of- exponen-fcial. functions known" as hyperbolic functions. These functions 
have' properties which parallel those of the circular functions. In analogy 

with the circular functions we define ^the hyperbolic sine, cosine, and tan- ^ 

^ ■ ' - 

gent, respectively, as f oll^ows : "-^ * • 

X -X ^ 

e — € 
^sinh X = 2 ^ ^ ^ 

V - ^ . X , -X 

* ^ e -F- e 
*r cosh X = 2 ^ 

■ X "X. *s^^ 

, - sihh X ' e . - e 

tanh X = T—- - : r: " ' • 

cosh X X , -X ^ . 
e + e 

• . . f . , - 

The analogies > between the circular functions and the h^^'perbolic functis^ns are 
exhibilted in thfe following forniiilas (note carefully the dii^fer^nces in sign 
f rom Jche parallel- formulas for the' circular functions) 





cosh X - sxnh x '= 1, . 



(2) sinh (x + y) = sinh x cosh 'y + cosh x sinh y . . 

(3) cosh (x + y) = cosh x cosh y sinh x sinh y . » 
{h) , - - D sinh x = cosji x . , 

(5) D cosh X =. sinh x . - " • - * - 

■ 2 

(6) ^ H tanh X = 1 tanh ■ x * - - ■ 
The derivation of these' formulas is left as an exercise. 

t 

The principle^ featjire's of these functions are easily descr^oed. The ^ 
hyperbolic sine and tangent are odd functions, the hyperbolic cosine an even- 
function. The intercepts of their graphs are given by sinh 0 = 0', cosh O = 
tanh 0 = 0. For all x , cosh x > 1 . and J tanh x| ^< 1 . Since 

liin e ^ = ■ lijn e^ = O 
x~«» X « 



*In the theory of functions on the domain of complex numbers it is 
established that the circular functions are related t9 the exponential func- 
tion by formulas similar to those of the hyperbolic functions. 
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r 



1 ^ 

. cosh X apDroximates ^ e^" 
^ * 2 



from above and sinh'^j' rrom'^below to^ 



1& 



tive values of , x • Similarly, cosh x approxima1;es ^,e"^ , and 



2^ ^--ij-^j. j-dj^cjc: xic^doxvc vcL_uut;ij ^->i X The graph y "tanh ^ 
asymptotes, y = 1 Tor large positive values of x , and y '= -1 



L -X 

iSfoT large negative values of x The graph y ^ tanh ^ ja^ K 

negative values of _^ x - These features are depicted in Figure S-f^' - j,s^ 
demonstration of the properties of these functions is' left as an-^^^^^ n 




Figure 8-Ta 
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2 ^Ust ■ ^ , ^ ^^e assoCiai:ed with the unit circle 

v,^ •i"'^ * ^ ^ „S ^^>.i)ol> - are associated with the rectangular 




The> 



u . 



Figure 8-7c 



S -MQgy " 



as 



of 



5^ 



and the parameter 
no't ^® ^ angl® "^'^t as the area of a 
2S (shaded region in Figure 8-7b) ; 
'^^^ he i^^^^reted as the area^ of the 



'^ond^^^ J ^or (si^^^^ i-egion in Figure 8-7c) . 

'xti^ ^ '-^ tr^'^^^^ ana -^^"^"^^^ ^^^"t^^r in question. In terms of-' ^ 



y 



^ sts-^^^^^ region under the graph 



(7) 




On 



cosh 



ct to 



cosh u - 



dt 



we 



o^bta: 
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'da ^2 2 / 2 

^ = cosn u sinh u - 2ycosh u. - i sinh u 

* ■ , ■ ' ■ 

"to 2 2 2 

= cosh.,u + sinh u - 2 sinh u 

2 2 ' ' 

•= cosh u - sinh^u 

^ a ^ ^ •• * ■ 

*• 

<^ 

It rollbws- that a = -u > C ^ and ori taking u =' 0 in (T) that the constant 
C is* zero* We conclude that a = u or that u is the area or the hyper- 
bolic sector. 



Exercises 8-7 



1. Derive Formulas (l) (6) from the definitions . of, the hyperbolic functions 

•2. Apply the methods of Section 5-8 to discuss the graphs of the hyperbolic 
functions * ' • ' ^ 

3- Sketch 'the graphs of y*= ^^J^ ^ (that is^ y = *sech x) and y ^ 
on the same set of axis. 

h. Find' lim.^^2^ 



cosh X -^^^ ^ - — ^^^^ ^ ~ ^ 2 

1 + X 



5. Differentiate* ' ' ' 

\ 1 ' * X 

(a) 2 — ■ ' (c) e sinh x ^ . 

"tanh X ' 

'(b) sinll (2 l5g (d) * £2%^^L^1^-. . 

- ■ ^ / coshV - sxnh x 

6. Show that sirih y + cosh y = , for each y , and verify that 
(sinh X + cosh x)^ = sinh nx -fv cosh nx . . ^ 

7. Show that arctan (sinh x) = arcsin (tanh x) 

Q* Show that D (2 arctan e^) = D arctan (sinh x) . • 
X • ' ^x ' 

Does 2 arctan e"^ = arctan -(sinh x) ? 

Justify your answer* . * • 

9* \ Calculate the inverse functions of sinh , cosh j and tanh in teinns 
of logarithms. 
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10. * Obtain the 4erivatives of the inverse hyperbolic functions using (l) and 

note, hov they differ from t^ne derivatives of the corresponding inverse 
: trigonometric functions. Observe that the derivatives of the inverse , 
* ■•• hyperbolic ftu2ct"ions are algebraic "functions . -* 

11. Find the-* length of the .catenary y = a tosh — between x ,= 0 -and x b 

12. Use (3) of Section 8-6 to find upper and lower polynomial bounds for 

.» sinh X and* cosh x . \ . 

■ * 

13* ' (s.) Obtain a formu5,a for tanh. (a + b) in terms of hyp^bolic taiT^ntTs . 
■ -(b) Give ' tamh ij-x in terms of taiji^^x 

14. The diff^ential equation 



^ { 



(a) JD f - f \ = 0 is satisfied by cosh and s^ich . 

Prove the uniqueness of the' solution of (a) -under the initial condition 

(b) f(0) = a , f»(0) = b * ^ ^ ^ . 
and .express the solution in"" terms of sinh and cosh . 

(Hint: * Show tha^t if f is a solution of (a) , then . g = Df - f is a 
-solution of Dg -f- g = 0 * ) / ' v. 



J 



MTs cellanepus Exercises 



Evaluate : 



.(a) 



k=l k=l n 



[Hint: .Use Theoress 6-3c . ] 



n 



(b) 



lim 




n + a + bk ^ 



a ^ b > 0 . 



Find the mean ' value' (Exercises 6-^4-,^ No. 20) of the function 

f : X - 



1 

X 



on the interval [l,2] 



3. 



If F( 



■> ■ ! 



dt , X .> 0 , find (x) 



/ 



7. 



The region bo\mded by the curve y =■ e ' and the lines y = 0^x = 0, 
X = 10 is rotated about the x-axis. Conrpute to three significant digits 
the volume of the solid of revolution so generated. Justify any approxi- 
mations- you use. • 

Find' all » solutions of the--eguation ^ e"^ = e ^ Jus'^tify your answer. 

Find an equation of the tangent line to the graplf of, y = 

(a) at (0,1) . . ' - 5 

(b> at- Ca,e^} ■/ ' ■ ■ ; • ^ ' ' ' ' ' - - 

(c) - that passes through the origin. - ' ^ 

Find an equation of the only -tangent line to the grajjh of y = log x 
that. passes through the origin. Show that there is only one such line^ 



8. Find an equation of the tangent line to the curve y = log(tan x) at 
the point of inflection (x« .y^) where 0 < x-, < J . 
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9. Find equa-tions or the tangent line and normal line, respectively, to the 
graph of* f at the given point. "'"'^^i. J . ^ 

(a) f : X , at X = 0 

1 + e^"^ 

X 1 

(b) f : X » X , at X = ^ 

.J. 

10- At any point where two curves intersect, the angle "between their 

respective tangent lines is called their "a^igle Ox intersection." For ^ 

each point oT intersection or the graphs or f : x and 

~x * 
g : X ^ e find the . corresponding angle of intersection. 

Show that the curve y = log [sin 2x1 everywhere flexed downward.' 

Sketch the cuxnre. 

12. Find the area of the standard region under the graph of f over the 
given intei*vaJ-. 

(a) f : X --e'' , [-1,1] ' ' ^ 

(b) ^ f : X i-e^"'' , [-1,1] X 

. (c) . f : X *— ♦-tan x , [O , ^] , ' . 

■ . \ • ■ ^ 

13. Find the volume of the solid of revolution generated by f on the 

given interval - 

(a) f ^ X e"" , [-1,1] 

' (^) ^ : X i-e^""' / t-1,1] ' ^ 

lii. Derive a formula f&r the volume: V of the solid of revolution generated 



1 . 



Dy 



X (a > 0) 6n [0,-b} . ^ 



15, Find the volxme of* the sol-id 'geoerate'd- "by revolving the region TDOunded 

\ 



by tfie curve y = e , <the x.-raxts, the y-axis, ^d the.- line. x ="^1 



about the line y 1 = 0 . - 

16. Sketch the graphs of each* of the fclilowing, indicating exrtrema, points of, 
inflectiJ^n, intervails of downward and upward flexure. 



(a) f X — -*-Clog x) - X 



(b) f : X 



X 



(log x)^. 
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17. 



19. 



20. 




IntegySte x^e™^ by assiming -'the integral has the form- 
Cax^ f- bx + c)e°^ f .^k. . Generalize this result - 



kt 



(a) . vferiTy that the derivative -of . • 

f(t) =*(a cos. t +*b sin t)e 

xs arrc^expression or the same general form. ' * ^ 

> \ ■ 

(b-) Integrate e^.sin bxf . " 

/ \ a^c ^ 

(c) Integrate e cos bx . 

(d) ^ Show that fCt) in (a) is a solution of the differential equation 

D^r ^ 2kDf (K^ + a>^)f = 0 . • ^ 

Establish ;ferhe following limits: ■ ' . 

.(a) lim x^ logd + x) = O ^ m > ^-1 

x-0 ' 

(b) lim x^ ld©(l + x) =^0 ., m < 0 . , 
X'-cc. . . VV ■ 

( &^ lim yp 'log x=0,p>0. 

x-0 * - . 



21 • Show 



= .Xi , L > 0 , 




^f^ and 9nly' if 



lim lif(x) log 0(x) = log, L . 



X— a 



22. 



Using the previous exercise, evaluate each of the limits in Exercises 8-6, 
Number 4. 
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i 



;fi^. Evaluate each of the following limits if it exi^sts: 



/ \ -.J /Si n X \ * f 

(a) 11m ( — . ♦ * L 

2. 



x~0 ^ 



(brilm (^%^) 



1/x 
1/x 
1/x- 



x-0 

,..3 

sin x> 



(c) lim (^^) 

214-. The fonmila for the normal probability cirrve use'd in statistics ds 

/I -(x-m) /2a 

where m is the average (or mean) value of x and a is the standard- 
deviation and measures the spread of the curve. ,Find t^e extremum and 
points of inflection andisketch the curve. For simplicity let m = O 



and cx = 1 yso that 



V2jr 



jS5. Determine" the hectangle of largest area with "base along the x-axis and 

-/ . . 2 

~x 

tvo vertices on the graph of f : x ^e 

26.\^Prove that the function* f given by ^ - ' 

. - fCx) = 



.1 _ X, = a 

(a) . is continuous for all I - - ^ 

(b) is differentiable for all x . 




Chapter 9 ^ 
GROWTH, DECAY AND COMPETITIOK 

9-1 «\. Introduction ^ 

^*&theiiiatics enriches science by providing system and organization" — so 
ve claim in the introduction. Yet until now we have exhibited the calculus 
only as an appropriate language in which a Tew of the concepts of the sciences 
may be couched. That it serves to reveal larger pattern^^f thought remains 
to be shown • 




C^e way of demonstrating how mathematics organizes knowledge is to 
examine one of the mature^ areas of today* s science, an area which has, under- 
gone a long historical development to reach its present systematic deductive 
stage. Such an area can ^*be presented as a completely mathematical system with 
its own axioms "and theorems • But this is only one aspect of mathematical 
thinking. . . 

J Mathematics plays a role in every stage of the development of a science 

into a dedu'ctiye system — from the initial classification of related phenomena 
to the search for th^ least numbe3!L:of fundamental principles on -which they ^ 
.depend- — from the est^lishment"of ^ the laws of nature which serve as the axioms 
for a deduct ivef' system to the xinfolding of the consequences implicit in such - 
mathematical models of natural phenomena.. Science deals^with phenomena — with 
observations, experiments^, and measurements on nature. Special areas of 
science require specia;L equipment, and special uieasuxement techniques* All 
areas require mathematical thinking, mathematical tools and mathematical mod^l 

r -All the sciences, from aerodynamics to zymology TJis^Nniathematical models 
'^;to organize the conrplicated phenomena observed in naturey To construct a 
model, we isolate the effects^that appear to b^^'^^md^^tal, and we define 
relevant variables, parameters and functions • \As suggested by our observa- 
tions and measiirements, we seek appropriate equa^fcions^-^oi- tlie dependence of 
the functions on the essential variables. ^ These will often take the form of 
differentiLl equations completed with auxiliary conditions th^t specify, for 
example, the intial values of the functions and variables -at the start of a 
process. The solutions of the equations subject to the auxiliary- restrictions 
may then be compared with additional measurements to determin^^^eir domain of 
applicability in nature. , * > ' 
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Underlying a bewildering variety of natural phenomena there seem to be 
but a few basic processes. The same mathematical models appear again and 
^ again in areas which bear no evident relation tt> each other. The equations 
are the same, but the functions and variables, like charaqter actors who 
change their names ^but not their roles from pldy to play, represent different 
measurable quantities in each science. This is one way^mathematics can 
organize knowledge^ by revealing a common basic structure; a unity amid 
diversity. 

* 

•^'''''''^'^^I^n Chapter, 15 shall see how mathematics can be used ^to systematically 
.develop a single area of. science. But here we shall see how mathematics can • 
cu,t across the sciences, how one mathematical model reveals a basic pattern 
which crops up in a multitude of a- different contexts. We shall treat pro- 
cesses of "growth," "decay" and "competition" and see how the same^xasic 
process governed by the same differential equation is given different disguises 
in the different sciences. As we encounter such special instances of a general , 
principle, we cannot help in retrospect but isee a touch o^*^ the comic in how 
for each specialty we veil even the basic mathematical terms in esoteric •* 
labels, and a touch of the pathetic in how laboriously we rec||^elop the same 
basic mathematics within special "desciplines ' through icr.orance of the generality 
of the ideas . - ^ 

The dissemination, of a good story by^ word -oi* -mouth will be our j5rimary 
example of a growth^ process . So we shall take up the threads of the Intro- 
duction (1^3) and see how the story of Helen of Troy'may ha^ been passed 
along until youjieard of ^ — or how you could have heard'a^iout the calculiis. 
We take -up other threads of the Introduction and see how the basic i^thematical 
model for the ^spread of stories 'is a pattern for other processes like that of 
"remembering and forgetting isolated facts. We go on to show how the model may 
be altered to give more realistic descriptions of phenomena. 

We are telling a story, a story about stories. We are not frying' to 
..teach science or mathematics, but tO' tell how the two are interrelated* Read 
■our story through at one sitting. You should pay little attention to the 
specif ic* fine points of the mathematics or th^ -individual sciences. The' 
mathema'tics will be made praise in the exercises and the science may "5^ learned 
at your own need and pleasure. We*cannot always be amusing; the same equation 
which descri^^^ the^broadcasting of a good Joke serves also to describe the 
propagation of vicious gossip or the spread of an epidemic. 

ii ■ 

* 

Tile exercises for this section are placed at the end to avoid inter- 
rupting the train of thought, - ■ 
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9-2. A Model for Growth . The Spread of .a Story . 

Once upon a time, (time t^) told a number (U^) of friends a story 
about my good friend Al. Months later (time t) someone j=ame up and asked 
"Did you hear the one about Al?" Since 1 ha'd started the whole business, I 
did^i't have to listen. Instead I asked myself , ."How many [NCt)] people have 
now h^ard the story about Al?" 

How man^' people know the story about Al? Good, stories spread., and this 
was a good one; the*- number of people who know it grows with time., .The number 
N(t)' of people who know it at a time t should be -prpportional to the 
original number who -were told the st*ry at time t^ —to the story 

tellers who couldn't keep" a good thing to -themselves. The older the s^ry, 
the more people know it. Therefore N(t) increases with the length of time ■ 
t - t that the story has been circulating, as well as with the number of 
people available to spread it. If N(t) people know. the story at t±v& t , 
how many N(t) know it at a slightly later time r ? It^s plausible to ex- 
pect that the number K(') - ^Ct) of people who learn the stor^.- in the inter-^ 
val [t,tj is approximately pjroportiotial to both TT(t) and to' the small time 
interval. -' t . We accept these ideas as the initial assumptions, and expres 
them mathematically, in the form _ ' ' ' ■ 

(1) ' , ■. , UCt) - irCt) = A ITCt)tT - t] y ~- ^ NCt^) =1Tq., ' 

where A' is a positive constant-- the p;ro^h coefficient. (Have we left out 
a-nything? Yes. We'll discuss that in a later section.) _ . " 

Accepting (l) as an adequa^te model for the change in N over a small 
time inte^^al still does not tell us how ^(t) is related to the initial 
valuJ . To determine this, we let the time interval approach zero and 

thus replace (l) by a differential equation, and then integrate over-"t 
to obtain N(t)- in terms of . ^ • 




^^-^y - ^(^1 = A N(t) . 

T - t 

If we discount the fact that friends come in integral packages (usually) -and 
go to the limit as t approaches t , we obtain 

/ = A K(t) , N(tp) = IT. 



(3) . . ^ / A = ^ * ^ ' ^ 



Equation (3) states that the instantaneous rate of change of IT is propor- 
tional to N :■ this is the basic equation for growth. Later on, we will also 



\ 
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(j^sider .the case wAere A is negative; with .A ' negative we havg the basic ■ 
equation for decay. (if A *iG zero, then N is a constant, and there is ' ' 
nothing^ to talk about--neither for' potential story tellers nor for us.) 

For convenience in all that follows ve take t^ ='0 as the original time. 
Thu|t (3) becomes ^ * 

But the conditions or Theorem 8 -5a are precisely those ot (h) . We conclude 
that • - . ' 

(5) " • N(t) = N^e^-^ , . = NCO)-, 

vhere t is -&-he time that ^i^P^^^ since' the start or the process, . ' ^ 

From- Equation (5) we see-wSt' H increases "beyond ajiy t)ound as t 
approaches inTinity, which is Aot* realistic for. what we. know about story 
telling (and other growth processes). Later on we consider a .more realistic 
'model. The present model is incomplete a^id shguld be restricted to moderately 
small time intervals/ ^ 

We have told a story 'about stories to get to .(5).. Now that we have (5), 
^ we recognize that ^the result has other interpretations and that the -analysis 
has other applications. Equation (5) provides an elementary model for the 
growth of ^timber and vegetation, the growth of populations " (people, bacteria),' 
the growth of money in banks (generous .banks where they credit the ^interest, to 
the capital, instantaneously), the growth of a substance in the course of-^ a'*^ 
ciiemical reaction, and ^ so on. - . • ' - 

We can -now answer such questions as.: ^ - ' 

■ . If I tell 2r people the story at t.= O , "^anc^.if the constant of pr6- 
portionality in (3) is A = 1 ^ then how much is N(t) at time t ^ 7- dayst ' 
,The answer from (5) is 2e^ or approximately 2193 ; thus more than 2000 
people know the story a -week after J started to^ spread ■ it . 

. If I deposit ■ $10 at 5^ interest per year and the bank adds the ' 
interest to the original amount- continuously, then when will it reach $20 *? 
^^"^ ^ = 100^ follows from (5)' that iog(|g)' « ^ 100^^* • '^^^ 
t = 20 log 2 = 20(0.693**^) .2: 13.9 years. . . 
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9-3* Model ror Decay , >*i^^''^* 

(i) Eadioac-bive . dislni:egra1:"a^g <^^:The -same considerations that led'us to 
OUT pimple model for growth apply * ^-qw^jlly to the" analogous^ model for decay. 
We take a negative constant proportionality -A in (3) of Section 9-2- to 
correspond to IT(t) ' decreasing in time^ arid apply « 

(1) . ■ ■ M^=_AlT(-fc) ./ H(0) = Nqp^ 

to the prolDlem of * radioactive decay. Different radioactive sulDstances dis-- 
integrate at different r^tes corresponding to different values ^of the decay 
coefficient A . It is convenient to express the coefficient A\in^t^?:Tiis oif 
the haJ-f -Oife of the substance^ the time it takes half of the initial amount v_ 
of substance to disappear. (Why not the whole-^life?) If t is the half -life 



then fj^m^ay^'^^' lip^'e,-- 




IT(t) ^ -At _ 1 



' 1 

- ""^^^ g log 2 ^ 0.693 
" A " A . A 



Half tlie^terial N v-ill be left at time r ^ one-quarter will he left at 

" o . . 

'time 2t y etc. When will it all be gone? We see from (l) that in order for^ 

N to approach 0 , t must approach infinity (and tHis is why the whole-life 
is. a useless measure). ^ = * 

: ^. Let us consider a spe^cific example. The half-lif e of radium is about 

i6tD0 years ^ and the corresponding decay coefficient A . is- 

A « " ^1 goo CK.OOOi;33 ,per year. 
If we start with some given amoxmt (N^) and wait a himdred years, we get . 

lo^ — ^ -O.'Oi^-SB , and conseauently IT ^ 0.9-58N- is the amount left. Thus, 
■^w ^ H y - U. ^ 

0 . ' ^ . 

only 4.2?i disappears in one' hundred years. \^^^^ 

The basis for applying (l) to radioactivity is statistical;, i.e-^, it 
holds in the sense of an average. Although the physical process is governed 
by probability^ and- we cannot tell when any one atom will dis-integrate, it is 
quite useful to determine the mean life-time per atom. We start with 

jc .13: -^ 



ia-toms. at t =^ 0 and end up witli 0 -atoms as t approaches infinity ,*-^d ve 
are interested in "the average length of time that an atom exists, 

if n^" atoms disappear at time t^ , n^ atoms at time t^ , etc., where 

k • . ' 

• 23 = ' f then the mean life-time of* an.' atom is the average value 

i=l 



'■ ' - " i=l 



If the -total number of atoms present in the interval (t. :,,t.) is IT , then 

1-1 3. X 

JT^^^ is the number present in 'the interval 



n. = K, - N-,^^ 

X X X.+1 



We then have 



'Nov, as ve did in setting down the differential Equation (l), we blur the 
conception of radioactive decay as the result of individual instantaneous " ' 
disappearances and treat the relation^between t and N as though- X were 
given by a continuous function of a real variable N , althoii^h^ in fact, W.- 
is a discrete variable. and the/relation is not -a function* If t were given 



If we consider as a function of t .and take a microscopic approach ■ 

in which 'the disintegrations of individual atoms are observed, tlien N is 

piecewise constant and jumps dis continuously at time t_ from N. -to IT , . 

V C ' V. .1 . 1+1 - 

If we ".tp^sfe^ microscopic approach in which the amount xif substance is measujred 
in grariis / vS^r even in millimicrogram^, tlie disintegrat»n of single' atoms is 
insignificant and the difference between the true function t / > N(t) and the 

- -At 

continuous decreasing fxmction t — ^ N^e is ignored.- Thus, we take here a 

point of view which should be considered in the light of the example of Section 
2-1. In Section 2-1 we pointed out that a poor .choice of scale may conceal 
features which concern us. Here we observe, in contrast that a proper choice 
of scale may help us disregard small features which distract and may permit us 
to treat by sin^jle analysis a-^'prablem which might otherwise b^extremely . 
difficult. For many applications, a suitable choice of scale vital. 



\ 
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' ■ ... ■ • ^ 

y a continuous, function- of . N. we could. >^egard the pr.eceding sum- as ^ p y 
(w^th tSe partition joints given in the. reverse of the usual o^^^^ 




Thu^ in our continuous model wb define the "inean. lifetime as 



•0 

(3) - T = - I 1^ . 

: ■ . . • 'A 

Now we can express the mean lifetime T ' in -terms of the decay coef f icj.^^''^ 

From (l) we have ' , ' 

^ . ■ • ■ 

ik) t ^ - ilog- • 

Using this expression for t ^ 'in (;|) we may integrate (Exercises 9-3? N^' 
also see Example l€)-2f and Example XO-ka.) to o'btain ^ ' " 

(5) • ■ ■ " . "5 = A • . ^ * ^ V . . ■ - 



Thus the mean lifetime is 'the reciprocal' of the decay coefficient- 



We have a model for simple radioactive .deejay. What, is left afte^?^^^^. 
disintegrates? Many things, including "daughter" atoms which can also- ^J^^"^^ 
tegrate- Later we -discuss the ^decay bf the daughter: population as weH^ " \' 

The simple^ decay model we have been considering also describes e^^^K 

features of many other ph'enomeha,- .For example within the. .same matheiiis,'^^'^^. ' 

Q ■ ' ■ ' ' *■ * . ** li.e 

structure we need change -only -the name ^ of - the- .characters in ordef* fo^^ -t^i- \^ 

. "-'.^ \ y 

results to' apnly to -the moleciiles.' of air in your lungs. Suppose that j 

the total* number of molecules, present,' 'lT(t) is' the number' that have 

collisions by time t-, and that the mean time between collisions is •j' * ^ 

Then , the probability that any' one molecule goes for time 't m^^^^'^ 

a collision, follows directly from (l) and (5): 

(6) SltlV.-*/^ . 

We have the same equation as before, but the symbols now play 'differei^-t - 
physical roles, and of course tTie over-all plot is quite different. We^^ ^ 
to continue the present st^CT" "^^ would require much additional struct^^*^' 
the mean veipcity of the molecules is v , then ^ = Tv ^ is ^called th^ 1^ ^ 
-free path — the. average distance a molecule travels] "between collisions-^^^ 
cept basic to statistical mechanics, the theory which i^iases,^ the physical ^"^ 
perties of matter on the motion of molecules. ' 
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csJJ slj?^^ ^^vTied^iT^'- '^^'^el for a process that <^cays 



tv as 



be s?^- J^^ocesses tli^t at'tenuate Cwealcen) ' vi?h dis- 

"^^^bel ^^^^ 



t °^ Section 9-3 (i), call it '"distance. 



^ev ro^® view. We thus have 



(1) 




of 



• 'iti tfe 

_ J^^'^ it vol 

°^ deft^ -pel" „nd i -^^^^ ^^^sity) of atmosphere at height x 
^0 ^i-t inass^ "^^^ ^t^nosplaere contains different kinds 



^ atmosphei-^ vith altitude is approximately 
^ heigii^ ^^ove the earth's surface, kCx) the 



0 



la should be introdiiced . as a 



c 



01 



.ers 



lie- 



more <^&taiied • study it" turns out. that ^ 
.in ( °Ut (jgpends on temperature, and the 



CPU 



of 



^ 1) ^ '^^^'^^iize .a narrow beiTm of particles 
more n^^si-^^-e panicles as in Figure 9-3.' 



Of 




Sure 
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There are- -parl^i-cles per unit voliJiiie'of the .incident "beam and nothing 

happens to them 'until they encounter the medium that starts at x - 0 . Then 
a^ -il^^eam penetrates, its 'lighter particles hit the lleavier ones of 'the 
medium and go off in other directi;Dns: particles of the incident beam are 
lost to oth^r directions' by, scattering /^ Thus. N(x) , the density of particles 
in. the in,cident beam at a distance. ,x within- the medium 'is l^ss than . ; 
this attenuation is governed by^ the scattering coemcient per unit length A . 
(For other processes, density along the beam- may attenuate because its particles 
combine with the heavier ones of the medium.)* 

The principal characters in the above are' particles — a loose characteri-^ 
zation than can stand f or "electrons, protons, etc* If ve now relabel N as 
energy density per unit volume or intensity ^ then the same plot also holds for 
light-rays, x-rays, r^ray^, and all other kinds of waves meeting appropriate 
obstacles. For the particles, we mentioned one physical parameter, the mass 
m , and spoke of . some particles being scattered by those of more mass. For 
waves, the appropriate physical parameter is. the wavelength X , e.g., for 
equally spaced ripples on a lake the wa^relength 'is' the . distance-^- "between 
'successive crests. The_longes't wavelengths ' assoaiated with visible' light give 
the sensory impression called "red" and' they are about twice as long, as ^ the 
shortest of the wavelengths associated" with visible "blue." From blue light ■ ■ , 
-to ultra -violet, to x-rays to r-rays we go to shorter and shorter electro - 
magnetic wavelengths; from red light t<3* infrared to microwaves to radio waves 
we go tb longer electromagnetic wavelengths. The wave picture is not confined . 
to electromagnetic effects, we can also. talk about sound waves, water waves, 
and even the waves of "probability, amplitude" associated with electrons, 
neutrons, and other fundamental particles. ■ ^ ' . * 

With IT for ' intensity, ' (l)" in terms of an appropriate A describes the 
attenuation of a beam jof sunlight penetrating a cloud or a layer of fog, etc. 
We can use (l) to determine the thickness of lead, shields to be used with 
medical x-ray eq^pment .or with a nuclear reactor to reduce stray radtet ion 
to a^ tolerable value. We. could discuss any of the above in greater detail hut^ 
.instead let us talk about something more colorful. 

Let us consider Rayieigh^s theory for the color of . the sky. The -^^ssential 
feature of sunlight is that it i^ made up of light ' of different colors from 
red to blue (t^he, visible spectrum) with associated wavelengths to 
where ' approxima.tely) ' . 

(3) . .. . '^r =^b • • ' 
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^ -The wavelength X of an. intermediate color (orange, ' yellow, green) satisfies 
.^r "^'^ - ?ayleigh showed that wheii a beam of light of wavelength X is 

scat'^iered by the molecules of the earth's atmosphere (mainly nitrogen and 

along the beam is governed approximately by 



oxygen), the intensity N(X,x) 
(l).with ^ 



-where C ' is independeiat of ? 
•5 discuss "this in detail.) 
* ■ 

From (4) and (3) we have 



AM 



C 



(in the chapter on optics and waves we 



.(5) 

and consequently 
(6) " ■ 



A(X-^) 




= 16 



= e 



16 



Thus the blue component or vhite light is. l6 \tlmes more ' strongly attenuated 
than the red. A beam or- white sunlight reddens with penetration "into the 
earth* s atmosphere because it loses its blue component -more rapidly than its 
red. The blue that i^s lost from the sunbeams by scattering gives the sky its - 
blue color in directions away from the" sun. The direct beams from the over- 
head sun are still relatively white because they have not lost that, imich blue. 
The reddening of the direct beams is -best seen' when^the* sun is low on the 
horizon and its 'rays traverse maximum distairoe through the scattering atmos- 
phere; the. clouds in the path of these rays are, bathed in i^ed. Such colored ' 
effects and other .scattering ^phenomena- arising -from water drops ^ dust particles'^ 
and other impurities in the Atmosphere' are more fully discussed in the deeper , 
researches of the poets. 



( iii) Mothfer - daughter reactxojqs . As mentioned previously^ when a radio- 
active atom (the. mother atom) disintegrates it may give rise to a -daughter 
atom which can. also -disintegra^ . Let us "now consider such mother-iiaughter 
relations * >^ 
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- Suppose ve have K- "* mother atoms vhich decay at .the rate 

CD ^ ^ -A^N^ , ■ _ N^(0) = IT3_Q . 

The rate at which the mothers decay equals the i^te at which the daughters 
are ca^eated. , But. the daughters also decay on their own. If IST-^^ mothers with 
birth coefficient give rise to daughters with decay coefficient , 

the' rate of change of the number of "daughters is giyen by 

(2) • . . = A^^^ - AgN^ , . NgCo) = 0 . 

Eqtiations (l) and (2) form a pair of simultaneous equations for determining 
-H and K : . " 

■ Let us first consider a limiting case such that the mothers decay very 
slowly compared to the daughters^ that is is ve2ry much smaller than A^. * 

This corresponds^ Tor example^ to the "behavior for the pair radium- radon* For - 
^ — ^radiom mothers^ the half -life is approximately I600. years: . 

A^ X 5^5oO — P^-^ year. The radon dau^hters^ have a half -life of ahout h days: 

A^ i= i- per day « 360 • r- P^^r year ^ 90 per year. Thus A^ l^^-ii^^QOOA and . 
we may hold the . number of mothers constant for the purpose of obtaining 

a first approxlBxation of N^^t). • ' " ^ • 

t . \ Equation (2), with constant j\has the. general form which appears 

■ repeatedly in this chapter: ^ " ^ . ^• 

.. ■ ^-'^^yy - ■ - . ■ 

^This can easily he recast as an equation for the inverse function: 

■ dy ^ g{ y) ' ^ / 

Applying the Fundamental Theorem we obtain ■ . ■ . _ 

y ' 




where a ' and y lie in asay interval ' where y \ is continuous . This method 
will be applied throughout the chapter * (see -Section 10-9) • 
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Thus ve regroup t^je^ternxs in (2), replace t by u , and integrate from 



-t^ = 0 to . t^ = 




0 k'"' 



subject "to -the approxinifl-tion •that is cons-tant. We obtain 

log K(A^IT^ - AgH^) = -^2"^ ^ 

whence . 

-Apt ■ ■ * 

K(A^N^ - AgNg) = e , 

where the integration constant. K is to be determined from the initial con- 

i , 

ditions at t = O . There are no daughters at t = 0 : 



-Apt 

K(Aj_lT^ - 0) = -e 

wherrce . • 

1 . 



t=0 



= 1 , 



K = 



Conseqt\.ently, the number of daughters at time t is given appi^pximately by 

■ /A \ ; -A t 

(3) ^. . . IT2=(^)N^(l-^e -.) . • - 

. ■ ■ ■ ■ ^ • - « . . ' 

• . ^ V- • . _ - ' AN 

If Apt is t very large, then Hp approximates , i.e^, the number of 

daughter atoms approaches a fixed fraction of the relatively inert mother sub- 
stance, (This is called long term or .secular equilibrium.) What does this 
mean? It corresponds, for exan^jle, to the case where is a gas (such as 

' radon) in a ^closed^ container, and, a,, situation where Just as much ' isr , 
/created (from N ) as ^s destroyed by radioactive- decay. The birth rate of^ 

, ^ ' ^2 

1^2 equals, its death rate, so that — ^ '^-is^^ero^ our result as t approaches 
infinity, in (3) is 'thus the same as that obta'ined by 'equatin^(2) to zero. 
Equilil>rixm corresponds to. 



Now ve take' in-to account the decay of the mother pp-oulation in the 

original problem'. We substitute the solution of (l), i»e*, 
-At 

= N^^e % into (2) to obtain 

■ dN t 

The solution of (5) Tor left as* an exercise (Exercises 9-3, 

Ho. 17)- Taking ITp(o) = 0. we have , . - " 

A , -A -t ■ -A t ■ • , ■ 

, . • ."a ' A^^V^ ^ • ^ 

'rfhich reduces to (3) if Is very much less than A^ , and A^t. = O * In 

distinction to the approximation (3), the present complete form IT^^ of (6) 
vanishes both for t '= 0 and as t approaches infinity ; consequently N^' 
must have a mfi^imum at a specific value of t • 

If we differentiate ( 6) w^th respect to t we obtain 

^ ■ ■ -dt • = A., - A - ^ -^1^ -"-V ^ • 

This vanishes/" and TT^ has a maxinrumj when , ^ - 



A- e = A "e , 7~ = e 



From the logarithmic form, we obtain 
(8) - 



log A^ - log Ag 



^1 ^2 



as the"' time when the number of daughters is largest • The ^ maximum number of 

■ -A t" /A V . -A^t /A V 
daughters is = N^^e ^—^^10^ " " \~/ ^ "^^^^ 



(iv) Biology . The basic neioral process is the excitation and propaga- 
tion of nerve Impulses 'initiated by a stimulus. One way of studying this 
process is to excite the neirve fibers l5y electrical stimulus V (the 
voltage associated with a' direct current, the discharge of a condenser, or an 
alternating current), and to measure the characteristic effects. ,The voltage 

V must be greater than a threshold value V the minimum value of . V that 

e ' , ■ 

is just sufficient to' cause the effects- A simple model descries the onset ' 



of the' effects in terms of a local latency wCt) (also cooled the "excitatory 
function") such that ' , . ' . 

(1) .' = Kv(t) - mt) . ■ 

vhere K is the growth or the latency per second per unit stinnilTzs, and A 
^is its decay coefficient. Thus the growth, of IT increases with the magnitude 
of the stimulus and decreases with N . (The function N may represent the 
difference between the concentratioh of an exciting ion at an electrode while 
V is^ applied and its concentratiori for V ^ O ;) If ^IfCt) reaches (or 
exceeds) a threshold value TT^ , then the nerve becomes excited (and a 
characteristic physical -chemical wave with an associated electric potential 
propagates along the fiber) . ^ . ' , . . • 

The simplest application of (l) is to the situation- 

(2) . K(d) = 0 , v(t) = V = constant 

which corresponds to the application of a constant stimulus at time t = 0 . . 
A comparison with Equations (2) and '(3) of Section 9-3(iii) yields the solu- 
vtion of Cl) and (2): • ' * . ' 

(3) ^ N = f^l .^e^^^) . . 



Thus as t apprqaches infinity^ we see that* N approaches its largest value 
max A 



KV 

^m^Y ' • Consequently excitation will occur if 



max - A . — e * , 

or equivalently if, the stimulating voltage satisfies 

' - . ■ • . . AN ' . ' ■ ' ■ " ^ . 

(5) V > ' — - = V " . . 

^where V is the threshold stimulirs mentioned previously. (The value V ' is 
' known as the rheobase^ t-he thresho:isd or liminal value of the- constant voltage' 
necessary for exg^tation*) 

Assu m ing that V > V (so that excitation must occur) ^ then the nerve 
becomes excited at the time t^. ""when the value N in ( 3) reaches the ■ 
threshold value: 

or- equivalently, " , ' - - 
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which is' 1:he la'ben'b period thai: elapses "be'bveen the estahlishment of the con- 
stant stinruLus and the release of excitation'. If V < , no value of t^ 
exists. If V - , then the latent period t^ approaches infinity; however 
this is an inconvenient length of time for measx^rement . A more convenient 
measure is the value of t^ corresponding to V = 2V^ : : 



(8) . . ' - , . i2S^ =: 0^ 



This is known as the c£»bnaxie t — the latent time "before excitation for the 
case of a stimulating -voltage equal to twice the threshold value. 

What have ve "been ^oing in the ahove? Essentially we ^ have' changed the 
names of the concepts introduced for radioactive decay and showed that much 
of biology, physics and chemistry involves the same simple ideas. Let us now 
generalize" the mathematical development to nonconstant values of V ^^i^ (l) - 

If V . is a function of time, we solve Equation (l) in terms- of V(t) 
"by proceeding essentially as for Equation (5) Section 9'-3^iii) (see 17) 
to obtaiti: 

(9) ' ^ ■ = ^"^^ I ^ ^ V(t\)e^%t^^ I , 

If ITCo.) = = 0 , and V is_ a constant, then (9) reduces to (3), ^ 

If we stimulate the process "by discharging a condenser of initial charge 
q , capacity C' , through a resistance R > then (see. Exercises 9-3>. No. 8.(a) ) 



(10) 



Substituting ^in (9) and -integrating, we obtain, f or - If^ = O , 

which is simply Equation (6) of Section .,9-3( iii) with different labels. Thus 
the excitation function IT has a maximum, when . ' ■ 



■) . 



If the maximum- value of N is precisely the threshold value, then t of ^ 
-. (-12) is the corresponding latent ti|ie from onset of stimulus V to release 
* of ^a wave of activity in the neri^Q^ The corresponding initial" voltage 

' • & 
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V(0) = ^ is the threshold initial voltage of the condenser for excitation to 
occxir. If the maxlrmim" does not equal . the threshold^ then"" ve relate the con- 

denser^s characteristics to the threshold "by equating N in Cll) to* N in- 

' • ■ ' e ' 

AN — ■ 

(6) *and using = to eliminate K / ' 

If we stinulate the process "by a sinusoidal alternating current, then 
the applied voltage is . ■ ' * / 

.(13) ■ V(t} = sin wt-' , ' ' ' \ 

where Vq is the constant amplitude.. .Substituting in (9) for " NCo) =0 we 
•have '■' .. .. 



. ft At 

NC-t) = e KV J e sin out^dt.^. . I 



We shall learn how to handle the new integral in Chapter -HO C'&lso, see Chapter 
8, Miscellaneous Exerci-ses, No-' 19^); h$re we simply quote the result: 



At . ... -^coe ^'^cos cut<r+ Ae'^'^sin cut ^ 
e sxn cjtdt ■= 5 5 ; 



Consequently the solution of 

r 



this fonmila may be checked by differentiation 
(14) is * ' _ ' ^ 



(15) N(t) = ■ p \a sin wt - w cos cot n- we • ) . 

^ ■ » S ■ - ' " ^ 

The exponential term of (15) is significant only ^or small values of t • 

'As' t increases, e becomes negligible and (I5) reduces to 

(16) " K(t) ^ ^-5- (j^ ain*^t - CO cos cot) . 

This periodic approximation has equally spaced extrema in time, vhich- occur 
vhen . . \ 

(17) TT- = — = ^ (A COS .ujt + w sin urt;) = O , t^= rr tan" C-^) . 

- , u?2 + A"^ ■ . ^ . • ' ... 

Substituting these values" of t into (l6), we find that .the maxima of N 
eqiaal' . ' ^ . ' . ' ' ^ - ■« ■ 

(18) • , N ° - 



max 7r2~27l72.' 
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If we equate IS to trie threshold value N . then of (l8) corresponds 

* max ■ e _ u . . * ^ . 

to the threshold value of the anrplitude of the sinusoidal stimulus,' say V y 

' •• ^ ■ * 2 2 

however,- the proportion -between ■ V^^" and CJ + A has very limited validity 

in nature. • ' ^ - 

- These exaniples cover most of the modes of stimulation which are likely 
to oe used in the laboratory. . ' 
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9--^* -Bounded Gro^rth. Competition / ■ . - 

'(i) A more realistic stor:y^ f'or the spread^ Of stories ^ • Let us return to 

our. model for the 'spreading of stories (or of aiseases, or of ink blots), and 

-* • , ft 

introc^uce more stmcture. Previously ve -assumed that the rate of change of 

the number of people who knew the sitory at time t was 'proportionail only, to"* 

the number itself: - 



(-1) 



.dll(-t) 



Thj^ is all riglit as • i'ar as it goes,, "but it ignores the fact that there is • an 
upper bo-und 'C^ay K) on the member available to hear i't: there -are finitely 
EiajLy people o^ earth, some don^t talk your Ij^guage, §ome don*t talk at 6J-1, 
and some 'never listen • Furthermore y although we may tell the^ same person the 
same story a dozen times, each listener shoiild be counted only once. 

In view of these considerations, we replace (l) by^ 



(2) 



dt - ^ IC 



N(0) = IT^ 



where IT = n-(t) know the story at time t 
- and 

The factor 



anS are - available to spread it. 



K - XT do not know the story, have good hearing, and are enthusiastic 
listeners- and potential gossips. The factor ^ 



is the ^fraction" of the 



popula.tion available for the further spread of the st^wry. Divid^g both sides 
of C^J'by K , we introduce . r = ^ aS" the fraction of the available popula-- . 
•tion- that know the story, and work with the conditions-- ■ ^ . 
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(3) 



^ = Ar(l - r) r ' = — 



K 



where - r^ is the fraction at "t - 0/. Our original model (l) yielded an 
unbounded increase in IT as. t approaches infinity. What -does the present- 
model ^ive?^ We expect that.^ -^im r = 1 , that Is^ that eventually^everyone 

knows the story- (Even -this model is far from complete, but at least this kind 
of resiilt is acc^table.) From (3) we see that ^ approaches 6 as r 
approaches 1 , 'i:\e.. , tha^> r stops . changing when everyone knows the story- 
Prom the discussion for Equation (^) of Section' 9-3(iii) we, may surmise that 
dr • " ■ • 

— approaches 0 - as t approaches oo ^ but -let us solve (3) and see the 
details. - 



From (3), ye write J r_^(x \- j = J^^^i 



J where r^ 



and t-, 



are dianniy 



variables . Since 



7 



1 . 

Hi - 



1 

r 



1 - r 



I 
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(for>^S^h decompositions or Trac-tions into partial fra^^tions see Section. 
we have • . • * ' ■ . * 



^1 

dr = log 



1 — l-r^ 



r ■ . ■ 

= log T - log _ = At • 

■ 0 

"0 . ' 



Solving Tor ' r , we obtain 



\ At 



1 + r^Ce^^ - 1) 



1£ t :ls spiall, then the denominator apnroximates imity and r » r e 

■ . ' ^ 0 ^ 

in accord with the simplest model (l). On the other hand if t is large, we 

rewrite (4) as ^ • 

■ . ' ' ■ ' ■ ■■ r 
(5) ^ r= 



r -f- (1 - r )e''^^ 



from which we see that r approaches 1 . as t aDT)roaches ' « . 

The ahove mc'del indicates some of the essentials, but it is stil^ in- 
complete. However, it is good enough to 'show that although you may still 
have not heard the story about Al (see Appendix 9); you should -by now h^ve ' ^ 
heard about Helen of Troy. ' 



Cii) Growth and competition , A more general equation, which includes ^ 
,as special c^ses Equations [1.) and C3)^of Section'- 9-ii-( x) ]^ is . ^ 

This i^^called the logistics- equation '. We 'stili,^;call A the growth coeffi- 
cient, and we may call - B the bfakinj^ coe;ff ici^rt^ because ihe "term -BN^ 
slows the growth. The equation of unregulated growth, = AH. . permits - 17. 

ut 1 

to increase beycnd^ any boujtd as t approaches oo/; Squation-'Cl) dops not. 
What bound does (1) impos'e ^on* N ? We see that = 0 when -A,^ BN' as ■ 

JT *, • * - ; • . dt^ r ■ K ^ ' ■ ■ ■ . * 

in Section 9-^(iO: the corresponding value- = must be the- eguilibriuni 
value , which IT approaches as t approache'^s infinity.. ' - , 




A model for the growi:h of populations of different countries used .atN?ne 
time was essentially = AN j 'and this led to dire predictions as to the 

fate of mankiii<i (Malthus)r Then a more r:efined model, essenl>iaHy Cl)^ was 
introduced (by Verhiilst) axid appropria^ A*s and B's *for various countries 
were obtained tVOtii their earlier census records; the projected growth curves 
were remarkably . accurate (at least for all countries except Verhulst's-- 
Belgi\jm) • The t^Uild-up of population growth arising ^^om A has "been in- 
terpreted as^dTi^ to cooperation between people, 'and --the slow-down associated 
with B as d-l^ -Co competition between people for limited resources/ The 

compet^ion QlssiODaption can be made quite plausit)le: if p is the probability 

2 . ? 

that a person -w^ts a pajrticular thing, then, p is the pr^fehability that two 

^persons want It ^Idoltaneously; if there are N persons, since there are . 

' KfN - l) ■ * - 

— — ^ possiT:33-e competing pairs then the total probability of competition 

2 NfN ^ ^ ■ ^ " ^ 

p — ^ Is approximately proportional to IT/ which then becomes a 

plausible meas'OJ^e of the simul'baneous desire or of the competitive urge. 

However, the re^f^"^^ Tn-r regarding AIT as a measure of cooperation is not . 

clear. A prcbjir?>lity in^e.-r -^station similar to ^hart for indicates that 

AIT corres-ponds r:> K pe - ons acting ^z^te independently of each other; this • 

may'weH >e z cI^^l^ :o coopera^i-on as one can expect from a 'group, and SMSG • 

authors have -z'r.^ref or^ tal-cer, thiz as the guidin^^^principle for preparing their 

' textbooks - . 

Let u^ sol\re (l) by tr.e saire procediii^e'^wfe. used .^or . (3)„ of 'Section * 
The steps ar--- essentially the sane , ' and *we get V ^ ' , ^ 




'< 

and cons equen~j.v^ ' ■ 

' ' ^ At , ^ 
. _ . 1 + TT^Ce - l)j 

If -fc is smali, til en -the denominator is approKi nm tely 1 + N^tB ~ e 
and (2)- jredvtees 

/.V " ' ' .-r \. ""^""^^V t(A-D) . . . ■ 



N^tB' 



" JJote that "t^e linear term., can be subsumed in the - growth xerm of the ' 
diffej:ehtial"^eq-u^i:ioh-. 



where D = BN^ is introduced as an abbreviat ion. Thus tor small f . the ' 
•result has the same form as Tor the sinrple model in terms or the growth 
coefficient A D . On the other hand ' . • • • 

f t*«*co/ 

A ^ ' ' 

in accord with our guess that N = =• must represent the long-term equilibrium 

of the popiilation.' * ■ . ^ 



(iii) . Forgetting and learning . Tlie previous sections also provide a 
simple model for f orgietting siid^ learning, at least of unconnected chains of 
nonsense syllables' invented by psychologists for test purposes . Thus (as 

fwroposed by Von Foerster } we consider- - " 

> ' , : . , . 

(1) ' . ^ ---AK^+3N(N^ - 1^) % < - - = N^ ^ 

where IT^ is the initial number of itemb memorized {dates, telephone numbers, 
unconnected- theorems, etc*),, A is a forgetting coefficient ^ and' is a 

memoritsat ion coefficient • The nc51bi6n behind (i) is that your head isV: 
originally filled with "carriers" of information; s^ae 'carriers^ (AU) * * 

just lose. their information forever; some (BIT) lose information in the 
sens.e that they pkss information bn. to the empty - N carriers^* 

• Integrating Cl)\(the present (l) is- the same as Equation ("l) of ^^ection 
9-ii-(ii) 'with a new--^rowth coefficient BIT^ -.A) , we write' the solution of (1) 

The remembranc'e R = 1-im =— (as defined "by "Von Foerster) diepends critically 

t-^ O 

oh the miagnitude of — ^ If D > A , then 

(3)' • ' H.°^.l-^, " 'CS>1). 

On the other hand, if B < A , then 



H. Von^ Foerster, " (Quantum. Theory of Memory," g?ransactions of Sixth 
Conference on Cybernetics , .1950> PP- 112-13^» . 



■D 

Thus the remembrance of things past is zero Tor ^ < 1 , and then increases 
towards unity as increases from, unity. 



(iv) Chemical reactions . Suppose we have a chemical substance with 
initial concentration C (gram-miSjlecules per -unit volume) whicK is reacting 
in time with something unimportant and plentiful to form another subsjtance 
. witiv^oncentration N . The rate of change of IT Is proportional to l;he 
concentration" of the original substance at time t , that is^ to C - N : 

,(1) ,. - . fl = A(C - IT) , ='6 , / . 

where' IT is the concentration of the ne'w substance and A is called the 
reaction rate . Equation (l), which is known as the law of mass action, is 
essentially the' special case of (2) in Section 9-3(iii) for much smaller 

than A^ : by Inspection of (3) in Sectioii 9-3(ii'i) the solution (i.e., the 
concjentratidn .of the solutioix) is • ' 

■(■23^ V* '. ' ■ - = C(l - e"^*) . . ' / 

Equivalently^, Equation (lY is a shifted version of the simplest decay equation 
setting M.= C - N in (l)> we obtain - ' 

If = -AM = C^-^Hq = C , ■ 

which is the same as Equation (l) of Section 9"3(i) and leads directly to (2) 
for N = C - M . 

■ From (3) , we see that if t =^ 0 , then N o; . Further, lim N = C . 

so that all of the original substance eventually reacts. We may-^asolate A 
in the form , a " ' , ' ■ • 

( 3) . ^ A = i log 



which you may well use in a later chemistry course to S'etermine *A by , 
measuring C , N ,'and t * . ^ ' : ■ 

In a ^imole cular reaction^ we have two different ''substances with initial 
concentrartions and C2 which react at a rate determined by A to\)r6- 

duce a -third ^su'^tance whose concentration is N : 



This is just another variation of the logistics equation (Equation (l) in 
Section 9'^(^'^)) t "^^^ solution can he obtained Trom the previous fjones . 

However,- to". emphasize this basic integrati(5n^proce'dure, ve again integrate 
using a decomposition into partial 'fractions: v 



r ^ ^dN 1 f I 1 1 . 



' 1 ^1 - ^ 

dN = ^os^-r^ = At 



where' the in-tegration constant K is obtained from the condition TJ = 0 at 
•t = O : • ■ - 

1 

■ • ' log ^ 



. ^1 - ^2 

Thus . . ' * 

■ . • = t(C-L - C^) C3_(C2, - H.) ■ - 



and 

(6)- ' * . . . N = C, 

■ 1 - 



(C^-C2)At 

1 - e 



1 — — -{t-:c;5Af 



Th 



le case = = C may be obtained from the limit of (6) as. 

approaches • Equivalently, we start with . ^ ' / 

ai5d integrate: 



dK 1 



P ^ ^ + K = At . 



The' cSonstant equals K = , and therefore 



t C(C - N) '-^^ 1 + CAt • ■ • ■.- 

The equation for oppos iag unimolecular and- bimolecular reactions has the 



'form 



(9) If = A(C - N) - BN^ y 0 




We ^do not difecuss -this case but merely reduce it to a previous form. Thus 



we introduce 

do) 



2B ' ^2 - ' 2B 



^ * A 



in order to rewrite (9) 

(11) " / 



We now have the form C^) with the previous A ^ , replaced by -B , 

^ ^■'-^2 ' corr.esponding results, may be written down by inspection. 

could go on to higher-order reactions of the form 




(12). 



II = A(C^^- NXCg - N)^C - N) 



(Sxercises 9-5, Kos. 1-3) , but we mus-t finish the story. 
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9-5- Conclusion , 

(i) Sociology . Nov ve could rehash everything. We could change the 
names of the symbols In the previous equations and talk. about profound 
sociological problems. Instead ve introduce a more, generail model for the 
growth of popiilations, one which Includes practically all,,.of our previous 
equations as social cases ^ and sca^rcelj^^ at -all. 

' ^ In Section 9-t( ii) , the grovth o^ a population of N individuals ^as 
"described by ■ - \ 

(If ■ ^ ■ ■ ■ II _ BI^ . 

vhere A is the grovth coefficient^ and ■ B is the braking 'coefficient. Let 

us nov introduce^ more structure* Ve* may vrite A = a - P , vhere a is the 

birth coefficient (the -birth rate per : individual) and where g is one of 

two death coefficients- If ve assume that the popxilation is confined to an 

C 
S 



n 

area S ^ then ve may write the other- death coefficient as — , i.e.,. the 
death rate per individual , increases as S decreases or as N increases 



(no room to live). Thus the total death rate is (p + — )ir , Using 7 = — 

" .' ■ ^ 

instead of B (merely for esti^^tic reasons) ve revrite (l) as 

.(2) * \ ^ ' Jl^^^ - (3 + 7^)^ . 

A more general ijiodel ( considered by Hashevsky } is that for the grovth 
"of a population consisting of two types of iiTdiyiduals vith different birth 
and deaths characteristics . The total population 'is 

-(3). K = N + , . . ■ - • - ^ 

and and IT^.- are specified "by the sirr.:' taneous;- equations 

- . •. '^j-' '/^ "■ ■ , ■ - " • 

dt,- 11 1 12 2 ^1 -1 ^•■^^2'^-' 1 ' ■ " • - 
(4) ■ . • ' ■ 

— = ^2A--'- °=22^2 - ^^2 ■■''2^^ " ^'2^^^2 ■ \ 

vhere the- a*s y p*s , and y^s^ are all^ constants • **The .terms proport 1 onal to, 
a -represent the contributions of the two groiilps'to th^ birth rates; .the death 
'rates that depend on x (vith , i = 1 or 2) \depend" not only on ■ y "^"^"^ " 
also on the total population N^^ + = ^ • system of . Equations .( i^) genera 

lis^ practically all the other equations considered previously in this chapter 



W. Rashevsky, Mathematical Theory of Human - Relat ions , Principia 'Press, 
Indiana^ 19^7* ' ' . f ' 
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We do nothing with (^4.) in the text^ but as an exercise^ obtain aXl the 
previous equations that we considered and that can be obtained rrom (4) Tinder 
suitable restrictions. TalJlc about active ir^ividuals and passive individuals; 
talk about active and passive disobedience; talk about social aggregates , " 
rreedonx, crime, war, propaganda, etc. Write a book ab^ut it; call it 'War 
and Peace. * . ► ^ 

(ii) Cod 3- > We make observations,, we create models, we make predictions; 
we make more obser^/ations , more models, more prediction^ * we day-dream and 
jump to conclusions; we seek to verify our' guesses ^ and ^eep the very -few ^ 
that pass the tests. By such means^ by - a' mix^xire of measurements, mathematics, 
and mysticism we^seek to "understand" what is going on around us, we ean 

predict and describe a process and relate it to analogous processed that we 
know about, we are\^ontent--ror a while* 

As we. apply mathematics tto the varijous sciences, we soon dis'cover that 
a.t a fundamental levei^ there appear to be* only" a few different kinds of pro- 
cesses going on» The equations are "the same, only the names of ^ the functions 
and variables change from science to science. The stages and settings are 
very dil^ferent, and the over-all plots vai^;- but the sub-plots are^jroutine, 
the actors go through the same motions, and only the names of the characters 
are changed. ' , .- 
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Exercises 9-2 

1. A colony of bacteria grows at a rate proportional to its population- In-" 

. itially there are 2,000 bacteria and one day later, 5,000 . What should" 

the population of the colony be after 5 days if it grows unrestrictedly? 

. / 

2. The rate of production of a given chemiQal in a given reacition increases 
by 2/0 for each degree of increase in temperature. What increase in 
temperat\ire is needed to double the production rate? 

3. Show for any solution of Equation (3) that over a fixed time period 

T the change in IT is in constant proportion to the value of N at 
the beginning of the period > independently of the initial time t . 

Write the differential equation for the grcp^th of a bacterial population 



5'. 
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which increases 2^5% every hour. If thare are 
start^, how many are there at the end of 10 hours? 



bacteria at the 



The population of a city has been growing at a rate proportional to 
itself. If the population is now i;0,000 and 25 years ago it was 
15,000 , find the anticipated population 10 years hence. . 

Semi-logarithmic coordinates represen-t the ordinate on a logarithmic 

scale and the abscissa on a uniform scale (see figxore).' ■ 
10 



9 
S 

7 

6 
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(a) The graph of y = Ae • is given by e straigh-t line on 
semilogarithmic paper. Why? . » 

(b) The census figures for^he "totai population of* .the. United Statues 
obtained at ten-year intervals from 1790 to i960 are gi^n in- 
millions, as follows: . 3-93 5-31 , 7.2k ,^ 9.6i+ ^ 12.9 , 17.1 , 

.'^23.2 , 31. i+ , 38.6 , 50.2', 62.9 , 76.0 , 92.0 , 106 , 123 , 132 , 
151' , 179 

Plot the pop;jJLation vs. time on /c^milogarithmic graph paper. Over . 
what time intervals do the points/ appear to lie on a straight line? 
Use Formula (l) to obtain a reasonable average value. of b for 
each of these periods. 

(c) Do the same for the census figures for the state of California for 
the period I85O to I96O (figures in hundreds of thousands): 

- 0.926 , 3.80 , 5-. 60 , 3. 65 12.1 , lU-9 , 23.8 , 34*3 , 56.8 , V 
69.1 y 106 , 157. ' . 

(d) Look up the figures for your own state in an almanac and study 
its populatiorT^rovth in the same fashion. 



' Exercises 9^3 

' « - -* 

If the ha If -life t of a radioactive subst&nce is given in- seconds, 
show that the fraction of the substanc^ decaying in one second is 
approximately ^ (Hint: Assiame that . 't . is a large number.) ^ 

Verify that -the half .-life of a radioactive substance: is independent of 
the initial time and the initial amount of the substanee . 

A 5000 cubic foot garage containing a high concentration of carbon. 

monoxide is being flushed out by an air pump whose capacity is 

3 

1000 /min. Assuming that the air mixture in the "garage remains 

uniform (perfect mixing), (determine hov long it takes 'for the concentra- 
tion of carbon monoxide to falX to — its initial ^lue. 

For. a small body in air or liquid^ the rate of heat loss is approximately, 
proportional to the diTference in temperature betveen the body and the " " 
surrounding medium. 

A thermometer which registers 72 indoors is taken outdoors where the 
temperatoire is 12^ . One minute later the thermometer registers ♦ - 

(a) Obtain a formula for the thermometer reading r at any time t * 

(b) What is the readin^at the end of two minutes? 
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(c) ir the thermometer is left outdoors" how long- does.it talbe to 
reach a reading of. l8^ ? , ' ' 

(.d) ^On another day, it takes one minute out-of-doors for the 

thermometer to drop from its indoor reading of 72^ to a reading 
of 32^ . Since it is too cold to stay outside and wait for the 
thermometer to reach^an e,quilibrium reading, calculate . the outside 
temperature . 

o 



A thermometer which registers TO' 

-O 



minutes later' it regi-^ters 
outdoors it registers - , 62^ 



infioors is taken outdoors . . Five 
65^ and tren minutes after it was tak^ 



(a) Calculate the outdoor temperature. 

(b) Assuming the thermometer . remains outdoors (where, th^^- tempera ture 
is constant) when will it- register 51^ ? 

A veterinarian about to engage in surgery " on a dog estimatek^hat it 
will take him - minutes tC> complete the procedure If 20 * mg. of 
sdUium^pentobarbitol per kilogram of body weight is needed to barely 
maintain anesthesia, if the half -life of the anesthetic is five hours 
in dogs,dand if 'the dog weighis 20 kilogi-ams, how much anesthetic 
should trfe doctor** administer initially to maintain anesthesia overy 
the estimated duration of the operation? At the end of the ^5 minute 
period the doctor realizes that the dog is beginning to emerge from 
anesthesia and that the surgery will take a half-hour longer, to 
complete. What dosage of pentobarbitol should be administered, at 
that point? ^ ^ ' ' 

•Consider a cigarette being used as a filter for some component -< say 
nicotine) in the smoke. For a linear filter, the amount picked upi by 
the filter over a small length is- - . . 

proportional to the concentration 
C and. to the length . 



Show that the filtration equation 
is .jthe familiar, decay equation 

- . . dC " 



dx 



= -kC 



and that 



Ax 



C = C^e 



-iOC 



We are assiiming here that the cigarette has not -oS^nt . down 



[Note: 

appreciably. For this cas.e, we have a^m^ing boundary problem which 
leads to^ a partial di±"ferential equata 
. - \ .523 




8* Electrical circuits offer seve:ral examples of decay processes^^. .The 
fundamental electrical quantities' are charge q , current 



(L) 



I = 



da 
dt 



and voltage or electromotive- force «y 'The electrical circuit components, 
resistors, condensers, and coils, have electrical properties measured by 
certain constants, resistance R , capacity C and inductance L , 
respectively* The capacity of a condenser is defined ac the ratio of the 
charge on the condenser to the volL^age required to produce it: 



C2) 



C = ^ 
V 



The resistance, of a resistor is define^as the ratio of the imposed 
voltage ^"^o - the currerft • it 'produces : 

C3) ■ . " ' • R 



t • ' ■ . 

Tn addition, we need to know Kirchhoff's rule, that the s\m of the 
voltages across the. elements of a circuit is zero. 



(a) 



(b) 



If a condenser at voltage V discharges across a resistor, by 
Kirchhoff's rule the voltage across the resistor is -V • 
(1), (2), and (3) to obtain a differential equation for V 
solve for V as a function of time subject to the condition 




at t = 0 



A coil resists change in curren* i ^ 
opposes the passage of charge. ir 
coil the current changes at the rate 



.he -.^e way that a resistor 
/mirage V is applied to a 



' dt 



- V 

■L 



If we.- impose an external voltage S (say by "means of a battery) 
upon a circuit consisting- of a resistor and aJ coil, then by 
Kirchhoff's rule the sum of the voltages .is' zero; namely, from (2) 
and^ (3) - ^ - . ■ > 

E-IR-L§i-=0 



■whence,. 
(5) ■ 



dl ^ E R ^ 
dt L " L ~ 
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Solve (5) subject to the initial condi'^^ion 1=0 at** t = '0 . 

iHint: .Express the solution as the ciuni of two terms,* I = § + J(t) ^ 

■E W : 
where is the steady current which ^^Uld be .set up if the coil 

were not present, and J(t) is a "tr^i^^lent^' term which represents 
4 the effect of the coil.) • ■ - ^ 

Tc) . If there is no external voltage and tln^ current 'has the^ value 1^1 
- at t = 0 , verify that (-5) is the equ^'^ion of s simple decay proces 

and obtain the solution of (5) uj:ider the^g conditions- 
(d) Use Kirchhoff's ,rule'to derive the eqU^t^Qr^ ' - . ■ 

' : •• ^ • § - ^ ° 

where a source of electromotive force^ E ^ i- connected in a series 
, circuit to a resistor, R , and a conde^s^p^ c ' 

Determine I ■ in- terms of t if the electromagnetic force -e is 
constant and the, current is 0 at t 

Consider the '^differential equation . « 

' XT dx* " 

- • ^ . . . at . 

subject to the initial condition . ■ ^' , ■ * . 

**- x = XQatt = 0-*' ' 

(a) Show that the solution is given by 

a / -, -bt> * -bt 
x=^l-e )+ x-,e 
. - .0. < . -. 

(b) Show that if x^ - 0 " then the result '^^^ the same fona as ^ that 
of Number- 8Cb) . ' V. ' * 

.suine that the rafee of inversion of r^'^' sugar is proportional to 
vT-C amount of raw sugar remaining. If s^'ter. 1;' hours, 50O pounds 
of r?Lw sugar have been reduced to 200 Pounds^ how cnucb ray sugar 
will remain at the^ end of 12 hours? 
(b) Consider a chemical reaction in iv-hich the velocity of "the reaction 
^^or rate of change /in the amount of th^ Substance consumed) is 
proportional to the quantity of the unco^sumed substance at that 
instiQTit. Let x^ be the quantity of the substance at t = 0 ' ^and 
^ X .t]>e quan-fcajty that has, been converte^^ tii^e ' t . Show that 

'x = Xq Cl - e^^^) ^ • * 

where k may be determined from theatnount of substance x^ 
consumed by time t^ : 
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11. One dollar silver certificates (payable in silver on demand) are being 
retired from circulation and replaced by Federal Reserve notes (pure 
paper) • Let N -be the number of -silver certificates 'and M the,rfffamber^- 
of Federal Reserve notes in , circulation at time t and suppose that the 
tvo varieties are uniformly mixed together. Suppose that^the number of 
"' dollar bills passi,ng through the central banks each day is^- a constant -k 
and that. all silver certificates among these are replaced by Federal 
Reserve notes. Suppose that the process is initiated at-^ime t = O ' 
when N = and M ^ 0 , .'and that the total number "of dollar bills in 

circulation is held constant. Detezn.ine th^ way N and^M depend on 
time (measured in banking days)' and find ^he number of da^s -it takes to 
replace half the silver certificates. ; . 

12- The principle of dating organic matter by radioactive carbon content ' ■ 
is ^sed on tlie observation that the ratio of the conbentration^ of 

radioactive carbon C to. that of- ordinary carbon' C in' atmospi^-ic 

^ ' " c. ' - ■ ' ' / - ^ . ■ ■ 

- caroon dioxide is maintained '.at a constapt^ "level because of continual- 

cosmic ray bombardment. An organis^m throughout its life takes up " " 

Carlson in^tn>s-. same. "Droportione^ but after' death the relative amount 
1^1 ' : - - ^ . 

of . C decreases .because of radioactive decay without renlenlshment. ^ 

<> ' lU ' ^ • • ' 

Let T_ be the half -life of C . Show how to" date an ancient timber - 

±h' 12 

if x^lne ratio of '^-C to C in the specimen is known. 

13* The continuous model for radioactive decay used. here replaces the ' . "' 
picture of discrete atoms disintegrating at random times. The utility., 
of such a mo^el depends upon the invo'lvement of a large number of atoms 
in the process/' Reflect realistically about the model. Is it true that 
a mass of radioactive substance can never completely decay? If not_, 
offer a-reasonable estimate of nhe time of complete disappearance of the 
substance . . - ^ 

14. Combining Equations (3) and (h) of Section 9-3(i) ve obtain for the mean 
life-time in radtbactivg decay 



^^^o Jo-. 

y ioq^nJ^n 



log N dK log 



4 

The integral \ log^ Nj^N is" the sim of the signed areas of the 

shaded regions bound edjjp^tly by the graph, of y ^ in the 

following, fig-are." . ' " • . 
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11: is g'eometrically cXear that the areas or the shaded regions are equal 
to the areas of the hatched regions -funded partly "by the graph of 
y == .e . From this, calculate the 'integral and hence obtain the mean 
lifeTtime given in "the^text* . 

Bacteria and other -..cells reproduce by splitting in tvo. What- -i:s the 
average time'>^ween "birth" and^ cell division for a member of the 
bacterial csilop^ of Exercises \9-2-' Numbet 1? 

Here i^'an example of decay which is not exponential. 

A splierieal moth b^JL^. in'a closet evaporates- away at a rate proportional 
.to its surface area. Xf half of- it" (in weight) evaporates away in 10 
days, de1>ermine how ma.ny more days it takes so that one quarter of .tiae 
original amount is left. ' ^ ' , - 



Consider the dtffereri-tial.- equation ^ 



(1): 



CP^ + a)u = k e 



-bt- 



(compare Equa-t>l6n (5) 'of Section 9-3C iii) ) ^. 

(a) Observe fol" any solution u -.of (l^ that 
.* ' ' ' ^ 

: (&) . ." " . _ , (D^. + b)Cb^ + a)ni = b - 

' and show Tor atiy solutions v , w ■ - ot the -equatiorts 

C3) . ■ 



Cd + b)v-= O , (D, + a)w = O . 



that 
ik) 



u = V + w 



(D^ + b)(D^ + a). = (D^-i^fe.)(D^ + b)0 



, . 'is a soLu'tion of (2-)^ Chi. . 

Cb) U*=e the fom C^^) to obtain a solution of (l) satis:?ying .the.^ initial 
condition 



^ - 



(5) ■ 



at t. = 0 . 



•r. 



(c) ShoT^^ that the solution of" (l) satisfying the initial condition 

(5) is unique. - ■ - 

The differential- Equation (l) of the preceding problem may also be 
solved as folILOVs.. Let v be a solution, of the homogeneous equation 

and determine w such that u =. v • w ' is a solution of (l) . * Followl.'i^g 
this procedure^ determine again the solution- of (l) satisfying the 
initial cdnditj-oii (5) of the preceding problem. ^ ^, 

(a) Employ' tti^ iiiethbd of ^Number I8 to obtain the -solution (9) of • ^ 
■ Equation (l) in Section 9-3Ci'v) suboect^ t^ the. initial condition 
:1TC0) = ; that isy seek a solution of the form N(tr) UCt)W(t)- 
. • -vhere UCt/) is a solution of the homogeneous equation 



Tb) - Verify 




dt 



the solution is unique-. 
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Exercises 9S 



' ■ . ■ • . .... ■•. < 

A reaction inTwhich one molecule each of* the .reagents , A^ , A^ , 



, A^ combine to form one molecule ^ of , the product B is indicated 



by 



A^ 4- A^ .+ .V. + A 



1 .-2. • ^ n 



where ' k is the rate . constant in the differential Equation (12). of ; 

ISection 9— ^(iv). We write (12) in the form ' • " - "■ 

* * * db _ - ' , . . " ' 

dt ica^a^a^ - 

. where the lower case letters denote the concentrations of the 
corresponding reagents and the^ prodizct . If more than one* molecule of ; 
a given reagent enters into a" reaction as for the familiar example 

(1) - . , : . SH^ -h 0^— ^ 2.YL^0 

then, the concentration of a^ given reagent enters xhe -law of mass action 
in as many places as the number of its molecules which are involved 
in building one molecule of the product^. Thus, for a reaction in . . - 
the form of (l) . ' 

2A^ + A^ : — *-B - ^ " 

.the law of mass action takes the form 

(2'. ^ H' -'-i V- - • ; . 

o- I. ■ . . 

(a) Write the law of ma^^ action (2) in the form" corresponding to ^.(12) 

' . da^ *^^2 ' ' ^ 

of Section. 9>-4(iv)'., ■ What are the rates. ' -g;^ and ? . . 

(Hint: Use the fact that the amount of . each element is unaltered . 

in a 'chemical reaction)* ^ • - 

(b) Similarly, for a reaction in wTaich molecules of the reagent ^.x/ 
A^ are combined" to form one molecule of the *pipduct B , we wr:^e 



V-A„ + . . . + V- A B 
.22 'n n - • 



r> and obtain the law of mass action' in the. form * ■ ■ ■ . 

Write the law of mass action (3) in the farm corresponding to (l2) . 

da. ..... 

Determine in terms of a . . 

dt 1 »• . • 



2. Wherr a reaction product is obtained, as the result of a" chain of / " ^ 
•reactions the lav of mass action cannot he applied* directly to obtain 
the- ra^e.of production. We must take account of the. intermediate 
• reactions. - The* simplest exaniple is given by- a reversible unimolecular 
^re5ction in which a molecule of A may be' converted to a molecule 
of B vith one probability, but a molecule of B*. . may revert ^o a' 
with- another probability. This reaction is indicated by - 



and the reactp-bn is governed by the equation ■ ' " . ' " 

^ where is" the rate constant for cpnversxon of " A to B and* k^ 



«^ rate constant for conversion of - B to A"'. Let • denote 

\ 1 - initial concentration - B and the initial concentration , 

\ of A and wrf^e (l) in the -fbnn- -of (12> of Section 9 -l4:Civ)., Describe 
the 'course of the, reaction. /WTiat state is .approached as t approaches 
\ infinity? ' . - " - ' . 



A catalyst Is^ a compound which /enters into -a- reaction, but "-which, is- not 
consumed in the process. The: ef.f^ct of ei^lr^ciog^a' catalyst is to'-" 
^enhance the reaction. -Letting E denote the catalyst, the'^form of 



'^ ■simple catalyzed reaction is 



■ . ■.- + A — > — E + B . 

Since the^^catalyst is . not consumed in the reaction,' ats concentration ■ 
^^^emains constant and therefore we expert " ■ 

. '. ■ ' . ■ -■ ■ ^ . ■ •• 

'11 = ^ =k<^(C - b) - . 

where G *is the initial concentration of A . , ' • 

Life is never so simple; the action of :b^61ogical catalysts or enzymes 
does not follow' the: element^-^ law (l) . it was conjectured by Michaelis 
and ■ Menten that a reagent or substrate A enters into a loosely bound 
intermediate combination" with the enzyme E . The "intermediate combina- 
tion may dissociate into E . and "A or i'^to E and the reaction product 



^ See Barthplomay, A.F., "Physicomath&matical foiindations of reaction rate 
.neory inrPhysicomathematical Aspects of Biology . Academic Press, TT.y., 1962. 
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3 m' Thus an^nzymatically catalyzed, reac-tion is assumed tp.."take "the .fdrm 
' ■ ■ ' - . E + A I + B , ■ • ' 

"Verify that a reaction of this form, satisfies the algebraic reieticzis. • 
/p2; . ,. ^ r = ,a>^i + b-= c',- 

' vhere ■" a ^ b denote the cone entratioris of substrate^ enzyme, 

• intermediate/ and product, respectively, an^^ at t = 0 the initial • ; . 
■concentration^ are given by 

'•(3) - • ■ . «(o)> c ,,?(co , ^ ; ^ 

. • . . i(0) = 0 , b("o) = .0' ... ■ ' 

.. ■ ^ . ■ 

Show-that the rea-ction" is- governed by "the differential equations 

• . - ■ " ■ . ■ ' ' . i' . ■ ■ ■ ■ 

• - dt= = ~ ^ *^ ® ^2 

.. (-10; ■ ■ ■ '. " V^2-^>3^i/ ^ ' ^ ■ - . 

.\ '■ ' . |~ = k^/ a --(k^ + k )i' 

' ■ ■ ^^S^- . - 

The system (3):,'.(^) lias -not >een solved e^cplicitly In order to 
■ obtain an explicit practical solution Briggs and Haldane assumed .that 
the initial amount of substi^^te , C is very large compared to the 
amount or Available enzyme, .and^ that the concentration i reaches 

near equilibrium before an appreciable amount oT the substrate is 
converted. The equilibrium assipmption requires that, to a good " 
approximation, , ' * 

J^oring the very rapid initial phase of the reaction in vhich the *. 
equi-iibrium (5) is set up and the terminal, phase in which the concentra- 
tion of substrate is hot large compared to , replace the 
differential system (^) by . 
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■ ' \ ' , ' . * ^ . ; .->... , ' 

-■■•(6) ■ - -• at --"^ i ... 

; — • V d,t.;~.-^3 ^ ' . ■ *, ~ ■ '- . ~/ ■ . ■ :'■ ■.' 

.the' algeb^^^^,.!y6Tations -(2) by ... ■; ■ . . 

\vhere k^ . is \he Mlchaelxs constani;- ; l^' =. ^"^^^ : and the -lasf , • ' 

,. equation :comes 'from, ^■(■5) i . Compatibly with thg .first -of . thf assumpfions ' 
above, ve replace the. initial conditions (S. 

Here the constants C^.V-C^, ^3 .'nr^sf^be compatible. Thus, "the ' constant 
C3.. corresitonds 'to the relatively: small amount of ' a vhich is consumed 
3.n reaching the e.guilibrium . . ■ ' ' . " - 

The. arstmrent we have given in 'obtaining ■ the modified system ( 6)-, .. ( 7) 
(8)' is not mathematically complete. To' complete the story it is ' . ■ 
ne.cessarxNjor shoy^ hbw"^ solution- of the modified system appVoxi- 

rna4«sthat\of the original system.- This "is a more difficult 'question" 
■ which shall not attempt: to answer here.' ;The main point is that - the 
modified system is easy to solve explicitly while-Si he": original system, 
which incorporated all. the information at our disposal, is not. In 

practic^the modified system is therefore actually more useful and 
under thel stipulated, assumption that a is much greater than • it . 
has proved~.to be adeqiiate. ^ 

Solye the system (6), .(8). (Hint: .Use the firsthand third equations' 
in C7) to-elimiiiate and then obtain the differential equation for ' 

a .) Why is it unnecessary to obtain the differential equation for b - 
in order, to solve for b ? ' . 

h. A Soviet statistieal y.esirbook reports that ' the --birthrate was ~21.2 .per ■ 
1000 in 1963 and th^^deathrate 7.2 per 1000 As of - Jan.' 1, I965 ' 
the popiilation was officially estimated at" --229 ' million. . The official 
Soviet population projection predicts a population of 25O million in 
1970,263 million in 1975, and 280 million in I980. Assuming. that 
the projection is basad- on a constat deathrate^ show that the',published 
report predicts an immediate upswing in 1;he country's 'birthrate. 

' ' . -. . ■ - - V - • • "• 

• " '-^ . . ■■ .- •■ - . ■• - . 




J 



I 



Tn this problem^ it inay seem at "first that we do • not have enough, data for" 
' - it3 ^s Glut ion^^ but the. situation cari-be handled in terns of* difrerential 
equations ^ . *■ . , * • * - 

It began snowing sometime -before^ noon, - A snow pi ov set out. to clear a . 
road^.at ..nodii.,- .It traveled th^^irst -mile "in one hour and the secojid^^ 
mile ^in ^two .hoxirs . What time did it -start snowing? (Assxime the . snow^ " " " 
\ -.'falls at a. constant rate (ft/hr) .and that the snow' plow removes vshaw .. 
• at -a constant rate {tt^/hT)_yr and JneQXeot the compressibility of 'the . ^ * 
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Chapter 10. ' ' " ; ' 



LO-1. ■ In-troductiion. 



^° . — — ^ 

I ' ' It is no accident that problenis in tine appl'xcations^ like those of* . ' 

. Chapter 9., tend to "be posed in the, form of differential equations* Differential 
. equations are relations "between unknown functions and their derti-vatives . A 
differential equation* refers to local properties: it descri"bes evftjits in the 
neighborhood of a ^^ven point or a given instant of t^ime* Local "behavior . is . 
easy to observe and. lends itseif* readily to intelligent surniise» For example, 
(We might guess without direct obseirvation that the rate of spread of an 
/epidemic in a c cmn unity is proportional to the number^ of active infectious' 
cases and to the number of individuals who have not yet been infected. 

^" Often our primary concena is hot local^ but global; it may not be the 
differential equation which interests us most, but some properties which 'depend 
oh a general knowledge of the solution- Our interest in the rate of growth.- 
of a bacterial population may- be academic; but not our interst in whether the. 
total population of bacteria in a host 'will reach a dangerous size before th^ 
host organism can marshal its defenses. Thus, the. problems which concern us 
most are likely to be problems of integration, of obtaining the solutions of 
differential equations, or at least . obtaining some specif ic iiaformation about 
■ these solutions • , . . . 

This chapter is devoted primarily to the problem of formal integration 
for the differential equation ' ' . 

(1) / DF.= f ' ' 

where f is a^'known function. . In principle, this problem is solved by the 
Pxindamental Theorem*. If" f is continuous on an interval containing both 
a and x then the solution of (l) subject to the initial condition , ' 

(2) ' . fCa) = 0. i - • 
.exists^ is unique,, and can be written in the form ■ ' 

r ^ ^ ■ ■ . ■ . \' ■ ■ " 

(3) . . F(.x) = C H- I f(t) dt . , /\ ■ . 

J a - . 



Formula (3) is no more- than a - symbolic representation 'of the solution. 
. li?. possible, ve should like to obtain a simple- analytical fonnula for P(x), • 
in terms- of objects with which we are familiar. '-Failing that,; we shoiild like 
. to have a practically useful approximation to' F(x) . We seek then for a way' 
• of representing^ .the integrand-in a form which is recognizable as the deriva- 
-tive or some known function. It. is. not always possible to do^so, but then 
^ we may seejc a' representation: which is - more amenable to .approximation'^ ' In" 
this chapter^ ye shall explore- sonie of the methods for transfoiining integrals 
into more convenient. form^; these methods.' are the so-icalled" "techniques 'o-f " 
integration." - ^ ' - " . 

.There are two basic- analytical techniques , the methods of -substitution . 
. and or integration by parts , In applying these inet hods we -either -brans form '- 

the- integral so that, the . integrand^ is recognisable, as the derivative "of a 
.. /ramiliaf^ function, o transform it into another . integral whicli is more- manage^ 
: ^^l^.- .. shall -see that many integration p:coblems' may . be reduced to ' the 

integration of rational functions. For these there: exists a special algebraic 
■ tiechnique of ■ decomposition into parliial fractions which permits an immediate ' 
integration-. There is a wealth, of special tech-niques 'but we 'treat oxily the 
most importan-t. ^ * ■• ' 

The -fianct'ions we have dealt with in 'this text are called elementary 
^functions. What "is or is not an elementary function is a matter of somewhat' 
arbitrary definition: it is a collection of functions which is useful, and- 
with^-hich- we are familiar. For our present purposes, the elementary functions 
coi&lst of the powers, the circular functions, the logarithmic and -exponential 
functions, and all. functions obtained tram these by rational combination, 
inversion, and . composition. We hav^ demonstrated in Chapters 1+ and 8 ti^^T thV 
derivative of an elementary fvmctionv-ls- again an- elementary function. An ' 
indefinite integral of a^'^ementary -inunction is not necessarily an. el^mfentary 
f line t ion. ; That , fact is hot proi^d here,* but it is emphasized so, that yoV -will 
not be misled by our succe^Ts—iii. representing many integrals in terms of 
elementary f xmctions . ^ij/ • 




.- . . . ■ . 



" -.2^^- ^'-H. Hardy^ iPne Integration , of Functions of a Single" ^ Variable , 
University Press, Cambridge, I916. ' " . - 
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!5he purpose of this chapter i's not^^tp^jpKke you a i^iaster in the art of 

integration in^ terms of elementary fimctions. It is enough for you to make 

* ■ " ' i 

use of one of the tables' of integrals' vhich provide- solutions of such integra- " 

''. • . • . . • 

tion problems cat-alogued in some morS-or-less systematic fashion (but be sure 
to check against possible eirrors and misprints) • • Nonetheless, a knowledge- of 
ihe teclmigues and reasonable proficiency in their -use are desirable .to 
facilitate theoretical and- numerical analysis Furthermore ^ \the tables contain 
only certain standard forms and even if you wish only to use. -the t-ables'"^, , 
efficiently it is hecessa-ry to 'learn" how' to transform- an integrail of concern 
to you into one of the. staiidard forms • .a 

' In this chapter our objective is to give a method for ^expressing i-ntegi;^!^ 
from c^e^;i5*in' broad classes, in terms -of a 'few basic -elementary integrals. For 
.easy reference, w^ list here the principle integjration. f ormulas at. ou^ dis- ^ 
posal from Chapters h- and 8. ^ . ^ 



Table 10 -la 



(1) 
(2) 

(3) 
(5) 
(7) 



f(x) = F»(x) 



a (a constant) 

(r real, r ^ -l) 



— , X > O 
X ^ ' 



e 

sin X 
cos X 

l" 



2 

cos X 



=• 1 + tan X 




,-]xJ <1 



F(x) = 



C + { f (t)dt 



ax. 
r+l ' 

r .+ 1 

log X 

X 

e 

- cos, X 
sin X 
tan X 

arc sin x 
arc tan x 
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We have not stressed the hyperbolic net ioxies and • their inverses, since 
'they can be- e^ressed in- terms or exponentials ^ and logarithms. However, these 
functions appear comirionly in tables and in mathenaticarl litera^tiire We intro- 
duc-e the inverse liyperbolic functions ^ 



arg sin h :-sihh x- 
arg cosh : cosh x - 
arg tanh : tanh x — 



^x , X > .0 



< 1 



etc., whei-e arg in each case denotes the argument of the corresponding 
-hyperbolic ,/^Lmction. ^ The integrals of spme important algebraic functions can. 
be expre'ssed in terms of inverse hyperbblic functioi^^ These are listed belov^ 
and left for you to verify. - ^1' ' ' ' ^ ^ 



. Table 10-lb' 



■ .f (x) = F'U) 



(10) 



1 - X 



(11) 



. 1 



(12) 



Vx^ + 1 



F(x) = C + 



1 



f (t)dt 



1 + X 



1 - X 



= arg "tanh x , if 
= arg coth x if 



Ixl 



< 1 
> 1 



log(; 



+ l) = arg sinh x 



log |x + Vx-l-l 

= arg cosh x , 
= -arg^ cosh |x j 



if X > 1 ■ 
, if X < -1 



" It is not essential to memorize the formulas of Table 10-lb ^ they can 
vbe obtained easily, by the substitution of a hyperbolic function, for Vx so 
described in Section 10-3;. ■ - , ^ ' 



Exercises 10-1 



For each of -the fpilb^ing sketch, the graph of f d^rined by the given 
integral^^ \^ ' . ^ ^ 

(a) * fC^). = f t^-e"''^dt , x.> 0 ■ 

'■ ■ ■ X . ' i- ' ■ ^ ,- . ■ • 

; . , • 3o _ ^ - ~ . * . 

(d) f(x) = ^ ^ log -t d-t , X > 0 ■'. 

Improve. "-birie- ske1:c'hes of Number 1 by , enrploying ■the -following information 
.for corresponding" par"ts (a) (d): - . " 

■•(a) ;"fi:3) •=. 6 - lim fCx) =.6- . ' ., ■'; 

^ - ~ ■ ' ■ - ^ : ■■ ■ . - ■ ■ ■ ■ ■ 

>fc7' supply any. needed extra information hy evaluating the integral. 



Sketch- the graph of , f fx^ — ^i^^ri ^"^ ^^'t^ • 





Let ! .f(x) = " \ cos\>dt • ^ Given that .^(Jj' n and^. fU), = ^ '7 

V Jo ^\ . ^ ■ J ' ■ ^ - - 

sketch'- the'^gfapii of '■^'^ . (Hint: * show^Jlarr^^that ^br^all > 
"fCx + or) . = a -f-/ f.(x) 

Determine "constants, -x^ -and /C. -for the colijiinn on the right .in Table/'" 

, ' - - ' - . * ' ' . ..." - 

•■ ■ . . .. ■ ' ■ ' ■ 

lO-i^for each function f , so that fCx) =^ C + \" ■ .f-(t)dt . „ . ' \' 

- : ; . ' :'^-> - 

Verify "the .integration fomrulas of Table 10-lb and. determine appropriate 
conistants xj^ and .C . -t-Compare the , results ojf Exea:-cis^s ■ No. ,9- ) 



lQ-2. The SuTjstitration Rule . > ' 

The suhstitu1:ion znole is a rule . for ' chenginS the parameter -Qf integration 
It is the integration formiola corresponding to ■pi'-^ chain ruie of differentia- ' 
tion (Section^-6) . .', ^ . • ' • 

■ V, • • . ' \ ' ' ' ■' ■ 

■ THBORg^ 10-2. ^ ■ CSubstitution Rule). Let', f' be a contiguous f^inction and ... - 

•• . ^^-^ ^ an integral of f . Let g ' he ^ contiguously different 

^> tiable function whose range lies in the dor&siti of -r . and let rv 

and ■ be.niimbers in the domain oT g , nrlieji 

.' f ^- f(sCt))g'.Ct)at = P.f (x)dx , • • ^ 

where . ^ ' . ■ . 

' ' ^ = sCo:) - and " "b = g(p) . 

^PTooT. Set^(i:):^F(gCt2) . 'Since ? is int^gral.of f "we ha^e 
^. by the -chain rule" ' ' ^ - - 

- . H'Ct) = F'(g(t))s'Ct) = r(gC^))g'(.t) . '■ ^ 

It follovs rrom the Fiandainental Theorem that ' " ' 



H(p) - H(a) - ^(s(t))g'(t)dt : 



OL 

Now, we observe aiso that 




; KO) -;:H(a) = fCsO)) - F(g(a}) = F(b) -.fCa) - " "f ■ fCx)dx:, ^ " ■ 

'■' Mi- ■■ / ' / ■ - - \ 

.-fromr-jwh^ch the d'esired result fjollows,. - :\ ■ ■ ^ . 

v •.- " ■ ■ . ' .. ■ . . -^A ■ ■■ ■ ■ 

" ■ ■■ ■ ■ / " ■ ■ - ' ■ ■ 

. The^Leibnizian notation is part ic3;^arly^ apt fp*" the substitution rule, 
.■ as it "is for the chain jrule'.' If -^^we put ' ' ' ' '" . "-^ " ' " ■ ^ 



we, obta.in\Equation '(l) in' the' Lieibnizian form' 



-■. Here, to replace the- paremeter of -integration x\\^y the pa'i^meter t /.ve " 
substitute ;g(t/-^for - X : .i _ for thV/.yalues] of x ;tji^ ends' of . integration- •/ > 
•• Substitute .the corresponding values or - ■t; y.f 6^ *he' "di^f ^rek-fclaV''".' .ax'', vi . \ 



. ,subs-ti-tu-te ^ • We use the symbolic relation 



10-2 



to 



remember this snbstitutidn, ""but attach no meaning to this* equation except 



as W formal, rule of substitution. 

Finally,. dTrom (.4) we obtain the rule i'or ^ the * indefinite "integrals, ' . 

(5) ■ Vjf(x)dx.= JfCx) g dt / ^ (x-g(t)>- 

\ ^ ' 1 ^ ) 

Example 10-2a . Consider the problem of integrating — between negative / 

. • • - .■ X ^ / 

limits, say, a and -b . , vhere a < O , b < 0 • For x = -t -we have by (i^) i 



dt = log C-b) - log (-^ 
. = log |b| - log [a I . 



1 

For the indefinite in^gral of — - we' therefore obtain. 



1x1 -H C , 



vhich generalize^ Formula C*3) of Table 10-la. (The fonmila for the indefinite 
integral of — can. be meaningfully applied to calculate the value of the 
.•definite in^^c^^ - o jily if ^a sLnd b have the same sign*) ^''^ 

The -substitution rule for . indefinite integrals is employed in two * / 
^ different ways. We illustrate this with examples , 'The first application- 
is dirject. Suppose that we recognize the integrsO. in the form Jf (g(x))g^ (x)dx 
where is one of the functions in Tables lO-la, b whose^ antiderivative is F- 

The subsl^tution'' rule tells us that this' integral is equal to JfCt)dt^F(t) +C 
with t = gCx) ,"that is .F^g(x)) + C ■ . \ ' 

T^m- ple . J,Q-2b >- Consider -the problem of - integrating j^^^^ . . .We note 

^ ' ' ' ' ■ ^' 2. ' Jo' ->21ic4^ ' ^ 

' - that 2x = D(l X ) .. For t = g(x)^ =1 + 'f(t) = ^ , we^get 

. J ^.^ 2 dx = I^^S}-^'' = Jt =.log ft] + C = F(t) + C =-10g(l 4- x^) -h C . 

It is important to "recognize here that we seek a function H for which' 
E'(x)^ ff^g(x)jg'(x) *. The problem, is not completely solved until the answer 
• is- expressed lff;.terms .of. .:t he: original parameter x ; that is,, the answer is 
:<not F(t)' +-C -but ^ H^x)- + c F|^g(x)) ^. C .. ' Un- Exa^ 10-2b, ' . , 

H^) =,j:bgCi ±.'x^); O . - ; ' \ / . ' : 

■erIc- -'-N' /^'^'i^JlvSV :^ 



1.0=2 



Example l6-gc. Next consider "the problem of integrating the' ■f\inction • 
A - X . Obseznring that x is proportional to -the " derivative of. 1 - 



V^ve set • tU= 1 - x^ and obtain 



- ■ • ■ ■ ,^ . . , :• 

' * . . ' • 

In the preceding example one of the factors"; depended upon- the expression 
1 - X and the other factor, apart from a constant- multi-plier^ was the " ^ 
derivative of -that express3|?n, i.e., the integrand was given in the form 
^ ^"Cs("t>)g'C^t) k constant. In that case, if F is an. integral of f , ve 
may -immediately' rec9^ize the integral as k F(g(t)) . (Caution: alvays 
check your integrations by differentiating; it is pathetically ^asy to forget 
a constant factor*) : ' 



Example 10->2d . Let \is . integrate, tan B . Observe tha-t tan B = ^ 
•■^ , • - - cos e 

so that .the numerator, is i^he negative of the derivat^ive of denominator. Con- 
sequently^ applying t^ preceding remark an^^/^Hrploying the r^S^ilt of ^ Example 
10-2a, ve get ' t * ' 



^ . ' . ■ " JfiSan 6 da = -iog I cos 0| + e 



\ As the 'preceding ..examples sho^^^, integration is based to a large' extent 
,on the art of observation^ Like -^any other algori-bhmic skill- it ^^qtlires the 
recognition of the structure" of a fdkTmila beneath its de-^ils . 



Example . 10-2e . In examining the integral 

X 



X 

we recognize x .,as the "structural unit." Setting u = x"^ and du - ^x^dx 
we obtain " ' " * * ' 



10-2- 



The second w^y .of applying the substitution nole is in the reverse 
^^Irection to the first and is art exploratory de:/ice. Suppose 'we want to^- find 



f(x)dx' "but. f does not look like a --derivative of a function^tl 



•'now . 



^sing an educated guess., we pick some dif ferentiable function- "^4 '^e 
^^cognize as .a structural element in the expression f or \ f (x) ■ )•. . ^^.^^ hope 
"that upon the substitution x t= u(t) , f^u(t))uUt) is the derivative of 



sotae: known' fTonct ion H • - If u has;, an inverse 
since' the substitution rule gives 

f(x)dx 



aim is then achi€^,red 



Jf(x)dx' = j'f(u(t))u^(t)dt = H(t) C = h(VCx)) 



+ C 



Usually, a furth^ maaikpulation. is needed in-order to recogniz-e- the 
iiitegrand ■ in proper form, as xlr^the f511owing example. - ^ / 



^ 

} 



Example 10^2f ^ In Exercises 9-3, dumber we showed how to integrate 
log X with the aid of a geometrical argument and the known integral of' the 

We now attack'the problem analytically using the substitu- 
We^ obtain - ■ 

■ -f. ^ . . : . 

log X dx = I t e dt . 



inverse function 

. ^ ' t ' t 

"tion X = e dx = e dt 



I' 



may not - immediately recognize te * as a familiar derivative, buV we can 

^ ' ' ■ " " t - ■ - t 'V^' ' ' 

^^eriment-: 'The derivative- of te is not quite te i-t%%3:f, but ^ 



Cotisequentiy , 




-t-e" = D(t 

• ^ith this observation our , problem JLs solved: •^^'■'\ 

d-b = ^"^(t";- 1^^+ C 



(log X - 1)' V. C • 



Later, using the method^f 'd^t^gration by. parts we shall be able to 
"t^^at sucb^roblems sy^temati^^lly 



iri'usingv^he exploratory metK usually do not, substitute 'di-rectly 

. f*03r , but picii; 'an -^expression in ^the integrand,^ say u(x) , 'which- appears 
P®JH:xbxLLarly troublesome and set .u(-x) = t- , a«s"umins that 
* - This "amounts ^ effe4^i'^ely "to the-.-substitution-i^iX > ^K.tV^- 
10^2f 'the troublesome, tenp was \, log x and w^e set log x = t- 
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a-s an inverse 
In Example 



vi. * Example 10-2g ^ Consider the Integral 



f ^ dx 



3^ . ^ 



Tq order -to eliminate 'the two. radicals in the . denominator we set 

Then v^«= t^ and . ^-^c^^ • * Since x = , dx = 5t^ dt and we get 



3 

— dt . 



still ye do not'" recognize a derivati'^e of a known function • The trpublesotafe " 
term is now . (t + 1-) . in" the denominator, so we make a second substifut-lon 
t + 1 = s from which t' =^ s - 1 , .dt = ds , Thiis 



.3 2 



2s^.- 9s ■+ l8s - 6^ log ls| + 

2t-^ - 3t^ + 6t - 6 log :JJ**=F-T;j + 11 + 

^1/2 /3^l/3 ,'6^1/6 . 6 ^^-gf^ ,'^l/6j ^ 



' - Exercises 10-2 . 

Integrate in -berms of elementary frmctions when possible,. ' 



(b) . =c3,^>r71?. - , (h) 1^-1-4 



(c) , ' " ^ - -. ■ Ci) 



2 

1 + x'-' 



if 



X 




(J) 



. va - X 



ax ■ + D 



a ^ - • A =- / ; -If 

X +* X ■ - .■■ ^ ■ . .X -i» a . 



1:% : 
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.Integrate in -terms of* eiemehtary functions-| * . ' 
(a)-,. ^ ' V " (f) sec^ ax tan ax 



(a-+ b cos x)^ 



(b) 3 cos X sin 2x ;^ * (g) 



cos 



>/2x 



/ \ . Ct ' f-^s /cos X ^ 

(c) sin X cos X (h) -^ ^^^ ^ ^ 

(d) -sin^-x cofi2 X • (i) . ^ p . a ^ .0 



(."e). ' sin? 2x 



2 

a b cos X. 



IntegrateL- in terms of elementary functions, 
(a) Sx^e"^ . * . . . (H) 



(b) e"" (a + b e^)r \ 

(c) 'e^ (a +b e"^)2 . ' (j) cosh^ ax 




* b + ce 



sinh X + 2 cosh x 



(e) ^ X ^ ° ?^ Q ' (-2) ^ ^ 2 ^ 2- ■ 2—"'"^ 

"b" + ce a sinh ■ x + "b cosh x 



X 



(s). 



X log X . ^ 

Tn-tegrate in terms of elemen,-tary foinctions . .. . 

-^6c + a . • " ^va- + xe 

- '1 "X> ^ . j^" / \ (arctanx) 

yx -^ y^^- . r^^ ^ .. . - ;m - 1 + X . 
1 Vh^ log (log x) '■ ■ .'■ 

"^H^^^'g^ (i) (x 4:l)e^ Wxe^) ■■ 

X h cos X . : ' . ' " 

(e) ^y^' * ^ . " (J) ^e-^' c°| rW^'^Dl 

■ . e + i . • - 

* ' 2 t 3t' '» 

Use -tlie idea of Example i0-2f to int^rate t e t e . Can- you 

obtain and prove a f ornrula for tHe indefinite integral of • t^e^ ?/ 
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10-3. Substitutions oJT Circular Functions . ' ' " 

Although it .is not always possible to iiufeegrate a given function in-' ' 
terms of elementary funcrions, there are important bro^ classes explicitly 
integrable func'tic^. All powers" and hence, clearly,- ic(.l_.polyrrqmials -are- 
explicitly ^ntegrable. It is not . so:"2rlear but it is true that all rational 
. .functions are explicitly integrable (see Section 10-6) .j I-t f ollowsf that all 
„ integrals which can be -^rans formed " by^substitut ion into .integrals or rational 
f^mctiond are explicitly integrable. In this section we shall show, that an 
integral of any rational combination of arid ' VQ,(x) , where 

/ Q(x) = Ax + Bx + C , 

can be -transformed into an integral or a rational combination ot circular 
f\inctions, further that "an integral of a rational combination of circiilar 

functions caii<be transf armed into an integral of a rational Ainction. 

We should consider the substitution of a circular function whene^r ^ 

integrand is a combination of x and one of the expressions /a^ - 

Va + X ^ /x - a , (a > 0) suggestive of the. Pythagorean expression for, 
one of the sides of a right triangle in terms of the other two. 



Example lQ-3a ,, .Consider 



a/2 
0 



dx 



7^2 2-y 



We utilize the substitution 



s 



/2 2 

X. = a' sitf Q y vQi - X = a cos 6 



(- f <e <f) 



dx = a cos \B d0 . . 



(-See Figure 10-3a.) Observing that for x'=^ e'= |- y 

. substitution rule^ 



.we obtain by ^the 




a cos 9 
a cos -6 



de 



/6 . 



de = 
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/2 2 
/a - X 

Figure 10-3a 
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Example 10-3b > For the integral 
we employ 'the ^^bstitution (see Figiire 10-3b) 




X = a tan 6 
a 



ax = 



2 ^ 

cos e 



X = 



cos Q 



Thus .we obtain 



J- 



s 



cos-^ Q 



2 

cos 9 



dO = -TT ■ I cos Q dQ 



sin a 



+ C 



2 /2~T 2 

i va + X 



+ Cf 



Eynmple lO-^t? ^ The in-tegra^tion 



I = 



is perfo 



X vx - a tf^ 



(- 



rsd with the aid of*^ the substitution' ( see Figure 10-3c). 




X = 



/a ~2 
y X ^ ^ ' 



dx = 



cos Q ^ 
a sin 9 



cos Q 



da , 



■ /2 2. 



X - a = a tan Q • 



Figure ' 10-3^ 



*Here take . O < 6 < %• Tor x > O , and < d < -k for- . x < 



2 



COS. a iMp^^ t c k'f^ - * 0 

■■ X "a ■ ax-.. V. 



- . •IJ>.-is-" rrequently simpler to use Jiyperbolic ftmctions rather .than triogono- 
metric functions rfor integrals of the types considered algeve. If the substi- 
tution of a circular fimction leads to complications^ try^a 'hyperbolic substi- 
tution instead • . \ * * ^1 



Exajnple 10-3d ^ Consider the integral 

■ ^ = r dx / . 

' - Vx - a 

Using the substitution of Exanrple 10- 3c we obtain 

To complete the job algebraic trickery is needed (the objective of the 
■manipulations will be clearer after Section' 10-6 on decompositions into 
partial fractions ) . We have 

' J- _ cos e cos 0 _ cos e r 1 ^ i ^ 

^ cos^^ 1 - sin^e " . ■ 2 . ^1 - Sin B ^ I.-h sin qJ • 

With this much as a^^i^we leaveS;he integration as an exercise* 

On the other hand, if we^s^^d used the hyperbolic substitution^ 




^ X = a cosh ^t ,.^x - a a sinh t , ^ \ 
\- ,J?^^x = a sinh t dt 

w^voiild have found immediately, by Formula- C 12) of Table^ lO-lb, 

(See Exerci&§^^-7, No. 9^ 

^ Valid for x ■> la| JFor x < -laf; use x = -a cS^sh t . 



a^l .+ D 



■ - .I-' 



' THE0H£M ' 10-3a^ * An in-begral of . any rat^iohal com'binati.on of x and ' VQ(x) 



(1) 



•3 



(A ^ 0) 



can "be transformed, "by a 'substitution x '= r(e) , where . f i'fe a .circulajr 
functi^Mi-, . In-fep.an integral of a rational combination of sin 6 and 



Prqoi - We are concerned with integrals of the form 



(2) 



7 



where. 0 is a rational expression and Q.Cx} is given by (l-) • For the proof 
ve.first. malce a preliminary ■'linear transformation to replace Q(x) by one of 
the standard forms of Examples l6-3a, b^. c. ... 



We "complete the square" -to -obtain 



•(3) 



We set a 



tnd X =. u - 



in (;3 ) y - 



separate the problem into three cases • 



Case (i) . 

If A ' < 0 




.d -r- r- <'0 ve nave 



VQ(x) = c/a - u • 



Since- dx = du the substitution x = u - b yields- 



/a - u )du • ' ^ 



(h) ' . . 1 = f 0(u - b , c 

Kov^ employing the sub^^^OTtson u = a s±d^ B. of Example 10-3a^ we transform 
the integral 'into the f o 



(5) 





J^0(a sin 9 - b , c a cos S) cos Q 6.Q j '6 = arcsln 



X + "b 



Since 0 involves only ra-t?ional operations, ve have . es-taBlis'hed^pR^ -theorem ^ 
xn -this case. , ^ 

er|c . ^ 



Case' (11) . 

■ : ■ ■ ■ " 2 ' ' 

If 0 and J - < O "th^'subs'-tltutlon 

y ■ ■ . / 

' X -I- b = u - a* tan'© , 




as in Example 10-3b^. confirms * tire the or ^ .for this cas^e% 
. ■ ^ ^ ; ' ■ .. ■ ^ 

Case ( iii) ; ' . . " • ^ 

' ' > * ' 2 ^• 

C B 

■If A > 0 and ^ > 0 , the substitution 

. ■ / iiA 

■ as in Examples 10-3 c, yields" the desir-ed result- . . " ^' - -■ ' ' ^v. " 

?^^'^^&^^^ (2) can be" also^^^^rknsformed into aji integral of a rational 
combinatio'n of sinh t and cos'h t by' -an appropriate-: transformation x = f(t) 
where f is a 'hyperbolic function. Th6 proof is left as an exercise. / ' 

^'^Q^^ ^0-3b . An integral of a rational combination of sin x and . 
cos X can- be transformed into an integral of' a rational function 
by a" suitable substitution. " 

"OOf » -We consider integrals of the "form • ' ' ' 

(8) -' " , ^ 



r - J 

l^(sin;x: , cos x)dx ^ 



where is a rational expression. We observe that sin x^^^^ina^^^eofe 

rational expressions in t = tan ^ ; -namely;- ■ ' ■ 

(9) , - ■ sin X = — ^ cos-x = . • ^ 

.. ; - - 1 -^.^ : ■■. 1 -+ - 

■ Furthermore^ 



X are 




ClO) (3x = d(2 arctan't) = 



1 - 1^ 



dt . 



Consequently ve may transfoi^ the integral (8) into the. integral .of. a rational / 
function by employing the substitution * . ■ " , . ;^ ■ ^ , 

(11) " . . *x ^ 2 arctan -h • - j 



/ 




thus, 'eri-tering (9) and\(iaV In (8) ve ob1>ei2^he' integ^^^al in" the form 

. ' J ■ Ai + t ■ 1 + t / 1 + t': : - 

Theorems iO-3a and 10-3b do^not necessarily point the vay td^ the adfeplest 

• ' •■ . . . -'*•-■' 

■ method of ' integration err a functfJ*^ of /one/'of the type^' considered herej they 

.. - ^lit ■ ^ - ■ . ; . - - ■ . ■ - , 

simply- 'indicate a- line -of * approach ♦wlRch is sure to wbrk but may lead, to 

enormous .complication. Often some special device leads- to the solution far 

mare simply and directly. ' ^ - • . 



1. 



Exercises 10-' 




Integrate ^xhe;folloving functions, the numbers a and, b being positive, 

- ' ' (g) 



/2 . 2 
ya - X 



X + 2 



.4 



m X 



XT? 



/ ^ 2 / 2^ ^2 
(c) X -/a - X 

1 



(h) X^./Cif - x^)^- 
(i) 



(d) 
(e) 



"2 /2 2 
X y X - a 



, 2 ^ 2v /2 "2 



(J) 



/2 
/a X - X 



X + ■ ax + b - 



/2~~r 2 

■/ax + X 



Eet R(x,y} -denote a rational fiinction in x and Reduce the 

foUovxng integrals . to integrals of rational fiznetip'ns*. ■ • 



(a) 
(b) 



J R(:3<f, Vax + b)dx , b. -t 0 , • ' 

J" , n/ ^ ^ dx , n an integer, ad - be 7^ 0 . 
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.3-, -Vsing the -resiilt of Kiimber. 2/ integrate 



^ax + b 4- -/(ax +:-b)'^ 



.Reduce to rational' rorin- 1 — 



5» Express as elementary' functions- 



Ca). f ^"" z "— 




^ \ I dx 



+ sin ^ ^ • ' ■ 



(d) 



1 - COS 2x. 

dx. ■ . ' 



f " - dx. 

J x^^T 



X 



71? 



* o 



6 .J (a) The integral \~=^^= dx , where 'pCx) is a polynomial 

J Vax + 2T3X + 



o 

C ^ ' ■ 



degree n and a ^ 0 can be reduced to a rational trigonometric 

form .as described in the text. It ^can be also "reduced to the - 

integration of ; namely for some polynomial -Q of 

vax + 2bx + c - 
^ degree ^ (.n - l) j'-and constant . 

" ■ . *>4x^ + 2bx'-^.c ; \ / ■ ■ 'y4x^ 2b5r^^c ^ 

Shov how to find Q and k *? / - - 

*^b) Ujsin^ .(a)^ integij^te . ^ — TZ~Z~^ • 

(-c; Calculate the integral of (b) by using trigonometric substitutions 
and compare the" merits of ;the two .methpds • - ' ^ ' 



^ 



. ■ : . \ f - : ■ " ■■ ■■ ■ . ■ 

7. It is '^-ta-bed 3t the "begiTming of this section -that an integral of any 
.r.ational combination' of x and VQCx) where qCx)" = Ax^ 4- Bx 4- c , ' / 
can . "be -ti^insf ormed into a rational comb-i-nation of circular- functions . 

Yet Theorem lp-3a takes up the case . k f. 0 only. Prove the result is - ,* 
true if O . •- ' ■ , .. 

8. - The proof of Theorem 10-3a does* not treat the'^oases (i) 'A < 0 




9. State r:nd ve^fy the result -corresponding to' Theorem- 10-3^ ^or ^ \ 
hyperbolrc substitutions . - . ' ' : : ^ 

10. Using a hyperbolic subst;Ltution similar to C8) ' show -hov .tcT traiisf dm* the 
integral of any rat^ional' combinatfh^py of sinh x and cosh x into an . 
integral of a rational f-unctjon. - ^; . . ■ * ■ ' ' 

, ; ■ ; : ^* - ^ ■ 

11'. Integrate ' - 



- sxn X 



(b) ^ (by' a msthod' other than that' of Example 10-3d) 



V 



4r^ 



j 
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10-U. Integration by Parts , ^ ^ * / 

^ — s^i) - Jhe ' basic formula. ^ ' The method of ".integration by parts is used to' 

integrate certain kinds of products. The mfcthod corresponds to the fonnula 
■foT — €he deijivati^ve vof.'.a- product (Theorem^Jf^b) . 




TlgOj^EM 10-4 > - If ' f and g are .continuoiisiy diff erentiable over a 

■ " ■ 

common .intervaJ. containing a and b the© 



fb^ > f b' • 

, r(x)g'(x)dx = [f(b)g(b) - f(a)g(a)] - I r«(x)g(x.)dx . 

The theJ^rem follows d-^' ^ectly 'from Theorem 4-2br and the Fundam^tal 
.Theorem- • v - • ^ ■ - • 

In*Leibnirian notation, for u - f(x) , du ^ - s(x) > 
dv - g'Cx;"dx ' ve obtain for the inrdef inite inj:^eyaI^orresponding to (1) 

(2) ^ ' ■ dv = uv - jpT. du 




Integration by. means of (2) is cailed integration by parts * ' - , ~ * . 

Example 10-^, . In Section 9-3(i) "we encountered the problem of 
■i'ntegrating log x which we solved 'by* Special devices (Exercises 9-3> No'. 
Example 10-2f ) . Kow 'we observe that log x has aji especially simple 
. derivative and we set u =. log x^ and dv = 1 • dx • . For -v , tfbhenr, we " 
take V = x . Consequently, from (2) . , 



"^ log X dx = X- log ^ ^ ^ ' 



dx - 

r ^ ' ' ' , * " . • = X log X - X + 'rC : 

the formula we have alx'eady obtained. - ' 

In application, (2) is, used as above for the/ integral of a prpducti. where 
the product of the integral -of one factor and the derivative of the othen, is 
formally integrable. ^ . * . J - 

'ta .•■ • 

The Leibnizian notation^ in (2) was » introduce ed as a shorthand for the 



-Xcit ^formula. But the notation suggests tb^t we \^i*ght interpret u as 
a function of , v , ^nd as' the inverse* function of ^u. ' This 'idea yields . 

, - an .illuminating geometrical inteirpretatioh of integration lay parts-- Suppose 
that u <^f (x)' and v =' g(x) where f ^nd g have^ inverses. Then w^ can 



\ • • " " c V . . - . . 10.1+ 

writ^ * 0(v) .^^nd v •= where 0 , and \y are in^-erses . (The^proof , 

is ler-t^to Exercises 10-4, No- 2), Set = rCa) , L ffb) and = gCa.) 

="gCb) . We- have - = and, .inversely, v^ ^^'C^i^ . i = 2 

Now suppose 0 • and are increasing and nonnegative • The^, rrom the familj^a 

interpretation or inte'grai as area (see Figure 10-4) we JLinmediately hqve . ' 




= I U dV 4- I 



Figure 10-»f 
y du + ■ which we at once obtain 

-^0" ; ,F - 



du .■ 



From "the Substitution f^-^ile -ve-" iirraediHtely recognize "fchis equation as a fom 



of .(-1/ i A- like" geomet^rical argument giy-es the same 'result vKen '0 and ' ijf- 
are decreasing. '(Gonrpare Chapter 6*, i-Iiscellaneous Sjcercises No . 12. < 

. . ^ ■ • ' • ' . • * ' • . •■ • 

' . -J-ii general, tnis .interpretation o^ integration by parts gives the f|brinal 

integi^l ox" any xunction vhich has a formally integrable inverse 
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Example 10-^13 ♦ Consider 



arcsin x dx , . (n integral , njf^-X) 



Since the arcS^ has' a simpl^e alge'braic derivative we set u = arcsin x , 
^^^^ . ' n+l^ 

dv = -x- dx and^ take v .= ^ _^ . For the domain O < x < ^ 've have 

u = arcsin ^^Cn + .l)v and v = — sin^"^"^ u • From Theorem 10- 3b ve know 
. - • n H- 1 



that ^v dii can "be transformed Into the integral of a rational. r\mc^;ion. 
As we shall see (Section 10-5) .National fxmctions are always formally integrahle. 
It follows th^t sin u is formally integrahle with respect to u and hence 
that x^ arcs.in X is ^formally integrable with respect to x • Reduction to 
the integral, o? a rational function is not necessarily the most efficient way • 
to carry out these integrations, but integration by parts can be used more 
effectively in other w^ys to execute the integrations . 

The idea of Example 10-4b, for u =-f (x)dv = x^ dx , establishes the 
formal integrability of .x^f(x) where f is any inverse circular or hyperbolic 
function, and, in view of Example 10-4a, if f (x) = log x* . 

I , • . , . • - ... 

t 

. ExamiDle lO-i^-c. Consider 



log X dx , (r real) . 



Since' log x has a simple derivative, we set u = log x , dv = x dx . If 

^r+1 • / 

r %^ -1 we take v = ; — =- to obtain 

r + 1 ^ ^ 

j" log X dx = f-^rx X - p^-y Jx^ dx ~ ■ 

r+1 ■ - r+1- 

- • . - - (r 1) 

If r = -1 , we may take v = log x to obtain 



i^dx = (los x)2 - Ji2|Jldx, 



which yields 



10-4 



X 2 ' ^ 



a resxilt which is* obtained more directly from the substitution log x = t 



The method of |Exaiirpie lO-'Uc^ for u = f(x) and sdv x^dx ^' exhibits 
.the foymal 'integral) ility of any function of the form x^ f(x') ^ when' n 7^ -1 . 
where f *(x) . is any rational combination of x and VqCx) and Q(x) is a 
quadratic polynomial. Integration by parts expresses the given integral in 

terms o? the integral of ^ _^ f ' (x) which may be transfprmed into the 
integral of a rational frunction by Theorem ^10-3a . From the assumed 
integrability- of rational functions, the result follows* - It follows as a 
slight generalization that PCx)f (x) is foiTnally integrable for any poly- 
nomial function P . From this argument we observe again that if f is a 
logarithmic, inverse circular, or inverse hyperbolic function, then 'x f(x) 
is formally integrable. In addition, for h(x) = VQ(x) ) , a rational 

^ combination of x and t/qTx7 ^ the expressions x^ log h(x) ^ x^ arctan h(x) 
.and x^ arg tanh h(x) aare all formally integrable since the derivatives of" 



log, arctan and arg tan 
« 

Example 10-M . 



are rational functions ^ 



Consid-^r 'the integral 



X . 

X e .dx 



whose integral we found in Exaitele 10-2:f by other means. Now we integrate by 

X X* * * 

parts. Set-'l u"^= x dv = e dx and v- = e . Then by (2) 



X , X 
X e dx = xe 



e dx 



= xe'^ - e^* + C 



-as we founa before. 



Integtration by parts may be used to produce a simplification rather than 
a final c©^ integration as in Example 10-:^c when r = -1 . 



since' .'arg tanh is -proportional- to the-iogarithm 'pf a rational' 
fxmctiodf it coiild "be. omitted from this list^ 
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Example XO-^e t "Sonsider 



e sin ax dx 



bx , • e 



For u - sin ax dv = e dx ^ v ^ — ^ ve obtain 



- ,1 bx . .. 
I = — e sm ax 
o 



a f bx ^ 
X r- I e ,cos ax dx 



-.f 1 bx . ^ a - 



where ' 



I bx 

J = I e - cos ax ax 



/bx 

ps^sents -the ^same dif f icul-^ies of formal in-tegrajsion as I ^ ' However^ by the 
same technique;,' we can express J ' in terms- of I and hopefully may "obtain 
an equation which can be ^solved for I . .IJTow ta2e u - cos -^nd 



bxs 

V = in" to obtain 



T ' 1' "bx ■ a r ^x 

J = ^ e , cos ax + — I e sxn ax dx 



1- bx . a ' 

— — e::- cos ax + — I . 
0 b , 




Entering the expression for J above, in the expression for I and solving 



for < X y we obtain . 



il> bx * ^•^^ * 

I = — 2 2 ^ B± - a coslSc) + C 

'a + b 



(ii) Recurrence relations > 'The idea here is to express an integral of 



the general form If -(x) dx in te2rms of ""(f ^ (x) dx * 

J .n, . . J n-ic 



; ' • - . - 



^ ' ■ ^ ^'^ 558 ^ 



EScample lO-^-f > Consider 



I 

n 



= f x^(l - x)'''dx ;'(n > '0 , V -1) . 



C'J3 ■ - ^ 

Set u - (1 - .x) dv — x^dx > v = ^ ^ ^ . Then' 



■^n - r + 1 ^ r ^> 1 ^ 



. r+1 . 

vhere,'ror n = 0 , the resuXt yields* correctly. ' I = ^ — , Now* observe 

nr + l^r 



that. 



X tl - x; = -X HI - x; - (1 - x) J ; 

whence, 

r + 1 r^l ';_^n-l -^n^ 1 

This equation may then "be solved for I in terms of I : 

. n n-1 



r+J 
I = - 

n n + r + l n + r + 1 n-1' 



or 



\■y^{^ riv - ^^"^''"(1 - x)^ n f r,^ ^n-l ^ 

J X U - xj dx - 4- r + 1 n + r + 1 J - x)- dx . 

Now this formula may be applied recursively to express ^ in terms of 

' ■'■n-2 ' ^ "terms of , etc., to yield 

I r.^' ^n ; n(l'- x)^"^ , n(n - l)(l - x)^"^ 

n n + r + 1 ^) ^ ^ ^ + (n + rj(n + r - 1) 

+ + n(n - 1) ... 1 1 

^ ••• ^ (n + rKn + r - 1) ... (r + l)]"" 

Sometimes it is necessary to prepare for integration "by parts by some 
- preliminary rearrangement^ as we show in the following useful exaniple. 
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Example IQ-lfg . Coiisider. 



\ n 

cos X dx 



We "write cos^x = cos-^"*"'" x cos x set = cos^'"^ x , dv = cos x dx , 

V t= ^j.n X , to obtain ... ' ^ 

= cos X sm X + (n - ly 1 cos x sm x dx 



s^'^x sinxH- (n - 1^ J* 



Thus, 



= -cos _ X sin X -J- (n - I cos x CI - cos x)dx . 



T = cos^.^'-^ x sin x -nf (n - ^ - I ] 

n ' n-2 n 



Solving -or ^ , we have 

n-1 ■ / ■ - ' 

■y _ cos X sua X n- - 1 - ^ > 

•^n " . n n ^n-2 ' ^ 

Since the subscript is lowered by 2 at each step we observe Tor n even 
that the recursive reduction of the integrp.1 terminates " at "n- = 0 with 

/ ■ - ■ o 

dx = X + C , and Tor^ u;' odd^ at n = 1 with 

= f cos X dx = sin x + C • , 

Orten the principle use of a recurrence relation is not to obtain the 
formal integral ixi terms of elementary functions (which may not be possible) 
but to obtain the original integral in tei-ms of a simpler integral* 



Example lO-^h. Consider 



_^2 

I -= \ x"" e dx . 



- -= J X 



2 2 ■ 

^ n-1 , , -*x . 1 ,s-x- . ^ - * 

From - u = X dv - x e dx , v — - — e' - . we obtaxn 



_ ' 1 n-1 -x^' ^ (n - 1) f n-2. -x^ ^ 
= - 2' ^ ^ ^ 2 ^'1 e ^ dx 



or 



_ 1 n-1 -X 

= - X e 



n 1 



If n is odd, the recurrence relation gives in terms of elementary 

runctions and ■ , "but " " 2 ^ C ±s elementar:>' and .1^- ±s „ .. . 

formally integrable in terms of elementary f\inctions. If _ n is even^ then 
the integration of is ^reduced to the integration of 



■J 



e dx 



This integral is not elementary. However, it " is well Icnown -and irruch -used. 
•In terms of the error fiinction erf (the area under the normal probability 
curve) given by • . 

^ ' . 2 



erl 'x 



^ V2^ j" 



X 



we have 



^0- - ^ (^) 



4- -C . 



The common tables of the error function enable us to work with-it numerically 
Just as conveniently' as the circular functions. 



Exercises lO-^i- 



1. 



(c 
(d 
(e 

(r 

(b 
^(i 
(J 




Integrate the/following, 
(a 



3 -2x 
x"^ e 



Vx log ax ■ 
log^ bx ^ 
log"^ X 
arc cos 7x 
arg sinh ax 
arg^ tanH bx 
at'g tanh -/bx 
arctan 



(i) X 'arc tan x 
, - arc cos x/m 

(m; ' 

•/x + m 



ERIC 



(n) 


. 2 
san X 


io) 


2 . 
X sxn X 


(p) 


2 

X arcsm ax 


.' (q) 


cos^ 2x - 




, 5 
sxn X 


(s) 


sin (iog ax) 


(t) 


^ 2 
X tan - X 


(u) 


Car<?sin x^^ 


(v) ■ 


sin ax cos bx 


561 




Is 


0 



Support; the geometrical interpretation of* integration "by parts by 
showing for vtr = r(x) and v = g(x) where f and g have inverses, 
that u = 0(v) and v = ■\J;(u) where 0 and ijr are inverse f\inctions. 

Verify as alleged after Example 10-4b that the method of the example 

does .demonstrate the reducihility of | 5^ f (x)dx to the integral of a 

rational function if f is any inverse circiilar or hyperbolic function 
OT if f is the logarithmic function, 

•Establish recurrence relations for each of the following (in each case 
n and n 'are positive integers) 



(a) 



^sin"" X dx . Cg)x J 



e ■ dx 



Cb) ^yj^ log^-x dx . -^h) J x^ arc sin x dx , 

Cc) Isir:"^ x cos^ x dx - (i) * T — dx . 

■ J sin x ^ 

Jy- X 

x^ arc tan x dx . ' (j) 1 — dx . 

' ' ^ . J x^ ' . 

Ce) Jx^ arg sinh x dx * (k) C x^ cos x dx * ' 

r n ' . ^ 

(f) Ix arg tanfe x dx . ^ (Note the differezicTe between 

^ ^ . n odd and n- " even) » 



t 



10-5 . Integration oT Rational Functions , 

The applied problems of Chapter 9 ana the problems of forrial integration 
in the preceding sections of t^.is 'chapter were often recast in the form of 
the problem -Of v^tegrating a rational function. For a rational function there 
always exis.ts a formal integral in" terms of elementary functions:. The formal 
Integral is obtained "by reducing the rational function to a s^in of a poly- 
nomial function and functions defined by tine elementary fornis 



(1) 



(2) 



tx - c)- 
■DX + a 



(b > 0) 



It can be proved th^t such a reduction is possible^ either from the 
Fundamental Theorem of Algebra which requires the theory of functions^of a^v 
complex variable^ or directly by nev algebraic techniques. In either case 
a comiDlete proof vould take us outside the frame of this text. 

The reduction of a rational function into thj^ sum "of a polynomial and 
terms of the form (l)yand (2) is called a decomposition into partial fractions. 
We give one simple example. 



Example 10-^a . A common case (as in Section 9-^) is giVen by the 
rational expression • . * 

(x - a)(x - b) b - a - b X - a y ' 
From the decomposition (3) "we immediately obtain the integral 

r 

^ = ^T^^^^S 1^ " - logjx ^ al) - C 

J(>:-a)Cx-o; o-a 



D - a 



log 



X - D 



X - a 



-r - C • 



•Let R be any rational function. 3y long division it is always possible 
to put .R(x) in the form 



R(x) = S(x). . Iff} 



^ where S , P , Q are polynomials and the degree of ? Is less than th^t of 
Q . Since Sthe polynomial S is imm^'i"^ '"."^ integrable, ve may omit it from 
considera-tion. It follows"' from the F-^^ Theorem of Algebra (inter- 

mediate i^Iathematics, pp. 290ff .) that . olynoir.ial QCc) with real 
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coefricients has a unique factorization of the form 



whel'e the 



imaginaz^ roots 



are the distinct reatl roots of Q 



and 



t i'b^ , the distinct 



Now suppose that rCx) = 



where the degree of P is less than that 
of Q , and that and Q have no/coinmon factors. Then we assert that 

R(x) is the sum of ^expressions of two standaird formp^ for each real root 
C , an expression of the form 



(5) 

where 
roots 

(6) - 



X - c 



n 



(x - cV 



(x - c)^ 



(r^ ^ O) 



n is the miltiplicity of c : f or . each paTir of conjugate 'imaginary 
a: i i^ an express-ion of the form ^ 



(x - a)2 + -b^ 



PgX 



[C 



X - a. 



L Cx - a) + t J 



where m is their common, mxiltipli'city. We meorely use this format as a guide 
without proo:S-»^^y'^ each particular ^,se 'it can, be verified directly that the 
decomposition obtained is correct ./'"Dnce we have obtaix:^gd and verified the 
correctness of the sQ^^ial fraction decomposition we have reduced the inte- 
gration problem to that of integrating^ the simple form (l) and (2). 




^Before we embark on the problem of integration let -us see what is 
involved in the algebraic problem ^of obtaining 'the partial fraction decomposi- 
tion, '^e first -problem is to d^ain the roots of the polynomial Q(x) . In 

general the roots of a polynomial cannot be obtained ,:5from trie coefficients by 

* * • - 

a formula involving only rational operations and rat;Lonal powers. There are 

such formulas for the roots of polynomials of third and fourth degree, but 

these formulas are generally useless. For example, the formula for the roots 

of a polynomial of third degree may involve complex quantities even when ^1 

three roots sire real. ?6r computational purposes' it would be sufficient to 

estimate the roots numerically , bu;fc it is usually easier to estimate the' 

integral directly (see Chapter 13)* /Nonetheless, the method of decomposition 

is valuable because often -the f^actorization of Q(x) is given by the con-^ 

dltions of the problem (compare Secj>^on 9-^(iv) Equation (12)) and often the 

f S^^^^orization is easily obtained. 
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Next J we turn our attention to the pro*blein of o*btaining the partial 
f ractiorT'decoiaposition once the denominator is given in factored form. 

" / ■ ■ ' " 

First we consider the problem of obtaining the partial fraction decom- 
position of^ 

V? ■ . ■ . / 

F(x) P(x) 

Q(x) (x - c )(x - c^) . . . (x - c ) ^ 

* '* ' 

where the roots of Q are all real and simple (of multiplicity l) and the 

degree* oT P is^ less than that of Q . From the foregoing, .there exist 

constants ,('k = l,2, ... ,n-) such tiiat 

(Y) P(x) _ \ ^ ^2 . . . '-^n ' 



Q( x) x-c^ x-c^ . x-c 

For X ^ c^^ we obtain on multiplication * by (x - c- ) 

V ' 
\ P(x)(x - c ) 

• ' ^1 = > q(x) ' " = TCx) . 

where S(x) is the sum of all the partial fractions but the first • In a 
deleted neighborhood of x = c^ this equation states that the expression 
T(x) defines the constant function T : x • Therefore ^- 

PCx)(x - c-^) 

^ ■ = lim — Q[rr~ ' 

x^c^ 

x!^^ (X - C2)(x - C^) ... (X c^) 

whence, 

'■^^ ''^l ~ (c^ - c^'^c^ - c^) ... (c^ - c^) ' * 

This last "Expression can be written tidily if we observe that since 
Q(c^.) = 0 *' ♦ ■ - * 

lim / ^^^^ V = lim — = ( c ■) . 

X-C-j^ 1 . ' 

s 

- Thus = Q^Tc — T * Since c^ is .simply a symbol for ^ny one of the roots, 

it does not" matter which for the purpose of this discussion, we have in . 
general, _ 

,565 2')^ ' ■ 
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Sxample We obtain the partial fraction. decomposition or 

% ' "--^ 

• • 2 ^ .^"^ . 

^ ' \ • . ■ . (x + l)x(x - 1) 

Here pCx) = x -w x - 1 , Q(x) = x"^ - x , Q*(x) = 3x"^ - 1 . TlTe denominator 
has simple' zeros at -1,0, and 1 • From 

^U-1) " 2 ^ QUO) " ■ -1 ' QUI) 2 ^ ' 



we have 



PCx). ^ 1 + 1 ^ • ■ 1 ■ 

2(x + 1) X 2(x - 1) 



which is easily verified to be correct. 

^ There are general techniques for the case of rrraltiple real roots or 
imagin^trv" roots, 'b^x!c in such cases it is often easier to determine the 

-X- 

decomposition by the method of equated coefficients. 
• Example lO-^c , . From- 



2 2 

ve obtain on multiplying both sides by x(x +\l) 

- 1 = r'x^ - -r 1) + p^(x*" + x^) + qj_(x^ + x) + p^x^ + q^x 



X + r ^ 



provided x f= : ^ ITov tr.e coei^:. Icients of like powers on the right and left 
must be ec^^al ,^erclse3 10-5^ rJr.3)« Thus ve obtain the equations 

from vhicii r = -1 , p^ = 1 / = 1 , q^ = ^ = 1 • yields 



* 

^ Usually called t^he nethod of undetermined ^coefricients, an irri-tating 
misnomer s'ince "the conditions do determine the coefficients. 
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- 1 1 ^ ' X + ^ X - r. 

^- . 2 ^ 71 ^ " X ~^ ' 7^ 72 

x(x 1) ' x^ + 1 (x + 1) 

which is easily ver^ified to be correct;" 

. 'Given the partial Traction decomposition of* a rational function ve 
complete the work or formal ijites-ation by showing ihow to integrate the 
standard forms Cl)-and (2)* For (l) the integrals, are already found. If 
n > 1 , we hiB-ve ~ - - 



-J 



(10a) ' I "^—^ dx ^ : ^ —r- + C ■ 

(x - c)^ (n - l)(x - c)°-^ , , ^ 



and if n =^ 1 , then 



(10b) . I ^ 2 1 = r log |x - ll + C 



J . . 

For" (2) ve introduce the substitution 

• to 

Cx - a) = b tan u * ^ ^ £ — -i"'' ^ 

where ve assume b > O (compare Example 10-3d) - 'Using dx = ^ — du 

cos ^ 

we obtain 

r 

j-Dx -f- a J _ I tan u •+* "oa + a- b , 

r, v2 ^ ,2in - I .2nr^ ^ ^ 2 .n 2 

L(x - a; -'^ D J D LI "t^^ "^J cos u 

^ J cos u Sin u cu + ^2^1]^ J 



, 2i 



2n-2 ^ 
cos 'u du 



or the last two integraJLs, the first is immediately' formally, integrable and 
the second is given by the recurrence relation of Example 10-^g. Ve leave 
as an exert is e the problem of completing the integration and repres'enting 
the formal integral in term^ of x . The resulting integral is a sum of terms 
of the following t^.-TDes (i?lus a constant of integration), 

N >5. W - Ax + 3 \ * 

(11a) 



[ ( X - a ) o J 



where~^ is a positive integer, k < n - 

(lib) ' A log [(x - a)^ b^] , 

X a 

(11c) A arctan — r- . 



,er|c • ' • 2 J:; 




Finally^ ve observe ' that if we know" t]ie factorization of Q<x) " ve know 
the form o:^ the 'integi:^! of /'^^^ and Therefore it is,-, 

sufficient to- differentiate this 'forawierrd determine -the constants ^ by thre 
method of eq\iated coefficients-. * • . T - . - 



SxampTe " XO-^d . Consider .; 



I 



The integral Cmust /oe of 'the f orSa • 

a log X •t-^ + a log (x*^ --r- 4) ^+ g arctan ^ C * 
The derivative of this expression is , ' - 

Since the numerator of this expression shOTild be x^+^1 ve have on equating 
coefficients ^ \ > ^ 

a + 2Q; = 0,23-lD = 0,l+a = l, -4b = 1 , 
whence . - 

1^ 1.1 ^ '1 



a ^ 



It is easy to verify thai: this yields the correct integral. 



Exercises 10-^- 



^ 1. ^^tegrate the following 



2 

X 



c-o)--^— — .(f)''4-^ 

X + 3x - 10<J ' x-^ - 1 

Cc) -^-^ |/(b > !ai) Cs) ^ 

X + 2ax -r br ' -^^x -r a 



(x-.^a)(x - h)' -2 

x(x - 1) 

(Consider the cases 
a ^ b and .a = b ) 
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IT 



X - 1 • -■ / X- + 1 

2 ' - r ' 



X - X - 1. 

X + X 



2, Prove from Eaiiation (3) ,-tlaa-fc if . * 

Q(x) = (x - a-^)(x - ag) ... (x - a^) , _ vhere 

a-, < < • . • < > "then q^^^ a decomposition into- partia!L 

' . fractions of the form . ■ 



Q(x} X - X - ' ' ' * x - ' • 

Prove if* ' " , ■ - 

for ai 1 "bu-b rinitely many numbers x y -fcha-t'-fche coemcients or like 
^ powers on^-bhe right and lef-fc are equal; i.e.^ ^ " k = 0 , 1 ^ 

• • . , n . 



px -H q 

[(■X - a)^ + 



if. Veril^y -thai: i dx '*can "be exisressed as "the sxmi of -terms 



of the Torms (Ha, c) . 



10-6. Definite Integrals . ' 1^ . • 

' ' • ^ - ■■ . s ■■ 

" The preceding sections - of thi-s , c.h'aVt^yere devoted primarily to the 
problem of finding the indefinite I'ntegral- l^-.given function. -In-^principle, 
this solves the prohlen of evaluating -any. definite integral of . the function-" 
In practice, it is often desirable or necessary.- to evaluate a definite 
integral, not by formal integration, but by some Qt her "method altogether.. 

may- impossible to obtain an -explicit represerj-tation of the' indefinite . 
Integral in terms of elementary functions, yet" some ' special' symmetry may 
yield the value of a given definite ihtegral effQirtles^ly. oEven if the formal 
expression for. the indef inite-integral.^is ob^ainSble-,/the; use of a symmetry 
condition may be s vorthvhile short cut . ^ Often the^ -ideapf. integral remains 
appropriate when the Rieic^nn integral, as " st^^ictly-^aef ined , does not exist 
teecyse the range or domain . of the integrand" oai^'bl unboundeslv ^ In these 
•cases, w^Thave to extend' the. definition of integral" in a" meaningful way. All 
these- problems are treated in this section. 



Ci) .Symmetry. • Watch for symmetries; the^ observatioii that a synmetry 
ex'ists often provides a direct solution to a problem or . afi important simpli- 
Tication, We have already pointed out one' use:£nl . syimetry^^in Section 



ir r is an odd rxinction and integrable oV ■ [ -^a ^J- , , , then 



f ^ 

Cl*) * I f(x)dx = 0 

gxample 10-6a . Cons^ider 

i " I X e san x dx . 



J.:- 



It is hopeless to find the indefinite integral, and it is not needed^ since 
ir .is an integrable even function on [-a, a] , th 



J f(x)dx = 2 



f2) , ; I f(x)dx = 2 I. f(x)dx . 

-0 



en \ 



570 



N^ERIC " 207 



. Example 10-613 . -Consider 



,1 = 



I. 



' (a + a t + a 4 



2n 



V 



le odd powers contribute zero and,'' f o;r "the even powers ve obtain 

i - * ' } 

1 2 2 
a^t' / rf , V . + ^_ t . dx 
2 ' 2n 



•2n^l, 



Often an integral which exhibits -nbr^bvious symmetry can -be transformed 
into- a syrmetric integral* Thi^ is specific for each case and no general rule 



for discovering such symmetrie^ can be given 



ExamTDle- lQ-6c* Consider 



it 



■Vx - 2 dx 



Since the .graph ias a center of symnetry at x = 2 , we set 

u =. X - 2 and. find - a . 



E 



3^ 



du = 0 . 



AVwither inrportant symnetaryl of a function is periodicity- 



If the function f/- is| integrable and periodic with j>eriod 
p , then the integrals of f over intervals of len^h p are 
all the same; i.e.j 



(3) 



S 



a-hp r b+p 

f(^)dx =1 ^ f(x)dx 
a . - lb 



for all a and b . 



The s^S^^^^t 'is "geOEietrically obvious. The grsrph y = f(x) over . any 
intexval of length' represents the connDlete graph iA the sense -that the 
T3icture of tBe function from, a tb is identical to the pict"ure from 

•a kp -to a + (-Jc + l)p where k- is. an integer.. The- -entire graph can be 
' thought of as a sequence of identical pictures of width p 'j.laid end-to- 
'end ^Figure 10-6)." If a fraine "of width p is laid over the graph (the 
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Figure 10-6 
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interval'- ["b^b + p] in the figure) then 'the part of the total graph within 
the frame may "be. cut along a. line a + kp and reassembled to form the 
original picture 'by interchanging' the two piece formed by the cut • "This 
gfeometrical discussion is exiactly 'paraphrased by the analytical proof • 
The proof is left to Exercises 10-6a, Number 12. 

Example . 10-6d , Consider ' " ^ ' . • 

rn+ 1/1+ ' " . . . 

1=1 (a-. + a. cos 2arx + +0, cos 2kjcx)dx . 

Jo. ^ ^ ' . 

Since .the integrand is periodic vith period 1 

SI k ' '^lA k 

^ ^ a^ cos 2vroc dx + 1 ^ ^ a^ cos 2vjrx dx . 



For V > O 



s: 



. Sin 2wx 
cos 2vjrx dx = 



2vjr 



= 0, 

0 '\ 



and 



■lA - ■ sin (^) 



COS 2vjrx dx - 



2vjr 



Consequently, 



. 1 ^1 ^ ^5 



( ii) Special reductions ^ The gener^ form of a recurrence relation 
f or ^a definite integral is 

J a ' ■ • ? 'J a . . 

' ' ■ ■ '■ - 

Quite of-ten specific problems lead to integrals for which the "l5oiindary" term 



b 

a . - ' • 



is zero for n > O , say* If so, we immediately have 
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Thus in Example lO-4f , we could conclude at once rroin 

fx°(l - x)^ dx = ^"^"^^^1' - ^j"" ^ n f _ .n-1 

J m + n +^ 1 n + m + 1 J 

that 



X dx 



Tr 1 

ip x=^(l '- x)? dx = , . ^{f - ^),--"- ^, ^ f 

Jo <■ ^- m + lj(n + m} ... (m + 2j j ^ 

_ _1 nCn - 1) > 1 ^ 

' . (n + m + l}'(n m) ... (m + l) 

<^ - - 

Thus we obtain an important- connection with the binomiai* coef f ic±entsc 



1 



x^(l - x)^^ dx = j^Crr^-^ m + l) \^ J J / • 



r /V 1-1 



^ ^ Example 10 -6e . A case or Special interest is 



- - - = I cos^ X dx . 



«/2 



From the result of Example 10-4g, ve have 



v-1 



|V2 



J _ COS X sin X v-1 



I 



For V > 1 this yields simply 



' V v-2 



v-1 



T 



'V ^ V 

For V even^ v = 2n ^ we obtain 

■ t 

C%a) T - (2n - 1) (2n - 3) ... 1 

2n 2n(2n - 2.) ... 2 2 " 

..... ^ 

For ■'■ V ■ odd , v = 2ii + i ^ we obt^n 

(5^) ' T - 2nC2n - 2) .4.2 - 

.'. • ■^2n+l - (2n + l)(2n.- 2) ,.. 3 * 
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" From (5a). and (5'b) inhere" can be obtained a graceful represen- 
"tation or ^ knovn as Wallis's Product. Observe that 

' "° ■ ■ E- - 2^ ^^"^ 6^ ' (2n)^ ^2n - ' 

2 l-5-'3-5'5-7*" (2n- l)(2n+ 1} " 

V+1 



vTTov, since 0.< cos x < 1 on [O^^] we have cos . x < cos x for 

ail V so -^that . I . ^ < I . It follows that < lo < V 

2n+l — 2n — , 2n-l / 



and since T 



'v-Hl — V * •* 
2n -4- 1 - 
2n-l ^ 2n ^2n+l ^ ^^^^ 

■ ^2n-M 



•From the Squeeze Theorem (Theorem 3--i+f^ Corollary 2) which is easily 
extended to thirs kind of limit (the epsilonic Droof i^an exact parallel), 

-w^ obtain lim — = 1 ^ whence . ^n.^ 



^n-c» -2n+l 



2 



1-3 3 5 5 • 7. ' • 



where by tHis infinite ^product, we mean simply 



Inn I . 



JiL ^ (2n)^ 1 

3-5 5 • T *** C2n - l)(2n + 1) J 

— L (2n)l J 



= ■ lim 



The verification that the tw"© expressions in these limits are equal 
is left as an exercise. > 

Wallis's Product is not useful for estimating or , but it will 
be ,used (Chapter 13) to obtain Stirling's asymptotic formula for 
ni • ' ' . 



John Wallis (l6l6 - £703) ;-^nglish. 



575 



: 21 



Exercis es .10-6a - 

" — : ■ - L 

Evaluate the rollowirig deTinite integrals: 



U ■^;^T79^^ • • Jo — 

2. b e dx - , 7. I sin^ 

J 1 J 1 X + 



a > b > 0 



b cos X 



X cos"^ X dx 



2 ^ 
X dx . 



sin X d::^ , "(m , a positive ' 9 . I Vb - 
O integer) . - J ^ 

sin^ -X cos^ X dx , 10. ^ 1 

(m, a posi-tive integer) . 



I ~2 2 2 ^ 

}-n/h ^ '^^^ e + "b cos^ 6 

a > 0 , b > 0 t 



d0-. 



r-a . . C 0 

12-.^ Compare | f(x)dx with | f(x)dx when f is even or odd to 
, , . J O . - J -a 

derinre the resiilts (l) and (2) of the text by a method other than the 

one you employed for Exercises 6-14-. Kiimber ^. 

f 

12. Prove if f ^ is integrable and periodic of period p j then for all. 



a and Td 



{a+p TTd+p 
.. fCx)dx = 1 f(x)dx . 

Jb 



-^13. Prove that If n > 2 then 



dt - 

J.0 



^-Lh. Prove that I' ^ ^i^x) ^ ^2 

COS x\ 



J -TT 1 + CC 

1, Show -ii- -!if- '-(an)^ V -1 rg^"(n-.)^ 1 

3.5. Show j_ . 3 . ■ — ■ - ■ (2ri - l-)(|n + 1) = 2n + 1 [ (2n)! J 



l6» Iteteniiine tbe value exact to two, decimal places, of 



I 



sinCji Xog x) 



dx ■ . 



17. Evaluate 



f • ^ IT 



2t 



dt . 



A 

(Hint: Express the inte^grarld as the sum of a symmetric part and an 
integT-able part.) . , , 



\ 
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- (i'ii) Improper integrals. Often a problem requires 'the evaluation of a 
definite integral over an- interval ;^here the integrand iiay be- discontinuous or' 
xmdefmed at isolated poiirts . For example, in Secl^ipn 9-3Ci) we sought to 

r^O ' ' 

evaluate 1=1 . log N dN . Although: log.N is not defined at ^ N = Q ,anS - 

is even unbounded in any neighborhood of 0 we found it perfectly reasonable 
that the integral should represent a definite number I = log N - N 
.(Exercises 9-3, Ho. 1^) . We gave the synbol l' a numerical value/ but^in so 
doing we de>>ned something nev. - On tvo scores,, we cannot describe I as a 
Thiemann ;i:lrtegral: . the^ integrand is not defined and it is not bounde'd on the 

• /• N ' 

interval [0,NqI of ^integration. Since 4 ° log N dN exists for 

O < X < it is appropriate to define the integral from 0 to. 



Lim 1 ^ 
c~0 J X 



I = lim \ ° log N dU . 

X- 




More gene^rally, let f be a^ :function which has discontinuities on 
the interval [a,b] . We say that the integral of f over [a,b] is 
Improper. ^- We shall anteirpret such an improper integral as a limit, as in 
the cited example, provided the requisite limit exis^ts . For this purpose ' 
we use the idea of right- and left-sided limits (cf. Exercises "iTo. 16). 

Let 0 be defined on a domain which contains the 'open interval (a,b) . We 
consider the function 0 which is the restriction-sof the function 0 to 
(a,b) and define the right-sided llTm--)-. of F at* 



lim SZl(x) = lim 0 (x) 
x-a"^ x~a 



as 



and- the left-sided limit of 0 ■ at b , similarly, as 

lim 0(x) = lim 0*(x) , 
x~b- x-b 



Now, let f be integrable overly closed subinterval of (a,b) and let | 
be any point of (.a,b) . We introduce^ the- function 0 defined oxi (a,b) by 

. ' . ^Cx). = j" f Ct)dt . 



We define the generalized integral of f over [a^b] to be 



578 



EJJC . 21 



10-6^ 



(1) ' " I = lin jZ5(&) - lim 0(a) 



-=. lim^V : .ftt)dt + Lira ■- I f"(t)dt , 



provided the lini'ts exist, and the Integrals ^n (l)'are defined in the sense 
of Section 6-3. ✓ 

This new defini.'tion includes the Hiemann integrals- defined earlie,r - 
(Exearcises 10-613, No. la) and exl^ends the concept to include cases not covered 
by Definition 6-3- ^ 

Example 10-6r> Consider the arclength L of the upper half of the 




/ 2: • 
unit circle y ^ vl - x for -1 < x < 1 . From the definition of arcleng-bh 

of Section 6-3(i"v)^ 



L = I = dx . 

j-1 r- 



This is an improper integral; the int^rand is discontinuous at ]jpth ends and 
it is iinbounded • To evalua.te the int^gr^l-ve apply the basic integration 
Fornmla (8) of Table 10-la and obtain 

L = lim ' arcsin P - lim arcsin a • 
• P~l" . . a- -1 - * ■ . 

Since arcsin is the' contirruous inverse of sin vhere the domain of sin 
is restricted to [-iT^l] y 



as ve -expect- from geometry.. 



2 



This argument may appear trO assume whet is to be proved since sin and 

arcsin v-ere introduced geometrically. However, in Section 8-5 and Appendix 

8 these functions were defined pTor^ely analyt^ically * Since sin is everywhere 

defined and continuous, and since arcsin is increasing on the open in-terval 

(-1,1) , it follows that arcsin is defined anS continuous on the closed 

int^erval [-1,1] . From the definition of ;-jr , Formula (9) of Appendix 8, 

. . 1 
T = arcsxn , r 

^ r ^ ' - - . 

it was shown wi-th the aid of the addition theoreSLS that 



— = arcsin j_ 



Since sin is an odd function (Exercises 8-5^ I^o- H) "^t. follows that 
arcsin(-l) = and' the argument is completed. In this way we finally establish 

the connection be'tween the analy1:ical and geomefe^cal conceptions of tihe 

circular f imctions • . 

^ - 579 ^ • 
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IS' Exrercises 9-3, Ntmber Ik, by a geoiae-trical argument, it was suggested 

log H" dx could be accom- 
O ^ 

plished in terras of another kind of improper integr^. 



1=1^ " e^dx . 

J —00 V 

This integral is naturally defined by ■ • ' 

log 

I = lim I " e^dx 



— CO J 1 



and Is easily evalua-ted. ^ 



Example 10-6£» Consider 



n 



1=1 ^asTe-^d^ • 



It^s not ©"bvious that the indicated limit exists but ve may obtain, the 

indefinite integral = J"x^e"^dx using integration by parts and explore 

the question of existence after%^ard» Setting u = x^ ^ dv e^'^^dpc and 
integrating by parts ve obtain the " re cixrrence relation 



= -X e + nJ ^ y 
n • n-X 



whence*, = 0(x) + where 

0Cx) ■= -e-'^tx^ + nx""-^ + n(n - Dx^'^ + ... + ni] 
Now, by Lemma 8-3^ . y 



Cons e quent ly 



lim e ^x^ = 0 . 



I = lim- 0CP) - lim-5^(o) = nl . 



Thus we obtain the representation 



J CO 
n -X , 
X e dx , 
0 



5SO 



interesting because it suggests the^ possibility of extending the definition of 
the factorial 'function froni the domain of nonnegative integers in a sinple way 
of a function on the domain of all nonn'egative real numbers • ^ 

With these examples in mind ve ex-tend the definition of integral as 

follows. ' * ...... ^ ^vi?r" 

DEFINITION 10-6 . Consider an intec^^gl (a,b) , a pari:ition 

[Xq,x^, . • . _,x^ } and a function f >i!ntegrable over evsTy closed 

sublnterval of (a,b) which contains no points of the partition. 

Here we also include the possibilities that, a = x^ = -oo or^ 

that b = X = oo . 
n 

The* integral (in the extended sense) of f over [a,b] is defined to be 

where- each of the^erms of the ^sim-is defined by (JL) , and ^each of the ind-lbat^d 
limits exists-. To comnlete the. definition we define - - - 



a 

ftt)dt = O"" 

a 



and if b < a ^ 



^ f(t)dt = f(t)dt , 



'a 

provided \ -f(t)dt exists. (Compare Definitions 6-ifa, b.) 
b ^ ' 



. If • a =^ -oo , or b = oo or any o^' the partition, points x^ is a point - 
of discontinuity of f we. say the integral is improper * ' , 

The basic theorems for Riemann_ integrals also hold for integrals in the 
e:ctended sense: ^ . - 

■ (a) If ^ f and g are integrable over ^ [a^b] in* the extended sense, and 
f(x) < g(x) , then .* • * . • ^ ^ ■ 



Sb r-b 
f(x)dx < \ ^(x)dx 
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(Theorem S^ka,) . 
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(b) li* a , b' and c -are points of an 4nterval over vhich f is 
integrable in -the extended sense, tlien 

f(x)dx. + ^ f(x)dx = j" r(x)dx 

■ ■ ■ • ^ ■* \ • • 

(Corollary to Theorem 6-iib5 . . ^ \ ' ' 

(c) ir f and g are . integrable over [a^b] in the extended sense. 



STccPCx) + pg(x).] = orf -''f(5c)dx + 3-f ^ s<x)dx 
, a J a ■■ I J a - 



( Theo r em -6 - ifc ) . 

(d) Let f continuous (a,-b) and integrable over [.a^b] . On 

the domain consisting Jjf. an open interval I with eadpoints • a 
and 3 Cve permit a > e; , let g be continuousnVfdifferentiable. 
If the -range of. g/is in , (a,b) , and lim g(t) = a and lim g(t) = b, 

■fchen 



\ fg(t) g'(t)dt = \ f(x)dx . ' • 

(Substitution Rile, Theorem -10-2* ) 
The proofs of C*^)jCd) • are, left to Exercises 10-6b, Number 2. 

' - * i . ^ , . ' : ■ > 

In /general, we write the symbol- ; f f(x) first and -question its signifi- 

■ • , ^ ' . - J. a - ■ 

cance later. If each orvthe indicated* limits' in ■ (2) exists we say that .'the 

integral converges on that it is a convergent integral . If any one of the ? 
-Limit; s .J. ails to exist, the improper -integral is called divergent . It should 
be kept in miiid that a divergent inte&ral is not a number; it is a meaningless 
si^-mbol, and operations with meaningless symbols are likely to lead to ^meanihg- 

less results. For example, I ^ -2 . 

Only afters it is proved that an improper integral is, convergent ' can we' 
rely on the results of computations in which the integral is involved. We^ 
. need criteria to determine whether -an improper integral converges or 'verges. 
One of the most broadly useful criteria is comparison with a nonnegative test 
■ function for w^hich the integi^l is known either, to converge or diverge. 

■ O • . . - 582 , . ■ ' 
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THEOKm 10-6a . Let f Riemann integrable over every closed suteinterval 

of (a,'b) ^ If !f(x)| < g(x) and f g^x)dx coverges, then 

' J a • 



S 



b 

f* ( x) converge s . 



CoroT 1 az-y . Let h be Riemanji integrable on -every closed subinterv^l 

S' ~ ' b ■ r b 

h(x)dx diverges, then \ f(x) 
.... ; ^ ■ ■ : ■ 

diverges. " - ^ 

The proof t>t the -theorem is given in Section ALO. 

^ . Since f is Riemann integra^ble in any closed su^b interval . of (a,'b) , 
tlie comparison "betveen f - and the test fiinc^^ion g may he restricted, .to any 
one-sided neighborhoods of the endpoints^ {See the proof of Theorem AlOa • ) 
One 9f the most ' useful test functions is the pover function 

'A " ■ 



g : X ' 



(x - a) f 



THEOREM ia-6b. ' The integral 



s 



^ dx 



3 

1 



I a fx - a 1^ 

converges if p < 1 and diverges/ if p- ^ 1 

We prove th^ - case for a <* b / " .. 

Proof. For a < a < ^ % 

pi- [Cb - a)=^-P - (a - a)^"^] for p ^ 1 , 



s 



dv 



a (x - a) 



P 



lo^ (h a) - log (a - a) for p - 1 



Also, liia. (oc - a)*^"^ exists if p < 1 and does not exist if P ^ 1 , 
O^a 

... ' J 



and l±m^ log (a - a) does not exist. Thus,_ since 



0^ 

-the theorem * is proved.. ^ — ^ ^ 
Example 10-6h , Consider again 

I = f — ^ dx ^ 



2 

X 



(Example 10-6f ) . For -1 < x < 0 ve have 1 - x > i , thus 
can be. shovn to com^erge, and we conclude- that I convergefe by Theorem 10-6bV 



' ± ^ ^ 1 - f Q 1 " * ri 

~~ZZ3I ^ TTp . and I ' dx converges* Similarly, I 

-^ 1) /2 J-1 ^^-7^ • Jo 



Implicit in> Theorem 10-6b are the conditions' a -« and b 7^ co ^ other- 
wise the test f\mct.ions' ^ — .and ^ would not be defined/" 

(x . a)^ (b ^ x)P 

need similar criteria for unboiinded inteirvals. 

THEOREM 10-6c . The integral ^ . ' ^ 

I ^ 

3 a ^ \ ^ * . v 

converter: if p >^1 and diverges if p < 1 '. . . 

The priji:" is left as an exercise (^excises 10-6b^ jJTo- 6). \ 

Example lQ-6i > Consider . ' 

. ■■ ; 

For u > 0 we have from Section 8-6, C3)> > 1 .+ u > u ; consequently. 

-u 1« 1 J ' ' • 

e = — < — It follows that- r. 

e - 

* , -- 

■* ^ 2 

- ^ -.^^ 

X^ ' , 

x^ /2 - p 

^•^or all X . Taking f(x) = e" ^ and gCx) =. we conclude from 

• ■ xr ' 



dx 



10 

• 



SCO 2 / " ' /• -1 2 / • 

' dx and I ef^ dx converge. . -ilence 

5_;; e-V^ dx = e-^/-"dx . J e-^/^ dx . e-^/C 

converge. The indefinite integral of e cannot be given in teras of 

"elementary fimctions, bu-t ."the integral over can be computed in other 

ways and is known to be v^27r . 

* 

^ More refined tests than comparison with power fiinctions. may. be necessary 
on occasion. ^ — 

\ \ ■ - 

Ebcample 10-6j . Consider 

" — ' ^ r " ' 



■s: 



log siji X dx . 



The dirricTilty here occurs at x = 0 . However^ since sin x behaves like x 

near x = O and we have evidence -that I log x dx converges (Exercises ^ 

, ' Jo 

9-3>-I^o- have reason to believe that I converges^ Fpr the proof we 

observe for x in [O^^] that 

■ . ^ 2x 
^ sxn X > — 

(see Exercises 10-6b, lTo^l3). ^Since log u iLs negative tax u <1 and 
^log is an increasing fxmction^ we have ^ 

[log sin x( < .-log — = log - log X . 



Now, integration by parts yields 

log X dx = x(l - <log x) + C , 



sind 



- 



-lim x iog X = lim x log — 
• ■ x~0 ■ x~t) 

z . 

- O . ' 

. ■ • • • : ^ I 

2x. 



■as^we know, from L enma 8-3. Thus, taking g(x) ^ -log as our test function 

and applying Theorem 10-6b, we establish the convergence, of ^ . 
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Exercises 10-6b 



A 




1. (a) Let r be Riemann integrable over [a^b] . Show that the integral 
of f in the seilse of (l) exists and is equal to 'the Riemann 
integral .^j ^ 

C^b) Shov that -if -f is continuous on' (a,b) and the limits liin f(x) 

f ^ 

and lim fCx) , exist, then \ f(x)dx exists in the sense of (l) . 
x~b" J a , ^ 

2. Sho'« that the basic theorems for Riemann integrals hold also for integrals 
in the extended .sense: ' , — 

\ 

. (a) If f and g are integrable over [a^b] in the extended 



■f (x) < g(x) , then 



^^^^ f(x)dx < J 



b ^ 

gCx)dx . 

a 



(Theorem 6-4a) ♦ ^ ' ^ 

(b) If a , b and* c are points of an ini^rval over which f is 
"* * ■ " 

integrable in the extended sense, then 



J f(x)dx + f(x)dx = -f(x)dx 



(Corollary to Theorem 6-^b) . , ■ ^ " ■ 

(c) If f and . g' aiae integrable over [a^b] in the extended sense, 
then . 



^ [oifCx) + Pg(x)] = ?(x)dx ^ J' 



(x')dx 



a ^ a . J a 

(Theorem 6-i;-c) . . ' ■ - " ^ - 

(d) Let f be continuous on (a,b) and integrable over [a,b] . On 

the domain consisting of an open interval I with endpoints Ct ' and 
p (we permit a >'3) y let g be continuously dif ferentiable. If 

^;he range of g is in (a,b) , and ' lim g(t) =a and lim g(t) = b , 

^ ^ . t-a ^ 

then' 



t~e 



J a 



fs(t) g'(t)dt = I f'(x)dx 



1 



(Substitution Rule, Theo: 
tion of existence for tMe 




) . .The proof requires the demonstra- 
n the left. 
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For ^his purppse it. is convenient to introduce the concepts 
r "neighborhood of infinity"- and "neighl^orhood of minus infinity." 

/ A ne ighborhood of oo is-' an open ray of the form {x : x > a) • 

j * 'Similarly^ a neighborhood 2£ . Zf^ a ray of the fonn Cx : x < a} 

f ■ ' ■ 

J* For a neighborhood of co or' -<» . the neighborhood and the deleted 

neighborhood are the same. Furthermore a neighborhood of « is a 



left-sided neighborhood; a neighborhood of -«> is. a right-sided 
I , ' . neighborhood • We now extehd trie meaning* of . 

Xim' f (x). = b / \ _ • 



'I 

.1 ■ - /. , ■ x~a . 

i so that a and - b may not be real numbers but oo ^ or ; that 

J ^ is, every 'deleted neighba?Ehood of a contains points of -the domain 
/ of and for each neighborhood J of b there exists a ^deleted 

I neighborhood I of a wherein f maps the points of its domain 

I ' into J . ' " • 

3^ Prove- the corollary to ^Theorem 10-6a* . ^ 

Prove Theorem 10-6b when a > b- . • - 

■ ' ' f ^ A " • - . • • ■ 

5. Prove that I dx con-verges if p < 1 and diverges if p > 1 

J 0 [x - aP ' ^ -i-; ~ 

6. Prove Theorem 10-6c. 



7- Test for convergence and divergence. 



• ... ^ Jo-^ 



^ dx 



o. Evaluate- those of the following improper integrals "which converge i 



(a) 



-J -2 V(i; -'x)3 ^ ■■ J .0 VI - cos 

1/m ^ " 

" , - > 0 . ■ (.e) 1 • 

^ . .. . log.^ X dx. , . ' ■ (f ) ' 



Ci,) ^ , m > 0 . ■ Ce) 1 (ax b)^ e"^ 

/2 ^ 
•/a «- X 
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$** n-1 -ax * 
X e dx;a>0;n, natural number. 
O ^ '■- 

s: 



(i) 



S°° ^ / x - 1 dx ' • / 
.j_ X + 1 X . 



a -/(b - xj (x - a) 



9. De-termine vhether or not the following integrals are convergent and 
evaliiate when practical. . , ' • • * 

(a). ("4^^- (g) r dx 

J'l x^ + 1 j 



(b) I, i2£i^^^ ■ f ^^'ix 

yix-"^ + x^ H- ij 

(e) ■ 

J 1 tVlog t . J 



(d> 



° 72x^.-2x3 - x^ 1 



10. Consider 



^ .- -ibg^xdx - ■ - ■■■ • (^y J 



— dx. 
0 -/l - cos X 



0 



cos X , 
dx 



cos X 



I = 'V|H(x7 I dx 



vhere- - rCx)* 'Is a rational runction, RCx) -=. ^^^^1 ^ vhere the polynomials 
■.P(x) and- Q(x) have no common factors -and" Q(x) Jms dnly simple roots'.- 
Determine the conditions xmder which I converges or diverges. 
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II* . Test for convergence. 



J 1 X log X s J 

( ^ — ' (d) f 

' J 1 x(log x) » - . J 



X log X 



e JcClog x) 

12 J Using estimates in the manner of Example 10-6i, obtafi-n an , upper estimate 
. - of ' 

^ , \ /2 dx . • 



EKLC 



r ■ ^ 

13. Complete the demonstration of Example 10-6j that -I log sin x dx 

J 0 ^ ^ 

converges by proving , * ' . 

• J^, sin x>^ 0<^<f 

(Hint: sin x is flexed dovnvard on the given interval) • 

1^. Give an example of a fiinction f which is Riemann integrable over every 
subinterval [a^^b] of (O^l) and fog which the integra3>^ are bounded , 



$b 
f Cx)dx < M , ^ 



-yet which is not itself integrable. over [0,l] in the extended sense* 

^ r b 

15* Prove that .if . f . is continuous on, Ca,b) and if- \ |f (x) j dx exists, 

then \ fCx)dx exists. \ ' 

16. Show that if the generalized integral defined by (l) 'exists, then it is 
independent of the choice of | . . 



4 



*17. Verify that -the value of the integral in the expended sense is not 
affected if additional points are included' in the partition used in 
Definition 10-6. 

18. A function f is said to be piecewise continuous on Ia,b] if there is 
a partition -. {Xq^x^^x^, ■•,x^.} of. the interval such tha,t' f is .con- 
tinuous ' on' each open subinterval one-sided limits, 

.lim f(x) ,.lim_^f(x) , exist (i =' 1,2, 3, - - • ^n) • Show that f is" 

X-X . _ X-'X , ' . . . • 

i-1 . ^2. ■ ^ 

integrable in the extended sense • 

• ■ ■ ' " 2^r^ . 
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IO-tJ* Linear r)'i •^•f'^^^BiBHPfc^'Suations or First Order, 

The theory .or dirrerentiaj. egoi^itiona is. rich, deep" and fascinating, with " 
ranjiri cations spreading far into mathematics and the sciences. The calculus 
lies at the. beginning or this theory*. A differential equation defines a class 
of functions, its solutions. We adopted this point of view, in Section 8-5- to 
defijie^^the circular functions vby means of the differential Equation 
p u f u = 0 . The solutions of differential equations form a far broader 
class of functions than those encountered so far. In th'i:s section and the 

- ,nextj^^ we shall consider only such equations as may be solved in terms of func- 
tions we know already, elementary functions and" thewLr integrals. This is a 
seriouG and artificial limitation i Still, the few basic types of differential 
equations' we shall study, for all their simplicity, ^re quite versatile in 

^ application to the sciences and mathematics. 

The principal concern of this chapter is the integration of the simplest 
differential equation, 

m 

(1) ■ ' ' * I>u = f ^' 

where f is given, and the function u is to be determined. In Chapter 9, 
although* the equations had diverse scientific origins, for the most part .they 
we^e. of the simple .form - . . 

(2-) - Du = a + bu + cu^ 

where a b and c are constants, with various interpretations of function 
u and the constants a b , c It^ was* this basic similarity of mathematical 
structxire wTii^ch ^served as the unifying thread dSNifcat chapter. In this section 




we consider the differential equation - 

:f3) ' ■ " : : Du + p . u -= f ; or ^ + p(x)y y f (x) , ' ' 

for all X in the domain of ■\u. ,^ 

where y - u(x) and -p and f are given continuous functions. This class 
of equations includes the type (l) ^p(x) = o) , but includes only. those 
equations of type (2) for which c 4 0 , with constant coefficients f(x) = a . 
p(x) = b (see Exercises .10-7, Fo. 2c).* 

It is convenient to introduce the idea o^^.a^ differential operator which 
maps a different iable. function onto another function (thus a differential 
operator cbxi be considered as a function on the domain of dif f erentiable 
functions).^ For our present purposes, we need not define the concept of 
differential operator in all generality* We merely point out that for the 
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difreren-tlal operator given by 

(3a) L = D + p : p — 

Eqiiatlon (3) can be vrltten in the forpi 



(3l>) 



■•l[u1 = f" . 



+ p . 0 , 



For. example, the operator l[u] =^Du + p 



u 



u(x) 



into 
2 



r 2n 2 

LLx J = 2x + X sin x 



where p(-x*) = sin x takes 
Hence uCx) = x ' is a solution or 
l[u] = 2x + x"^ sin x . The problem posed by Equation (3) or (3b) is to find 
those functions u which have r as their image under L . The operator L 
of (3a) and the Equation (3b) are called linear since for any linear combina- 
tion of functions ^ and ^ in the domain of. L ( dif f erentiable functions), 

L[a0 + = aL[0] + PliCAlr] . 

The operator and equation are said to be of first order since the expression 
for L[0] involves no derivatives of <f> of order higher than the fi^^st. The 
^function f 'in (3b) is called the forcing term^^^-^ ^om physical applications). 
If the forcing term is zero the equation is said to be homogeneous - The homo- 
geneous equation L[u] =0 is called the reduced equation of L[u] = f . 



(i) The reduced equation ^ The solution of (3) begins with the -reduced 
equation . ^ " ' . • . 

(14.) ^ - . DuV^p^ja = 0^ 

This equation has the solution u = 0 , the so-called trivial .solution. Now : 
suppose there is- a nohtriyial solution u c3f (4), which ife nonzero at the 
point Xq ; i.e.> y^ = u(xQ).y 0 * Since u is continuous it must be 
Abounded away from zero in some neighborhood of. x^ (Lemma '3-^) • Wherever y 
is not zero we may divide by y y hence on some interval a nontrivial so2nition 
of .(il-) must satisfy 

= I- ClogIy|).= -p(x) . ■ ^ - . 

, ' . y dx dx '^^^ 

*■ 

On integra-ting from to x , 



■we find 





pft)dt ; 



To satisfy the differes:^al eq-uation, u must' even be d Iff erentiable. 



/ 
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thence, 

(5) 



y = u(x) = y_ exp 



Formxila (5) tells us what form a nontrivial solution of the reduced 
equation must have if , one exists in a' neighborhood of » Now we observe 

that C5) defines a function u : x on the domain of the given continuous 

function p ^^^^ that the function u so-defined is a solution of the , differen- 
tial equation on this domain: 



d^ 
dx 



~ dx [^0 



exp . 




p(t)dt 



i] 



= exp I - J p(t)dt|j (-p(x)) 



= ^pC^)y * ' _ 

In. particular, the initial value problem for the equation of unregulated*, 
growth or decay - " ^ 

/ " .. . = cy , y = y. at x' = 0 , 



^]iere , ^ xs constant, has* the unique soluti 



xon 



y. 



y = y^e 



CX 



as we proyed before in Theorem 8-5a • 



Cii) 



• The initial value problem for the reduced eguationt In applications. 



Squation (k) typically describes the 
Sections 9-2, 3 with a constant functio 
^qation was used to describe pro; 
involving tide variation one' of t 
and describe the future states of 
^or phenomena governed by the dif f eren-6ial equation C^), this question takes 
tiae form of the initial value problem : given the initial state y^ of the 




ion of some quantity with time. In 

X ma. , for exainple, the' 
growth and decay. For phenomena 
gnif ica'ht questions is to determine 
.n terms ^gf a present initial state* 



system at time , what is the state, y ^of th^ system at any later time 



10-7' 

The associa-bion of a mathematical initial value problem vith a physical 
problem leads to mathematical criteria of significance: the initial-value 
problem is said to be veil - posed if it satisfies the following ^ conditions, 

'(a) A solution exists (there is a^^,,fXi"ture) . ^' * 

(b) The solution is unique ( future" states are determined by the present 
state) . 

To 'these conditions it is usually appropriate to add a thi-rd. 

(c) The sol\r&ion depends continuously on the initial data (minuscule 
causes should not produce immediate enormous effects)* 

We dp not emphasize condition (c) here since it vill follow from the e'xplicit 
solutions of the equations we shall treat • 

It is quite reasonable to look backward time and inquire about the 
earlier behavior of a system which produced ap'present state (e.g.. Exercises 
9-3^ No. 12). F^r the pixrposes of mathematical analysis it makes no signi- 
ficant difference whether we are seeking a forward or backward solution of a 
differential equation; that is, the parameter fc^jj^time may be denoted by x 
or* -X., indiff ereri^fly . The mathematical -oncept of initial value problem 
includes all problems in which an appropriately described state of a system 
is ^given for one value erf a parameter — not always time — and the variat"ioh of 
the state of the system in some parameter interval containing the given value 
is to be determined. • * ^ 



(6) 



The ini'ftL'al value problem 

Ix[u] = Du H- p '-U - O 



in which u is to be determined as a solution of the differential equation 

L[u3 = O subject to the initial condition u(x^) = y^ is well -posed: the 

O ' O - , 

solution given by (5) always exists; it depends continuously on y^ ; and as 
we shall prove next, .it is unique. - * 

THEOREM 10-7 * If p is continuous on an interval I .containing the point 
x^ , then the initial -value problem (6) has ^exactly one solution on I 

X ' ' ' • 

Proofs - We have already verified that (6) has the solution given by (^)^ 
In order to prove uniqueness we employ t^e method of Theorem 8-5a-. Let u be 
any solution of (6) within I on ari interval containing x^ , and set 
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where - . . 

felnce v(x) > is defined on -bhe interval ^common to the ^domains of u . 

.and V . At the initial ^oint x^ , we have 



y 



o 



and we shall show now that w ' \is a constant fiinction, w : x ^^q' ^"^^ 

entire domain. Differentiating ,( 7) ' we obtain (6) ar^ (8) . 

v«(x) ^ u^CxK(x) - uCx)v^(x) 

? - V = r-pCx)u(x)1v(x) - Ufx)-r^p(x)v(x)1 

^ • - ' = o . - ^ - - V 

Thus tw must be a constant function. "Since w(xq) = , we* conclude th^t ' 
^ — ^ ^"^^ domain. The funct^ioh u is given by Formula (5) since 

The f\mc-tlon v defined'^ -bf-. (8) is called a . f\indamen-fcal solu-blon of (U). 
(There Is a fvindanien-tal solu-tion Tor each choice of x^" .) Any solution u 
of (li.) is a cons-tant; mul-tiple of v namely u = consequently "the 

family of solutions given by (5) is called the general solution of (4) . ' Since 
the fundamental solution is evezywhere positi-u^ve conclude that a solution 
must be everywhere positive, or everywhere negative, or identically zero. The 
fundamental solution v clearly increases vhere pCx) < 0- and- decreases where 

p(x) > O ; it is bounded if^ and only if f . pCt)dt is bounded below; it 
approaches a constant st^te, that is,, lim vCx) exists, if as x approaches " 



S 



X— » 



^^^^^p(t>5t either converges or approaches infi^ty. Since any solution 

u is proportional to .the ftondamental solution, the "corresponding properties 
of u are linmedlaxely given 
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Example 10-7a . Consider the differential equation ' 

ly'-y-^sinx-O*. . ^ 

He« p(x) = -sin X , and for x^^ = O 



- ^ p(t)d-t = J 



X 

sin t dt = 1 - coj 
0 - 



0 

The fundamental solution is then 

v(x) = expd - cos x) . ■ 

Clearly, v is periodic with period 27r , increases on the interval [0,rtj 
and decreases on the interval '[ir,27T] . Its maxiinum value vC^)^= e is taken 
on at the points x (2k + l)7r , its miniirmm v(0) = 1 , at the points 
X ='2kjr , where . k -is any integer. 

(iii) The nonhomogenedus egxi^ation . The solution of the' nonhomogeneou-s 
equation (3) is intimately .related tp the^ solution- of the reduced equation. 
If u^ and u are any solutions of the nonhomogeneous equation L[u] = f 
t."hen their difference u - u^ is easily seen to be ' a solution of the homo- 
geneous equation ■ L[u] = O (Exercises 10-7, No-, 2a,). Consequently^ given any 
solution z of (3), the general solution u can be written in the form. 

(9) . • 1^ = z + cv ^ . 

where c ' is^- a constant and v is a fundamental solution of -the reduced 
Equation (A). Thus to obtain all solutions of (3) have only to find 'one 
solution z y a particular/ solution » of L[u] - Jf y and a fundanv^ntal solution 
V ■ oC the reduced equation. f - - - - 

From Equation (9) ve see again thai: the solutions of (3) form a one- 
parameter family; a single condition will serve >o determine a value of the 
parameter c and a member of the family. Specifically, the initial value 
problem ' " . 



(10) 



{L[u] = Bu 



0' t 



is solved by (9) with c = 7 v — for a particuJLar solution z- defined'" 

, ' >vCXq) ' 

in some neighborhood of x^ 7-provided such a solution exists. Furthermore, 

this solution is unique for if 2^ and z^ are solutions of (lO) , then 

.1 ^ * 
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^ = - z-j^ -solution of the initial value problem 

■ ^^^S- ^^^^ " ° ' ^^""o^ = ^ ^ 

fitnd therefore *^^^cust be Identically zero; whence, 'z^ 

^ . To show ^that the initial value prolilem (lO) is well -posed we need only 
demonstrate the existence^ of a particular solution. For this purpose we apply 
-an elegant device^ the so-called method of variation of parameters, which 
applies to higher order linear equations as well.^ The general solution of* r 

. the reduced equation is c v(x) where v(x) is the fundamental solution. 
We seek a solution of the nonhomogeneous equation by "varying the parametei^'; 

^ that isi we replace the constant c by a function c and seek a particiilar 
solution of the nonhomogeneous equation (3) in thfs form 

(11) - . z = c . V 

Taking the derivative in (ll) we obtain 

,z*-=c'*v+c-v'. 
■ In ,-Wiis relation we insert the conditions ^ ^ • 

-2*=f-p.Z,v'=-p»V 

from Eqaaations .(S) aniS (h)^ respectively. ' This yields 

v(x) 



whence 



For each'^ value of k "this formula" shoxild define a particular solution of the 
form Cll) and "for simplicity we take ■ k .= O . From Cn) we then obtain as our 
candidate for a particular -splution the -function z given by 



(12) • . z(x) = cCx)vCx) = vC») 



4J^ 



dt 



It follows directl3£,on differentiation that the function 'z defined by (12) 
is a solu*tioh of- (3) on 4he 'commoiT^terval of continuity of f and p 
(Exercises 10-7, No. U) . From (9), the general solution u " of the nonhomo- 
geneous Equa.tion (3) may be expressed, in thC form 



. The general method was invented^' by J.L* Lagrange (I73^l8l3)\, a French 
mathematician who contributed greatly to analysis and mechanics* The method 
^for first 9rder equations was given in 1697 by John Bernoulli (l667-17Ji8) 
, Swiss, one* of the most important' early developers of analysis. ^"^ 
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,(13) -/ • • u(x) =v(x)[c4- l"^ 77TT<3t] ; 



. r ■ fCt) 



here c is constan-b. Tiiis Is an explicit solution in ttie sense that i± is 



:hat 
i^^Pl tl 



expressed in terms or integrals of the given functions, but in gen^^Pl these 
integrals cannot be expected 'to have representations in terms of elementary 
functions, ' ' r ^ 

* Example 10-Tb . Consider the differential equation for y = u(x) , 

4^ ' ^ ' • 

^ ' ■ -bx 

^ y* ay = ke , 

.. where a , b and k are constants. In the notation of Equation (S), 
p(x) = a and f (x^ = ke"^^ - Take x = 0 in C^) to obtain for the funda- 
mental solution ' 



In the general solution (13) set 



v(x) ^ exp| (-a)'d-b| .= e"^ 



We distinguish two cases. If a = b , we get l(x) = kx and the general^ 
solution u is given by • ' . 



-ax 



' y = u(x) = v(x)[c /.+ I(x)] = (c-> kx)e 

k ( ' b^ ^ ' * . * ■ 

If a-?^ b , then l(x) = ^ _ ^ ,[e^^" - l] -and here the general solution '.is 



■-ax J 



■ ^ . -ax . k -bx 

^ = Ae. + 7- e 

^ ' a - b ■ ^ 



where -A = c - r- is constant. 

a - b 



For the particular solution of (3) vhich satisfies the initial condition 



u(x^) = Yq' obtain uCx^) = vCo)[c + O] = c or c = y^. . ThUs the 
explicit solution of the initial value problem (^^^ is 

ERIC , 



10- T 



where 



vCx) =. exp I -J p(t)dt I' . 



Thus we have established that the initial value, problem (lO) is well-posed 

•Example 10-7c. Consider a circuit consisting of a resistor and' a coil. 
subjected to an electromotive force, (see Figure 10-7) . ' Let the resistance 
be R , the inductance of _th^ coil be L and let' the electromotive fS^ce 

be E = g(t) . ■ We shaXL consider 



R ' 



both constant, and variable E . From 
Sxercises.9.3, Number 8, Equation (5), 
the current I *:= u(t) satisflj^s the. 
dif^rerential equation 



(15) 
where 



If- ^ al = f (t.) 



Figure 10-7 



Equation (l^) is. a linear first order, equation of the Form Xs) with x ' : 
replaced by - t;. ai?d..\ by i ^.;.For the general solution of .X- 15) we have 
from C 13) . ' . . - •• ■,' • 



(16) 



-atp . 
I = e [c + 



1 



We now consider some or . the problems which were left as exercises in 
Chapter 9* 

(a) Consider the. behavior of the circuit if, the electromotive force is 



shTonted out of the circuit at^ t '= 6 wherf the cirrrent-is" I 



Then 



for 



> 0 , E = 0 and 



I is given by the solution of the initial 



^/alue problem f o^ the homogeneous equation; namely. 



r 



^ = ^o-"'^ = ^0- 



-Rt/L 



The current- decays e:?cppnentially to 0 . The half -life t = — log 2 

R 

increases with L and det:reases with H . In the limit of* aero- 
resistance the current is maintained - consl^ant at ♦ What happens 

in the limit of zero inductance^ Tj 



10-7 

(t)) Le-b the electromotive force E be constajxt r^om t = o \ on-. If 
the initial cxirrent is ''then the circuit "Equation (15) is non- 

hOEbbgeneous with a constant forcing term, f(t) = ^ • Thqn, by (iW 

• V .Jo , . 

= S.^ ^ _ E^ -Rt/L - \ 



Thus the current approaches the constant terminal value I = ^ as 

R 



t approaches infinity. The system is said to approach the asymptotic 

steady state I and time-decaying term I - I is called transient. 

00 ^ 00 . . — - — — 

The terminal value' is independent of the initial state and is the 
^value of -the ciirrent that would flow in the circuit for t > O if 
no coil were present. Thus the effect of the coil is fo level out 
. - "^^^ transition from the initial state to the asymptotic steady state. 

« (c) Let .the initial current be I and suppose -for t- >iO' thei^e is an 

^ ' ■ ' - \ . • . ■ . " - . ■ — ^ ■ : 

- r . • . . ' — 

alternating ^electromotive force * E ^ E cos a?t .. Set h' = and - 

- , ■ ■ " / N- ■ Q . • .' ^ ^ • L - 

• ■ f(t)^= b cos cut • Pzjom' (14) we now have ; - 

^ ■ ■ ■ ■ ■ ^ '* " ■ i'- - V ■ ■ ■■ ' 



it' ■ 
' e^^ cos ws ds] . 
■O 

* * .'^ - ' ' 

Integration, by parts , as in Example "lO-i^-e, yields 



bCa cos u>t -j- ojsin cot) -at/v 

^ O ot .'^ ^ Vlr^ - 



B 



R 



^— (R-cos wt + wL^'sin wt) + e'^^'^Cl^ - ^ 



We may choose 0 satisfying 

cos 0 = ^ ^ 2 ' sin 0 = 2 2 



/ a + ^ a + c^"" 

■ and write . - : 

E ' * • 

. < ■ , ' ^ = cos(a)t - 0) + ke"^"*^ 

where k' is c.ons-tant fsee Section A2-5) . The asymptotic state of 
. the '^circuit ^s a sinusoi'dal. (alternating) current -whicli has the ' 
same frequency .as the forcing term hut lags behind by an amount pro- 
_ , ■ portial to the phase 0 . ■ , ■ 

■'. ■ ' • 599 ■. ^' ■ ■ * ' •' ; 
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Upon investigating the properties of the solution (Uta^^b) of the initial 
value problem we observe that the solution ^is conti^iuou'sly dependent on the 
initial d^tupi , as we might hope, but "also .iihat it is continuously depen- 

dent on the given functions ,p and . f (Exercises 10-7, No. 9). This is an 
iTapor-tant observation for appli^tions. The functions p and f may be ' - 
empirical functions subject to the usual errors of measiirement and interpola- 
■fcion. If these errors are kept small enough the error in the solution will be 
tolerable. We continually have drumme'd^ into our ears that a little knowledge 
is a dangez;ous thing, but in' this instance we may take some consolation in 
the thought that a, little ignorance need not be harmful. 
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Exercises 10-7 

1. . Verify •fche/'folioving properties of a linear operator 1, , 

'\ L[au] "= aL[ai] 

> ■ L[u + v] = L[u] + LEv] 

for all functions- u and v 'in the domain of L .' Conversely, shov if' 
these- properties are satisfiied then L is a linear operator. 

2. Let L be a linear operator. 

(a") Shov» that the difference betveen any two solutions of equation 

L[u] = f is a solution of the honogeneous equatio:n. Ij[u] = 0 . 

Shpv sflso that if u - is a solution of L[t:i] = f anSfc^^ v is a 

solution of the corresponding reduced equation^ that u + v is ^ 

-. \ ■ . 

a solution of the original equation. 

«. 

'b) Verify that any linear c.ombination of solutions of -the homogeneous 
equation. L[u]. = 0 ^ is again a solution. 

:(c) Show if c ^ 0 that (2) cannot be put in the form of a linear 

equation * • w . . 

■ , , . " - . * L[u] = f . ' . 

3-^ For the solution of -Equation C^) in the Form (5) show that choice of a 
' different end of integration x^' 7^ - in the domain of p where 
u(x-. ) ^ O ' yields the same va2«je of y . 

h. . Verify that the function z defined by (l2) is. a particvilar solution of 

■ . <3)--. ■ , . ^ , \ ' 

5r Give the general solutions oLf the following equations and solve the 

indicated initial value- problem. In* what * domains are the solutions vaXid ? 

• (a) - y* + y' = ^ ; y = O at . X .= 0 ' . • 

b ^ " 

(b) y''=ay + b , (a ^ b constants) ;y~- — at x = 0,(a^O)'. 

a • 

( c) ' xy ' - y =. X y = U .at . X = 2 . 

. (dj -26""^ y' . + e^ y = 2e^ ; y = e 2 at x = 0 . . ■ ' ' 

6. _ (a) Obtain t*Ce general solution, in term^ of elementary functions ^ of - 

the equation ^ 

... ^ 

^ y* -J- xy = X . • ^ 

(b) Contrast with the general solution of , • 

' - ^ ; ^> r xy =..1 . 
O 601 
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Let and v satisfy 

where f(x) > g(x) for^ x > * Show that ir u(x^) > v(x^) Tor some 
> x^ > "then u(x) > v(x) for all x > x-j^ . 

The solution of Eqxiation (3) was obtained ixnder the assumption that p 
•and t are continuous functio_ns . Oh the other hand, Fornrula (I3) is 
meaningful when .p and f may he only piecewise continuous (defined 
in Exercises 10-6b, No, I8) . Revise the theory so that it applies more 
.generally to piecewise continuous functions . (Hint: you will have to 
give up the requirement that solutions are dif f erehtiahle at every point j 
but while relaxing this requirement, consider only solutions which are 
continuous • ) 

In the light of Uumber 6, determine the cxirrent in the circuit of ' 
Example 10-7c when the electromotive force is a "square wave" of period 

? * " - ^ ■ 

!Sq , for 2r!X < t <-(2ja + l)x , . 
-Eq , for (2n < t < (2h + 2)\ , 

^=0,, 1^2, ..What is the asymptotic solution as t approaches 

infinity? 



Let p(x) = ~. in the homogeneous. Equation (4). Discuss the possibility 
x 



of finding absolution y = uCx) for x > O such that lira u(x) "exists 

What implications, does this have .for the initial value problem, at x = O 

in the text it was stated that the solutipn depends continuously on the 
initial value y^ and the ftmctions p and f . The idea of continuous 
dependence,^ the initial values is clear: for a given value of x , 
y is a^ontinuous (in this case, linear) function of y^ . But what 
can ^^ie meant by ' continuous- dependence . on p and f ? Give your inter-, 
pretation. Then verify that .(1^4-) does satisfy the continuous dependence 
conditions . 
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10-^. Linear Dirf eren"bial Equa-fcions of Second Order . > 

tn -this ^ec-Slon ve shall study differential equations of the general type 

(1) ^ + P(x) q(x)y = fCx) 

vhere p , q and f are all continuous on an intei^al I • Equa'tions of 
•this t^ype appear in many ar^as of science and their theory; is-^a lafrge and 
still groving area of analysis* The Equation (l) involves the second deriva- 

tive — ^ and.no derivative of higher order; it is therefore an equation of 

•^^ ' . : ■ \ 

second order. It is linear 'because it can be put in the form* 

(2a) . L[u] = f ^ ^ ^ 

where u(x) = y and L is the linear operator 

(2b). , L = + p • D. + q . * - ' ' 

(Exercises 10-8(a) , No. l) . 

Even if p , q and f are elementary functions, it is. not always 
possible (in contrast to first order equations) to e^cpress the solutions of a 
linear equation of second order in terms of elemlntary functions of p , q and. 
f and their derivatives and integrals. Thus,, a general discussion of these 
equations would lead us away from the theme of this 'chapter^ technical integra- 
^'tlan and its uses . Here we shall discuss only the initial .value problem for 
the general equation, and treat in detail only the special case, an extremely 
important one,^ for which p and q are constant fiinctions (you will recall 
t.hat *in Section 8-5 we used an' equation of this type, y" + y = 0 , to define ~- 
the circular func^ons.) ' ' . ■ 

We shall use the following simple- properties of linear, operators. 

(a) If and u^ are solutions of the homogeneous equation 'L[u] =^0 , 

then any irnear combination ^2^2 also a solution 

(^Exercises- 10-7, l^o. \2b) * 

CbJ If VL^ and u^ are solutions of the^onhomogeneous equation 

L[u] = f , i.e., L[ii^] .= f and' LCu^] = ^ y then ^ ' ^ is^a 
solution of the reduced equation; thus if -we krow one solution of . . ' 
the nbnhomogeneous equation and all solutions of the reduced equa- 
tion, we have all solutions of the .nonhomogeneous equation. (Exercises 
10-7, No. 2a). . " > 
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is a solution of L[u1 = while 



(c) If f = Cj_fj_ Cgfg and 

Ug is a solution of L[u] = f^ ,. then c^u^ + c^u^ is a solution' 
of L[u] = f ; this superpos it ion principle often permits us to 
split a given problem into several simpler problems (Exercisss-^lS^aj 
No- 2). 



(i) Homogeneous equations with constant coef f icients^ > Consider the 
reduced equation of (l) with constant coefficients which we\rite' in the form 



,(3a) 
where 

C3b) 



L[u] = 0 



L = D + 2aD + b 



3 



It is natixral to attempt to reduce the solution of Equation (3) to the 
solution of linear first order equations. This can be done if the operator 
L can be^ expressed as the "product" of first order operators. By the "product 
LM- of two differential operators we mean their composition: ; first apply M ^ 
then' L ; so LM[u] ^ L[m[u]] (see Exercises 10-8a, ITo. 4) . We seek constants 
CX and 3 for which v " ■ ' 



(4) 



L = (D - a)(D - = IT + 2aD + b 



Once we succeed -in this' enterprise we ' can solVe Equation (3) 
in succession the equations ' ' 



7. 



solving 



(5a) 



{(D - q;)v 
(D - 3)u 



= 0 



1 

J r 

V 



for which we have "developed genera! methods in the preceding section. (Compare 
■Exercises 8-7^ Ncr l4) • Since the general solution of each first order equa- 
tions involves an. arbitrary constant, 'the^ solution of (^) will yield two 
arbitrary constants. This is tru^ of second order equations in general. From 
the solution of (5) we expect a wellj-posed initial value problem to prescribe 
both the initial value y^ = u(0) " and the derivative y^' = u'(0) (Exercises- 
"5).- ^" ' ^ 



lO-8a, No 



Observe that the composition of the operators (D - a) and (D - 3) 
behaves lii^ ordinary multiplication; ^namely 

(D - a)(D - = (d - a)[u'^ - pu] ' . ^ 

= D[u' - 3ul- - orCu' -.■&u) 

, = u", - (a^ 3)u.' -f- C0XL- . , 
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or - — ... 

(5b) (D - a>(D^-. ^) = - '(a + p)D +"ae . - ' ' . 

In particular, -the result; is "the same if . a and 3 are in-terchanged so tha-t . 
linear dif feren-tial opera-tors "wi-th cons-tan-t coexf icien-ts conniru-te: 

(D - a)(D,- e) = .(D - e)(D a) . ■ " 

The c cmmu'ta-t i ve propert^y is usually ho-t valid if* a and 3 are not cons-tan-t^' 
(Exercises 10-8a^ No*. 6) • Comparing (5b), wi-th (3b) ve see tha-t such a Tactor^'^ 
za-tion is possible if the characteristic equation 

(6) . - 2aX + b = 0 , ^ - 

has real root s-^ X = a and \ = 3 • Consequently, for the purpose of solving/ 
Eq-uation (3) distinguish two cases: (l)^ the characteristic equation (6T^ 
has real roots, a - b > O : (2) , the "roots ^e complex, a - b <rO • 

-. W^l consider first thfe equation with a factored operator^ namely 

(7) ■ . . ■ L[u] (D - a)(D - 3)u = O • 

begin with the case a ^ & ; the equation for which the roots of 1;he 
characteristic equation are equal will require separate treatment. Instead of 
solving (7) by means of the first order^ system (5), we shall employ a method 
whi-ch employs the commutativity of the first order fac^tors of , L . 'Observe 
that the equations (D - a) [v^] = O and (B - 3) [v^] = O have the solutions 

v^(x) = e and v^Cx) = e^^ . respectively. But • clearly v^ and v^ are 
both solutions of (7) since , ■ 

^ L[v^1 = (D - 3.)[(D • Q:)v^] = (D - 3)[o] = O 

and ' " - 

L[v^ = (D - a)[(D - p)v^] = (D -a)[0] = 0.. 

Since any linear combination of solutions of the homogeneous equation is. again 
a* Solution, we see that (7) ha.s the two-parameter family of solutions 

(8) utx) = c^e^ + c^e^"^ . ■ 

We have not. shown that (8) includes all solutions, .but we know tha-b we need 
two parameters to satisfy the two initial conditions s^gested. by (5)* Furthe:^^ 
more, if the solution of ^the initial valueV^problem is unique -then no more -than 
two parameters are needed. Formula (8) is in fact the general solution, ^ but 
we offer no special treatment of the uniqueness ques-tion. for the equation "urii^h, 
constant coefficients. 'because we " shall prove uniqueness in general- 



LO-8 



■^f the 3*oots ot -the characteristic equation are equ^l, or = g = -a , 
then the preceding method fails . The -feolution of the equation 

f9) L[u] = (D + a)^u =0 

„^Siven by (8) is u(x) = c^e'^ + c^e"^ = ke"^ , and we have essentianj- only 

• one paraDKiter, ^ = + . (It is not always so easy to decide when a 
I parameter is nonessential.) To find another solution of (9) we again use a 
■i^technique from- Sect ion 10-7 and seek a solution in the form -_u(x) ^ e"^v(x.) 
(seeMiscellaneoxiS Exercises, Chapter 10, No-. 23-). When the' operator D - a 
?lied to this function, we get the simplifying result. 



is 



(D + -a)[e ^v(x-)] -'e'^vCx) . 
Now, apply the^^perator again to obtain 

■ L[u(x)l = (D + a)^[u(x)]'^^- ' 

■ ' - - (D + a)^[e"^v(x)] 

• . • = (D + aUe'^"^ v(x. , ... 

= e-^2^(x) .* • • . 

Thus, if u is a solution of (9), then v satisfies the differential equation 

• " e'-^V= 0- ' / 

Since e ^ is always positive, we have D^v =, 0 . How we integrate twice _to 
obtain vCx) ^-^ . where ■ and c^ are arbitrary constants. Thus j^e •■ 

obtain the general solTj.tion of (9) ■ ' . ' , 

^^O) " ■ . u(x) = e-^'Ce, + c 'x) . . 

. Nov we tirrn^our attention to the solution of (3) when the roots of the • 
characteri St icy equation (6) are complex, i.e., when a^ - b < Q .- in that 
case we coalite the square to obtain' ^ . ■ 

. ■ ■ L = + 2aD + b = .Cd'+ a)^ + b - a^ . 

Since .b - ±s positive we may set b - = and write the differential ■ 

equation in "the "form - ' • - 



(11) 



.[u] = (^(D + a)^ + = o . 
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In the preceding case we saw that the sulDstitution u(x) = e"^^v(x) is use- 
ful in relatiorL.:to vthe operator (D + a)*^;.. We use the same, method here and 
get the differential equation for , v 



e ' . ( D + vj = 0 



vhere we' may factor out e since i^ is positive. The equation for v is 

clearly kin to the equation^ y" + y = 0 for^'the circular functions which we 
investigated in Section S-5; it has the solutions sin a>x ".and cos a?x 
(Exercises 8^5, No. 15)-' Thus (ll) has the solutions e""^ sin a>x and 
e^ cos ojx y hence any linear combination of these is a solution:.. 



(12a) 



u(x)- = 



-ax 



{o cos tjx + sin wx) 



/2 2 ^ 
^ c^ + c^ and / 0 

- "ll ^2' ■ / ' ■ 

defined by . cps^ ^ -"'"^ ' sin 0 = ; , in terms of these parameters the solutio: 

has- the form ' . . 



^(I2b) 



uCxT - 



Ae"^ cos (cox - 0) . 



If. a > O , the graph of this solution is an exponentially damped sinusoid 
* (Figure .10-8) ; this case is important in many applications and ve shall 'make 



use of it in Chapter 12 (see Exercises 10-6a, No. 9). 



). 




y = -e 



-X 
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e cos X 



Figi:^e 10-8 
607-^ ■' 



10-8 



In obtaining the general solutions of -all litiear; differential equations" 
of second order we have used a number of tricks, albeit more than onae^ whose 
•motivation must- seem obscure. There is an old saw among mathematicians that 
a device use^ once is a trick; used twice, it becomes a technique;^ three times 
a method; more than that,' it becomes a rule and demands a theory. In fact, the* 
devices employed here all have more general uses in the further development of 
the theory of linear differential equations. ■ ^ ' ^ ^ 
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- . * 

Exercis es 10 -6a , • 



Verify that the. operator 



L = D + p * D + q , 

' is linear*. ^ 

Prove the superposition principle for linear operators. 

Prove that .the reduced equation L[u] = O , L linear, always has'th^ 
trivial soiSition u(x) =0 *. - , ^ ' 

If L ,and are linear operators, show that 'the composition LM- -is*^ • 

linear • . - ^ • i\ - - 

• Take L = (D - -a) (D - P) . ' ' . 

Xa) . Solve the., homogeneous equation ' L[u] *= O by the method indicated 

(b) Show that" the initial value prX)bleTa l[u] = '0^ with the prescribed 
, initial data, ^(x^) = y^ , ^'(^^) = -is well -posed. . 

Show that the differential operators ■ D p and D - q ' commute if and 
only if p and q differ by a constant. ' . V ^ '. '"^ '\ ' 

Find the general solutions' of the following differential equations ^nd 
obtain solutions of the state'd initial value .problems . 

(a) ^D^u = O uto) = 1776 ; u' (6)' = 1929 . - 



.(b) (D^% 2p +. 2)u = O ; u(0). uUo) =.o' . 

Cc) (D^ 2D - 2)u = JO ; u(o) = 0 , u^ (.O) = ^ . 
(d) (D + D - 2)u = 0 ; u(0) = 1>, u'(0) = 2 / ^ 

In analogy with (12) express the solution of (7). in terms of hyperbolic 
functions. 

Discuss the graph of the damped sinusoidaX function ^u Of (12) ^or a =1 
o) = 1 , u(o) = 1 , u'(0) = 1 . Pay particular attention to zeros, extrema 
points of inflection and "ooiiits where the graph touches the curves ' 
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10." (a) Show if the'aroots" or tlie' characteris-tic equation (6) are cdnrplex 
than* all -solutions of the ' homogeneous equation (3a) have graphs 
' obtained from some'^'nontrivlal solution by a charge of scale along 

the y-axis, (x-^y) »-(x,Cy) , and a translation in the direction 

of the X-axis, (x,y) > (x + | , y) . 

(b) Investigate- the other tvo- classes of solutions of (3a) vith respect" 
to'^ i^hls geometrical property . 




V 




V 
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Cii) ' The general homogeneooxs equation . The question of uniqueness for 
the homogeneous second order linear equation^ with constant coefficients was ■ 
left unresolved. In this section, we shall provp uniqueness of tlie solu,tion 
of the -initial value problem for the reduced equation of (l) , 



. (13a) . * , Lfu] = Du-+p«r>u + .q-u = 0 

with p and q continuous, subject to -Cfie initial conditions 



(-1 



'ExistencjB" of a solution is another, question* For the equation with constant V 
coefficients existence was settled simply by exhibiting an appropriate general 
solution. For Equation" (13) it is known that there is generaULy no explicit 

-solution of the types, available to us by methods of this course • ■ It is possible 
to prove t^iat such ^ solution exists ^^nonetheless , without knowledge of an 
explicit representation- In the general theory Qf ' differential equations^ 
existence is demonstriated by the construction of a solution as the limit of 
- "'^ : ^ approximation scheme. Here -we ass-ume without proof that a solu- 
ion of the ir.i . -1 value' problem exists, and simply investigate ^he structure 
CI* t'-^-^ soLut ^ ■ 



? or.ly assume that on the interval I^ of continuity of p and 
q Z:qu3tion 13a) ha£ solutions 0 and ijr which satisfy the,^ specif ic ijiitial 

concisions - V ' ■• - . ' ■ - . J 

; ■ . ■ 0^^) =1 ^is'^o^/=.° 

for just one point x^ in I . ^ fActually^ Jit is sufficient to -assume that 
'I3a-^ has any nontrivial solution on I (see Miscellaneous Exercises, Chapter- 
10., I^os- 23, 26). A pair pf funs|tt5,ons ^ f 0^^}r } satisfying conditions (l4a^b) 
is called a fundamental set of solutions "of . the_reduced equation. If two .such 
solutions exist then the initial conditions are satisfied by the linear com- 
^bination * . ' ' , . T - , ^ 

If uniqueness is proved then each . solution is a linear combination of 0 and^'"'^ — 



,10-8 r '~ _ ; . 

Now let us suppose that the initial conditions ■ 

are prescribed at some other point x^^ of I . Since u = c^^ + is a'-V 

solution of Cllta) for any constants c^ and c^ we try to satisfy the initial 
conditions (15) by picking suitable values of and * c^ . Therefore, we 

* require' 



(16) 



f^i^C^) Cg^Cx^) = y^ 
Cj_'0'(^-L) + c^^'^y:^ = y^' 



Equation (1$) can' be solved for c^ and c^ if the determinant 



^ 0(X-L)t'(x^) -/jz!'U^)A;r(x^> . • -■ • 

^ ^ • ' ■ ■ B 

is not zero. Since, we are . i^iterestea in sol'vi^g Cl6). Tor any^ value in 
we are led' to' consider the f^mction w given by 

/ClT) vCx) = 0(x)Alr»Cx) - 0'(x)>{;(x) ' 

-^nd to inquirj^ whether w -ever takes- t^he valure zero.*. . ^■ 

From ihe-conditions- of (lUa^b) have' v(xq) = 1^ 'Since w is con- ♦ 
tinuous- it is .-positive on some rLieghborhood of x^' . We can do much better/ 
. Surprisingly, /even, though we know nothing much about the . solutions 0" -and, % 
'•^beyond their' bare •existence>-w4 can .write a^simplef explicit-^ formula foo; w' . 
.,.Fbr this- purpose we computet^'^w' using- the .differential equatipn ^t^3a) to 
experess "0" and ^" in terms 'of lower order derivatives: ' 

- ' • w'-= C0' • ,i;t + J2J, . (j^it ^ 0, . . _ 

= 0 • (-P • - q • - ^ • C-P • 0-' - q • 0) 
= -p' • (0 - - 0' . Air) ■ 

- -P . . W . ' - . 

Thus w satisfies the linear homogeneous equation of first order 
(l8a) ' ^ Dw -f- p(x)w'= O 

.' i ■ . - 

and the initial coiiHitiibn- ^ ^ ■• 

<^^) ■ . v(x^)'= 1 ;* 



i 



The function , w is usually called the Wronskiah of 0 and ^' after 
• Wronski ( c* l32l) . 



From- Section 10-T> we have immedia'tely, * ' • 

(iSc) ■ ' v(x) = exp ^- V p(t)dt 



-( 



The explici-t expression of v is less important to us than the knowledge 
derived from the exponential representation that w(x) > O for ali x . We 
conclude that cons-tants c^ and c^ satisfying (16) can be found and^ Jience^ 
that the initial veQ.ue problem (iSaj^b) has a solution for any point of I and 
any choice of initial values. - , 

THEORIM 10-8 . The initial valueVproblem (13) has at' most one solution. 

Proof. Let and u^ "be distinct solutions of t.he initial value * 

problem (13)- Since, "u^Cx) - is not identically zero, it follows that 

u = u^ - u^ is a nontrivial solution of the initieuL value problem 

(19) " . L[u] = 0 ; u(x^) = 0 u'(xq) = O , ' 

]:^ow,' if- . ' ' : • . ; 

v:,(x) = 0(x)u»(x) ^u(x)5^*(x), . 

vhere 0 is the solution given in (li^a), then by the same derivation as that 
of (I8c) from-(l7) - ' - . . 

X 



w^(x) = w-j^(xq). exp .|- p(x)dx | 



: From the initial conditions on u -given in (19) ji^we have y3_(^Q) = ^ 
hence that w^(x) vanishes identically; consequently, 

(20a) . , 0(x),u»(x) = u(x)0»(x) 

By exactly the same argument for ^^Jfciie funcjbion ' of (l4b), 

w (x) = Vw-u'^fx) - u(x)^*(x) ^ ; ^ ■ ' 

vanishes identically; hence J ' ' ^ ' ' 

.(20b) u(x)^'(x) = Tr(x)u'(x) . 

Multiplying corresponding sides of (20a) ani^ (20b) ve obtain 
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• 'Cu{x)u»(x)][0(x)A;r».(x)-] = [u(x)u''(x)][vi;(.x)0'{x)] 
/vhence, ^ . . - . 

[u(x)u»(x)][0(x)^j;'(x) - Mr(x)0«(x)] = | vCx) D[u(x)^] - O . 

Since w(x). > O Tor allc x", it Tollovs that D[u(x)^] = O , or , that, ufx)^ 
is constant. Since "^(^q) = O ^ we conclude, that u(x) = 0 for - x , in 
contradiction to the "assumption that u -was a nontrivial solution of" (19) . 

. Corollary . Every solution of L[u]. = O in I is a linear combination ' 

of the\ functions 0_ and ^1^ defined "by the initial conditions (1^4-). " ' 

* ■ " ■ ' ^ . • 

Proof. Let 5 he any point of the domain of u and set u(^) = y 
'U.*(&> = • By the Theorem 10-8 we know that u is the only solution 

with these initial values* At : the same time we have established that there 
exists'^a linear combination .c^jjj.+ c^^ which has the same initial values. 
Thus u = c^J^'^-c^^' , . . ■ 

Under the assiomption of the existence of the tvo solutions 0 and i{f. 
which satisfy, the initial conditioqfi (li^-a^h) at any one- point x^ of the. 
interval I wher'^ p and q are ^continuous^ we have proved ^tiiat the initiaar * 
•value problem (13) for the general homogeneous second order linear equation is 
. veil posed: a solution of (13a) satisfying^ the initial conditions .( 13b) exists 
and is uniquely defined. From the preceding analysis it also follows that the 
solution is a linear function- of the initial data; hence- continuous dependence 
on the initial data is immediate. " . , 



(iii) The general no^nhomogeneous equation . As for the first order linear 
■ equation^ the solution of tih^general nonhomogeneous ^second order linear equa- 
tion (1) can be expressed entirely in terms of the reduced equation. 

■ First we show that tbre initial value problem has at most one solution. 
■ ^^"^ = :^(^) and = u^Cx) be two solutions of. t^e . initial/value 

problem " ■ ' " / - . . \ 

■ <21) L[uO = f ; .^CxO ^ y. , u'Cx_) = y.^ , ■ " ^ ,; . 

^ ' • . ■ .. * 

where L* is . the general linear i^econd order operator (2b). Then 

v(x) = -u^yi) - "O-j^Coc) .is a soiution of the initial valu^ problem (I9) for the 

homogeneous eqxiatiaa with zero initial data. But we have shown that vCx) . 
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must -then be iden-ticaily zero- It follows -that ~ ^ hence that; the 

soXution of the initial value problem is unique if , any- solution exists* 

Next, ve show that if (l) has any solution then a solution of the initial 
value problem (2l) exists. Suppose L[^] - f where ^zCx^) = a , z'Cx^) = 3 . 
There exists a solution v of the homogeneous equation . L[v] = O' for which 
v(x^) ^ Yq - ^ and v'(Xq) = y^* - ^ . Consequently, for u = y + z by the 
superposition princi^^e, , = l[v + z] = f ; furthermore, 

u(Xq) = v(xq) + zCxq) = y^^,^^^ ^'^^0^ " ^'^^0^ ^ ^'^^O^ " ^o' ' ^^-^^ ^ 
Is a solution of the ini t iai vaiue problem (2l). We already know it is the 
only possible one* • - - 

\ 

ITow^^^ppehow, we must find a single particular » solution of Equation (l) 
We know that if {0,^3 is a fundamental set of solutions for the reduced 
equation L[u] = O , then .any solution has the form Cj0 + • For con- 

venience in solving the initial value problem (21) we choose {0^^} as the 
paorbicular fundamental set satisfying conditions (li;a,b) at the point x^ 
where the initial data are prescribed. Again we try Lagrange's rule of varia- 
tion of parameters and seek a particular solution in the foim 

(22) v(x) = c^(x)0(x) + C2(x)Kr(x) . ■ 

We require L[u] = f . Calculating L[uT from (22) and using L[0] = L[^] 
we obtain 

(23) L[uJ,= .(c^"" * 0 + c^" •^) + 2(c^' . 0' + c^' p* (c^' • 0 + c^* • ^) ^. 

Since ve have two functions, c^^ and c^ ^ . "to be determined we may iii5>ose two 
conditions * We -already* have imposed one, Ii[u] = f and we are free to impos^ 
another so* as to. simplify (23) insofar as we- c^n. Observe that the derivative 
of the third parenthetic expression in (23) is the sum of the other two: 

D(c^V . 0 ^ c^'.- ^) = (c^" . 0 + Cg" . ^Ir) (c^' • 0»^ + c^'^ 4^ • ^ * 

We impose the condition that c'»0 + c^^ * ^ = 0 ; then the derivative vanishes 
also, ^d L[uJ-;-= •0' • "ir^ . Thus, we impose the two conditions on 

c^ and ^- [ ■ 



, He see, now that Lagrange's method has become a ^rule and demand^s a theory. 
The theory, a relatively recent development > requires somewhat more subtle 
analytical techniques than .we employ here. It is -based on the beautiful theory 
of lineeir vector , spaces (usizally found under the! headings of "matrices" or 
• "linear algebra"). * . 

* ' a '■ 

. ^ • ' ' ■ . ^ ■ ■' ■ . ■ ■ . ^ 
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0 + CgV • ' i}r = 0 



S© long as -bhe de-berminan-t v = 0»Tir»-0».Tjr is not zero, this system cetn "be 
solved for c-j_' and c^* .(conrpare the system (16)); namely. 

We integrate these expressions from to x to obtain c-j^(x) and c^Cx) 

and -obtain a particular solution in the form (22): 

(2h) v(x) = .<zfCx) P m|f(t)dt ^irCx) p |^rct)dt. 

As an exercise, prove .this result and shov, that (2^^-) gives a particular 
solu-tion by differentiating and verifying directly that L[v] = f (Exercises 
10-8b, No* 3). Fiirthermore/tl5is solution satisfies the initial conditions 



(25) ' v(x ) = 0 , v'(x ) = O , ' 

as you may easily check.' Had ve not chosen both lower ends of integration to 
be Xq (8LS we are f ree not to do) ; we would generally not , ob-fcain initial con- 
ditions -so convenient as (25) for the solution of the initial value problem 
(21) (Exercises 10-8b, ITo. h) . it is, we obtain the . solution of the 

initial value problem at once in. the form 

(26) \ - uCx) .= y^lZfCx) + y^'tCx) +, v(x) . 

•'Again it is obvio^ls from the linear dependence of - u(x) on^the initial 
data that^^the solution satisfies the property of continuous (dependence on the 
initial vailues . Furthermore^ continuous dependence on the f orcing'^ term . f is 
also apparent (see-Exercises 10-7, 'No. ll) . However, to prove continuous- 
dependence on p and q' ^ et^uires the- existence theory which we are -assooming. - 

AjX;. interesting form of (2^) is obtained by-, combining the two integrals: 



*vCx> = f 



The first factor :appea2\^^g . in .the- integrand, 

'• ■ •■ ' ' ' 

£s called the Greenes function of L it has some striking, properties : . 



his 
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(a) For any fixed number | , the runctfion u : x — »G(x^g) is a 
linear combination of ' 0(x) and ^(x) ; therefore G(x,^) is 
solution of the reduced equation L[u^ = O . 



a 



For the derivative u'C§) ^ D^G(x,?) 
(c) DC(x,&) 



* ' , we obtain 

X— 9 



In summary G(Xj|) = u(x) is that solutic^n^of the reduced equation which 
satisfies the initial conditions u(^>) = 0 and u'(g) =1 . It follows that 
G(x,5) is uniquely determined and does not depend on the process used to 
cortetruct it. / • 

r 

*. The remarkable property of G(x,S) which we havie Just derived has great 
'value> since G(x,|) is the fixed object in the integral which defines the 
particular solui^on v .; G(x,|.) does not- depend on'the forcing term f or - 
the lower end of integration ^ . ' . 

■ . - " ■• ■ ■ ■ ^ 

The integral ^ ' . ' 7 ^ 

(28a) v.(x) = I G(x,|)f(|.)d| ' '■' 



J 



x^ 



* defines an integral operator , , , . 

(28b) T ': f — V ' ' ' 

which has the eff e<::t of transforming any forcing function into that particular 
solution of L[u] = f which has zero initial values at x,;=.Xq . The relation 
of the integral operator T to the differential operator L generalizes the 
relation .between the operation of integration and the operation 'of differen- 
tiation: if S denotes the operator for ordinary integration;, that is, 

" ' ' C ^ \' ^ 

S[l5j] = F where FCx) = 1 f(9)dg , then for a ydon^inuous function f , 




(29a) DS[f ] = D[f] = ^ ; 

and for any continuously d if ferentiable function F , ^ 
(29b) ; . SDrF(x)] = F(x) - F(xq) • 

From (29a, b) we see "that and D "are almost, but not exactly, inverse 

^operators.. From (29a) we see that IT undoes the work of S , but from (29b) 
we see that S does not quite invert the effect of D , but adds a constant 
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ftmction, (ir the domain of D' is restricted to functions satisfying 

F(xq) = 0 then the operators become exact inverses)-. Similarly, for any ' > 

continuous function f , . , 

(30) - . , LT[f] = L[v] = f , 

and for any twice contin\a>i,'3ly dif rerentiatle fTonc-ti-on u , • » 

i 

(30b) * TL[u] = u - y^^ - ^o'"^' 

where y^ = "^^^o^ ^^o' ^ "^'^^^0^ ' (Again the operators are exact inverses 

if the domain of L is restricted to functions, having zero initial data at ^ 

Tn terms of the symbolic operator description,, the problem Ii[u] is 
solved for a suitable restriction of the domain of L by finding anj^&rerse- ^ 
m)erator T such that TL[u] = TF = u "(see Exercises lO-Sb., l^o^^^n^ This 
symbolic formulation describes a' general class of problems wh><i^play a central 
role in higher mathematics. For linear operators there is an elegant well- 
round.^d theory contained in the areas of linear algebra and linear analysis, 
but even these areas have not been f\illy explored and are still growing 
robustly. The representation of inverse operators in: terms of Green's func- 
tions (or analogous forms) is a useful method in .much of this theory* 

/ 
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Exercises IQ-Sls 

1 Shov for each Of "the special cases (T), (S) / (9) of Equation- (j) ^bat 
there exist solutiox^s and ' satisfying' the initial conditions ■ 

■ ( 0(0) =1. ' [ = ° . 

V(z5Uo) . 0 - • ' 1*'^°^ = ^ ^. 

hence that "the initial -VS^xie prolslem is vell-posed. 
2. Find a fundamental Get off solutions of 

lCu(x)] = u^;(x) + xu'(x) = 0 
and solve the initial value pro"blems 

(a) . L[u(x)] =1 , u(0) =u'(0) =0 . _ 

(b) L[u(x)] =,x , u(0) = u-(0) = 0 . - 

verify directly by differentiation .that (21.) defines a particular solution 
of (1) arid shov that the zero initial conditions (25) are satisfied. 
1. Shov how to solve the initial value problem (2l) vhen the lover ends of ^ 
■ integration in the expression (25) for the particular solution may be^ ^ _ 
difreren-t' from . ^ - / " _ ^ 

5- Describe- the solution ofi.-the "initial value problem for the general second- , 
order linear eouation (i)' in operator symbolism by suitably restricting, 
- the domain of the differential operator and giving the exact inverse • 
in-teg^aO- operator. " " 

Determine the Green's function for the 6perator vith constant coefficients. ; 
The -theory of Equation (13a) is based on the assumption that _ p and q 
a^e continuous. This theory can be extended to piecevise continuous 
functions -o and q , if the requirement that solutions.be twice con-, 
I tinuously dif f erentiable is vealcened to require- that they be onl^ once 
■ continuously dif f erentiable . Assxming the validity of this assertion, 
construct the fundamental set of solutions at x = 0 for the following 
eqxisL'tions : 

(a) y" + (sgn x)y = 0 • * . 

(b) y" + lc(x)y = 0 , vhere 

, 1 , if 2nTT < x < (2n + l)iT 

' ^ * 1 5 , if (2n + l)n < X < (2n + 2)1:- , 



(n = 0 , ± 1 , , •• •) • 
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.. (a) construct the asymptotic ' solution. . 



equation 



as X approaches infinity for the 



+ + 3 = kCx) 

where ..k is .defined . in Number 6. 
(b) Do the same for the equation ' 



y" + 2y' .4- 2 = kCx). . 



i 
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10-9- Separable . Dlf rerential Equations* ' 

In this section ve treat another bro.ad class of dif rerential equations 
which can be solved in tenus of integrals, equations of the rorm 



(1) ^ . ^' '"^- ^^Msiy) 



dx 

' " ■ -i t 

where g and t are given continuous^unctions . This class includes the 

equation y' = r(x) whose study is the principal objective of this chapter; 

the homogeneous linear equation of first order > y' = -p(x)y , which we ' 

" - 2 ' 

.treated in Section 10-7; and the equation y* = a + by cy whic-h served as 

. the principal mathematical model for the processes of growth,' decay, and com- 
petition considered in Chapter 9* ■ 

: Equation ^l)' contains only a first ' di&rivative and therefore is of^order 
1 . We may then expect on the ground of our exp^erience with first-ord'8^ 
equations .that it -is a5)propc:iate to "pose the initial value problem: to ' 
determine that solution of (l) for which y = y^ when x = x^ • Differential 
equations of this form are generally nonlinear (see Exercises 10-7, No. 2c)* 
Since they are easy to handle, we shall use them as a means of gaining some 
insight into some of the questions which arise An connect:|,-p5^ith nonlinear 
equations. ' ' ' . ^ tf^^^ 

We solve. (1; by a formal procedure and call attention^long the way to 
the difficulties which may arise. If y = u(x) is a solution of (l), then 

' u (::^ ^ - ^gfu(x)) . 

We may divide by - g(u(x)^ , -::v-: - ~ -.,^t g(uCx)^ ^ O , .to obtain 

Now-, upon int^gratiiig with respect to x-, we have 
. -^or, tin Leibnizian notation, " * ' .* ' ^ ^ 

(3) ^ . jr(x)ax . 

If G is any antiderivative of — ^ and F any antiderivative of- f , then 

S 

(3) is ecuivalent to * 
(M - G^y) = g(u(x)) =F(x) + C . • . 

' 621 . 
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This equation does not give y explicitly * In order^ to determine y we 
. inuGt find the inverse H or G ir it exists;, then ve shall rhave 

Then, oo long as F(x) C is in" the domain of H , Equation (5) defines a 
solution of (1) • If the value of u is ' -Drescribed at , 

■ ' ':■./' 

"■th.ei>j^ by (ii-), C = CJCyq) - ?(^q) , and from (5) we obtain as the solution of ' ' 

this initial value probleir. 

(6b) ■ ^ y-= h(f(x> F(x^) GCy^)) . 

The method of obtaining (3) is called separation of variables and, 
accordingly, Eqij.ation (l) is called separable . 

Bxample 10-9a . Given a one-parameter family of "curves, its orthogon?=^1 
trajectories are defined as curves which cross the members of the family only^ 
at right angles. Thus '^the straight lines throt^h the origin are orthogonal 

trajectories to the circles x -f- y"^ = .a . . ' 

■■ _ / ^ ■ ^ - • . • ' 

Let us-^consider, the- problem of finding the orthogonal trajectories to 
the faiaily of parabolas 

^ . y = ax . . 

Observe first, that for each point {% ^'^) of the ^plane except for the points 

of the y-axis, there is exactly one member of the family passing through the 

point, the parabola given by a = • At this poirit, the parabola has the 

& 

slope 2a^ = — . Thus an orthpgonal trajectory passing through (g,T]) -must 

have the* slWe ^ . If y = u(x) is an orthogonal trajectory to the family 
of parabolai, we conclude that at each point of the orthogonal trajectory 



(T) . . y' = - 



X 



2>- 



Thus the orthogonal trajectories satisfy a separable differential . equation. 
'Separating -variables, we have. 



2>t' = -X 



■and integrating, we obtain\ 



(8a) . \y2 ^ - ^ 

ERIC p^,, : 



or 

(8b) ^ |- + = c . • 

This forruula describes the family of ellipses centered at the origin vlth ratio 

of major axis to minor axis equal to /2 . • ... - T'- • 

■ ^ 2 

On -comparing (8a) with (U) ve observe that^the l\mction G y » y 

does not have -an inverse on the -domain of real numbers. On"^ny interval vhere 

y 0 , however, G does have an inverse. When y = 0 ^ Equation (?) becomes 

singular, although (8b) remains geometrically s^nificant. Finally, note that- 

not all values of the parameter C* are admissible; Jonly C >' 0 yields a 

solution. ' ' ' ' 



Example ljD-9b * Consider - the .equatiojn\ . • ' 

ir' y ^ O (but, y, < 0 is definitely a solution), the^i 



^ = 



X 



whence * * ^ - 

\ -log |y| ^ C . ^ .■■ v 

Here, tod,^the function .G .: y * log |yl does not have an inverse on its 
domain of all nonzero reals* On any interval which does not contain y = O 



we obtain the solution 



y = exp i-o-.+ C > sgn y , 



r 



where sgn y Ss constant under the restraction on y • We have lost, the 
solution y =|o , but if we'set k = e^sgn ^ , we obtain all solutions in the 
X /p 

form y. = ice • The method of separation of variables, 'however, does . not 
by itself necessarily yield all solutions .'^^'''''^ 

Aside f rod!^ the special ^ases arising. from possible zeros and joints of. 
discontinuity g(y) , the theory of separable equations is .exti^emely simple- 
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THEORIM -XO^. I^t f be continuous on" a- neighborhood 'of x and 



ifon-tinuous " on a neighborhood , of ^y^ 
iBltial value problem -for yr = u('x) , 



sCyQ> O ^^'^then tha- 



has exactly one solution, 




^;Proof . ■ Sirrte gCy^) 0 , we know by 



r - , w« i^ow oy Lemma. 3-^ that. gCyL is bounded 
away from zero on. some neighborhood I of yj . r^or,r^T,;^o • _ ■ . 



' 'We conclude that 
continuous and. has. constant Sign on I^. The function given'by^ . 



is 



G(y) 



7 



ds 



is stj-ongly'-monotont on I.beJause G ' (y> = O . Observe lis o ^ha% 



(9b) 



f (t)dt 



is continuous. Since F(xq) = GCy^O =o it follows that there exisis a 
neighborhood of J of x^ which is mapped by F into the range of G over 
I , that is, into the doia^in of the inverse function H . We conclude -that . 
the runc-tion' • - ' ^ ' 1 ' - 

•C9c) 



u 



iCfCx)) 



..is^efined on J.. From- the • differentiation " f^orems for compositions and 
\ inverses - 



FLLrthermore , 



so that u is a solution of the dirf ererrtial equation, 

... u(Xq) =-i(FCx^)J=.H(0) -^y^ , / ' 

since GCy^) = O Thus the existence of a solution of the initial value' 



problem is pz*oved • ^ 

^ ' . j ' - ; . - 

■ ■ On the other hand, if a solution--of the initial value problem exists, ■ 'tiien 
- the method of separation of variables is Justi^Tied aad^he solution 'is. dictated 
byFormiilas C9a,.b,c). Thus the solution" is unique. 



It is possitie-to relax the condition that sCYq) 5^ ^ in-Theorem 10-9> 
but then we must impose stronger condition on , for example,, that g have 
a boimde^^ derivative rather than be merely coi^tinuous . We assume vithout proof 
that this condition holds and ask what f orm^ the solution may have when g(y^) =0 
The constant function u : y > is then clearly a solution ^ of the differen- 

tial equation^ and, in view of the assumed uniqueness under the rest.riction on 
g-, it is the only one . " ^ - 



. — " . ' » ^ Sxercis-es 10-9 ' ' 

■ — I. ^ 

Solve the equation ^ ' ^ " , ^ 

by -separating -variables. Compare Exercises 10 6) . ' 

,Find the orthogonal trajectories to each of .the^ollbwing f^mili^s of 
cxirves and sketch , the , curves and ;their orthogonal .trajectories . 
Ca) The rectangular hyperbolas, y::y = a . " ' . . ' ^ . ■ ^ 

(b) . The ellipses 'centered at thfe origin^ vith fixed ratio of ■ major to 
minor axis. , ^ ' . . 

(a) Show that the equation . - 

dx ^^x^ . ^ . , 

is transformed into a separable equation in |^ by means of the' 

substitution' x = ^ . 

v . . 

Cb) Find the orthogo^fel trajectories to the family of circles 
(x - a)^ + = a2 ; _ 
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Miscellaneous " Exercises 



1. Integrate. 



2.. Integrate. 



a o dx 



3- " -Evaluate 



e- 



2x 



dx • 



/ e . -t- 




X dx 



0 X X 1 



i+ . Evaluate. 



s 



dx 



0 ; ' f^^ 2 

X -^ va - X 



> . : , PfxDve that 



Conrjare 



Evaluate 



SCO ^Sl- 
■.a T/i" 
. ■ X v a + 



2- - Vg " 



8« Show, r that. 



2 J G(t ^ ^ l)dt = J (1" + ^).G(t)dt , 



assuETLing that the integralv'exists • 
Prove that 



J 0 • 



(A^ + 1 ■- .-t)^-dt = 



ft- 



10-M / - 



n^. - 1 



"Drovided n > 1 



(Hint: Use No. S.) 
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^ ^0 • Compute 



. Joe 



ax 



X H- a ) (x + b ) 



a>0,b>b,a?^b 



I: 



11... Compute . 



dx 



> a > O , b - O . * 



■12. Sho.w that the integrals 




dx 



e x(loe x)(log log x) 



a 



converge ir a > 1 and diverge if a -< 1 ' , and evaluate the integral 



13,. Prove ^ that 



1 Sin — 

Jo ^ 



dx converges*. 



1^ . (a ) . ■ Profve that ir T ha a. cent inuous deriva t iye ~ then 
■ L i^]I^;ft)dt - flxjVCx) 




rCn.) C([t]| = integral j^art of t 



n=J 



(b) Evaluate 



(c) Evaluate ^ ^ "(ft^D-t dt 



15 • Find the max j rmm and' the minimuiii of the function 



F(x) = 



2t + 1 



^ ~ .dt 

0 t - 2t + 2 



the interval * [-1,1],/. 



62S 



( 



16- SCompu-te 



20/' ■■ lo- ■ 17' V ■ 

0^ (sin""© - sin~"©-)de . 




Pro- 



59 

18 i". •■ (■a). 'CdnipU'te : , 



GX 

as 



- . r 



> a > 0 



.■/s:(b') ^Assume • t.iia^t if is. continuous on [0^<»] and 
./ . V -.Show that : . ■ - 



/vl9« 3y evaluating I. = 



J 0 



^^^^ dx = f(o)ios ^ : 

' a 



; dx J n a positive integer^ in tvo "different 



vays .shov that 



(g) (?) (p 



2n + 1 



,2n 



(™)(2ii + 1) 



/V20. Leir 0qC") = be a continuous Tunction defined on [O^x] 



Define 




Snov that 



. . . J Q ... ^ . . 



1 p 
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26", 



I. . •. 



2i. Prove that. ^Qr all integers '. lit 



^i^ht^gt 



0 




+ n 



- < 2. 
2 ^ 2 • 



22. 



(a) Let iS^^ancf. M be linear operators' and def ine, tiie sum L as 
■ the operator .. . 

■ , L".+ M : u *-L[u] 4: m[u] V 

Verl-fy. that L '-i- M is linear. • / , ... \ 

(b) ^-Show that linear operators satisfy the distributive laws: 

.(c)^ Xiet , r be any real-valued f-unc-bion- Tine multiplication operator 
• f. is defined hy . . • -'./^ " 



Verify that ■ f>- '--irs-^inear . 



"(d)' For reai-valued ' f^incti^ns a 

" n ^ 



^n-1 J • • • *^ ^0 '^■^^-'^ that the 



difrerlsntial operator L. at n-th order given by 



L = a • n 

n 



a ^ • D 

n-1 



.n-1 



-f- a. 



. rV 



is linear. 

23. (a) Prove^ i'or the" second qirder linear differential operator L defined 
by L = D + p • D + q that if u is a nontrivial solution of the 
homogeneous, equation L[u] = 0 , there is another solution, of the 
. , form u • V whejipprv^, satisfies a linear differential equation 
M[v^ ] = O and M is at most of first order. 

(b) Prove, in general, for the n-th order linear differential operator 

n 



L defined -by L 



k=0 



X ' ~n" 

nontrivial solution^ pf the homogeneous equation L[u] = 0 , there . 
is another solution' of the form u. • v..- where . v' ■ satisfies a linear 
differential equation . m[v» ] p ■ where - M' is^at-^most bf^ (n-l)vth • 
order. ■ - ' '■ " ■.- ' .■ . . 
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: " (c) Find an ^ n -parameter family of solutions or .^he differential 
equations ' " *. ■ ' *■ ' . / 

\^ Ltuf = (D - a)''u'= 0 /. ..^- 
(d)' Obtain the" gen^i^ Solution of .-^ ; ^ ' 

* C-gTht: Try to find a particular polynomial^ solution^) ■ 

Two functtoris" u and v " are called linearly independent on .an interval 

I if : - - ■ ■ - . . 

^r *"^- Qxl(x) +.3v(x)'= O , for all 3rr^ i'^, ; " • , 

^ implies that a^and 3 are both zero; i.e., if u and v V re not • ' 
. propartio2lai.''*'Show that if two linearly independent "solutions . of a 

second order homogeneous .linear equation exist in ^ neightjorhood d^f ' x^ , 
then the initial value" problem (13) of Section 10-8 can be solved. * • " 

. Corresponding to the three classes of second order homogeneous linear,, 
equation vith constant coefficients. Section 10-8, ve fofund the folloving 

pairs of solutions {e^ , e^^3 vhere > fe^V^e^} , and 

{ax ax . ■» - f ^ 

e • cos cjx , e sm a>xj where a? O . 

Prove that each of these pairs of solutions is linearly independent.. ^£ 

Let u be any nontrivial solution of the homogeneous second order • 
- linear equation . 

' L*[u] = Du+^p-Du-Hq-u = 0. 

Obtain a second solution v in the form v = u z • Show that u and 
V .are linearly independent. 

r- 

Let u and v be any linearly independent solutions- of .:-the- second order 
linear homogeneous equation. Verify that the Green's function is not 
affected if u and- v" replace the fundamental set (^,^1^) ; namely 

" ucejv'ci; - vti;u',(i> * 

Discuss the solution of equations of the type y" f (y)'*'= 0 



•- ■ Appendix 6 ■ - - . 

EXISTENCE OF INTEGRALS - . . 

A6-1.. Integration by Summation Techniques ^ r 

' / (i) Integral ' or a_ polynomial » . In Section 6-4 we prove that integration 
is a "linear opera t ion J, "that the integral oi* a linear combination of f^inctions 
-:is the .same linear combination of .their integrals: ■ ■ ■ . ; 



= r f^(x)cix + r f^(x)dir + ... + c- f f Cx)dx/- 



In . particTilar £or* a polynomial, ve have 

n ■ . n 



^ r=^ r=0 - 



X ■ dx 



In order to integrate a polynomial, then, it is sufficient" to be able to 
integrate positive integral povers . 

^ From the Corollary to Theorem 6-4b, ve have ^ ' ■ ' - 

■ ~ * - ' ' \ 

'V"^: .- •^■(^'3x =. J" -fCxydx - J" . f(x)dx, 



7 



\ *5t ... 
provided tha1^^ f ^ is integrable over an ^interval containing^ the points- a , 

■b > c . In ^i^rticular, for a polynomial we have 
■ > - -rb.. - rb 




<^> ■ V -rV£(x)d^= f-fCx>dx;- r/f(x)dx.. 

' • ^- ■ ' . ' ■ ' ' ■ ^. y ■ 

We need therefore consider only integ-rals ^b? the type T. f 6^dx->" ^ 

' ^ ; ' ' > ^ - J - ^ - , 

• • • _ ^ • 

Consider, in particrular^ the integral .of x over [0\,a"] - . ' Since' 

r ■. ■ ' . - 

0 <^ .< a-.., the function x is increasing ^On the -interval. We take a 

• partition which subdivides the interval into :n equal parts of length 

\ ' a • ' r 

h = v(a) = — . We "Jorm the upper sum U over a using" -fche maximum of . ■ x 

in each subinterval; thus ^ . . 

ERIC V " ; . • 2 S3 



/ n " * • • 



n 



: Accprding .to Sqiiation- {%) ijbr' Section A3-2 '( ii) " w^ha-ve ' ^ 

: ■ r + 1- • : . • ; . ■. . • 

vhere P is a polynomial of degT-ee ' r - 1 . .Tt fc^lovs that 

. \ <i ■ ■ ■ r+1 ^ " ■ 

. / k=l - - 

.where ~ ■ , 



n 




C3) ■ ^' . . Qtt.) = h"^^, ^ p(k) ; ,- ; ■ ■ ' ■ . 

and P is a polcynomial of degree ' ' r - 1 . ■ 

We recognize tbe sum in (2) as telescoping (Section A3-2C ii) ) and obtain 

_r + 1 _ 

Since nil = a ^ we !have ' ' ^ . . . , > 

We-. can- show that Q(h)/ can.; be made closer to zero than any given -^rror 
tolerance- using only that the 'degree of P'(k) • i.s^.at. most r 1 . We ^et 



. ^(k") = ^ p^k"^ V Since k < n i-^" follows that 



i=l 
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^-l- ■ r-1'.. r-1 ■ ' ■ ■ r-l \./ 

iP(k)1 !pjk^ <'^ iPiin'- <y-!p:fn"-=' <n--=Ly 1p.|. , 



27 



In short,' ve have found . . , 

(5). ." ■ ■ iPCk)! < Cn^-^ 

vhere the cons-bant C is simply the sum the' absolute values of the 
coefficients of P(x) . ' Entering the. result*^ of (5) in <3)i we have 

(-6).- * ' !Q(hJI <h^^^^ lp(k)i ^' ^ 

: ' . ■ k^i ^ 

- ^^^^ . 



' ' ; ■/ ■■ ■ ■ - ■■■ - ■ h^^ - nccn^-^) ^ - ^ . ■ • ■ ' 

^ ' ^- - ' • ■ ■ ' . s 1^ ^- . ' ' • - ■ . ' : . . . " . 

wnere again we use tl^e fact that - nh = a . It follows at once thet 

lim QCh) O . , ' . ' ^ " : 

h~0 ■ * . ^^^^^y ' 

We could also form the lower sum L over a by taking the mliniraum value 

r • " 

of x as lower bound in each interval [x ,x _ ] . In this way we could 

^ r r-l 

obtain a result for L ^similar to (1;) and so prbve 

r+1 



J a r+l 



the details are left to' the reader. 



• , ^^^^ ^ cosine integral . Let us attcuipt to find the integral of 

^ cos X over [O^a] where we suppose a < tt so that cos x is decreasing on 

the interval. We. take a subdivision of the interval into n-- equal partes .of 

"length h = — Setting ' . ■ , : ^ ■ J*.... - ■ ^ " . 

: ■ . ' ' ^ ^ ' • ■ ■ • ^ ^ " ' - ' ^ ' 

^" - ' ; ■ ■ ■ ■ / V ^ ^^^^ ' ' ^^^^ ^ 2 ^ • - . ^ 

we obtain a lower sum L over cr . - ■ ■ ' . ■ , * 



cos .kh 

k^l . ■ \ . k=l 



(1)\- ■;. ■ ) . . : ;L ■=^-(cos - ^^.i) = ^ Z c 
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.on A3-2;-ii) ,' on 3eot:ins 



ve obt,a in 



COS kz = u(n) - u(0) = 



sin(n -4- — ); 



2 sin z 



2 



; . ; Equat:iOn (2) perr.i^s 11s to evaluate the Limit erf. the lover sum given 
in Equation C'l): ':, •■ . - - ' ' • 



2 



lim 'L' = iim 
h-'O' » -h-O^ sin ^ h 



sin(a 4- - 5^ 



-Using.-* the. Tapt i:h"at ■ lim 



sxn u 
u 



— 1 ve have ^ ji 



lim L = sin a 
h^C 




Since the diff'^rence oetTJueen. L and \ U 



has the limit .-6 , ve' cbnc^lude that 



S4.n a . 



V 



•]xer cise-s Ao-1 



In subsection (±) the text states." that* ' it ^fTollo--^s ' ''at -Diice" i'frdnl -the. 
inequality - (6) tha:: ' ^ ^ ■ ' ^ . 



lim- Q/- 
h^^O 



' .-5. ■ •" 

Ac-tus-lly, what ^heoireni2?_ -on ^limit-s a:se-: beSng used?' 



ERIC 



Z7. 



A6-1 



2. Show simply, wi-thout .repeating the argument pr tfhe text, that the lover 
sunf Lr. over- , L = ^-i" ^"^ki-I " also has the. limit (-7) 



3. Employ Equation (S) of Section "A3-^2Cii) to ootain I sin x dx • for 
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A6-2* Existence oT the Integral s / / > ' - . T 

The poirpose of 'this, section is "to. establish necessary- and^ siiTficient • 
conditions - ^*or the existence of the integral of a function f -over [a^b] 
rlecall that the integral -is defined as -^he unique separation number betrj/een 
the upper and lower s\ims. We need" firsx. to establish -that the upper and 
iover sinus are in ffect separated: . thai, every lover' sum is less than or -equal 
to e:rery ^upper sum. If it is pbssible to fixid an upper sum and a Ipver- SToin' 
closer' together than any given, fixed tolerance € , than by. Lensna Al^ there - 
exists a xinique separation . number, .a number I which is^ the integra-1 \of . f- ' 
over [a,b] . • / \ * ' ■ 

** • Lemma A6-2a . Lret f . be a ' function defined' £ind bounded on [a.,oj . For 
any fixed partition c of ^[a,b]'-, ea^ upper sum U over c Is greater 
than or equal* to each lower sum L over a . 

Proof . We recall that the partition a. is simply a, se-r of points of 
[a^b]* which includes' the endpoints a and b . To constr^act upper and 
lower sums, the points of a are arranged in. increasing, on^r;.* 

■ - . . . a = Xq < x^ < x^ < . . , < x^ = b . 
An -upper sum ^ U is defined as * ■ - • >v : ^ 



i .e. 



n 



where f(x) < on' [x^^^,x^J ^. a low;er sum as 



lere f (x) > m^ on ' I^v^^^>^] • Thus m^ '< and term-f or-term 

-from which .t'f^ie-'^^^Le!^^ follows*. , ^ - . ^ 

' — { • 

■ ■ It - is necessary to find a means -of coinparing upper and I'over sums for- 

any two partitions and . »For this Dumo^e we introduce' the ioint 

partition : - '^^^^^ consists of ^11 points of t^he two" partitions ^ 

take'n. 'together. . Let U.. ' be ah:y- upper sum over and. L^ - any lower sum ' 

-cr^. ^, . We shall sVjOw that / U^ is^ an 'upper . sui^i for the Joint subdivision 
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Cu- and th^"b , similarly, is a lover^sum for - a 

"then follow trom the preceding lemi^.^^ 



T^e result we seek Vill 



Lemniif^ A6-2b. For any partitions a. . and 



of 



[a^b] and any upper 



^nd lower sums , ^2 oveJr the respective subdivisions,. 



^1 > ^2 



Proof * ' Let ^ ^e a pair of consecutive' points of suhdivisidn 

^ ' (k = 1^ , 2 ... , n) . ^ There may be points of -the subdivision 



wx" 



i^ 



'from 

o^' in the open^interval say, , ^ "^p j_ 

x^_-^ '< u^ < u^ < . < ^ ^ • Setting u^ = ^-1 ^p ^ ' 

^ that t>ie set ^{u^ : i = O , p] is a partition of [x^ 1^^-^ * Further 

since and. are upper and lower bounds for fCx) in all of . 

Tx^^^^x^] th^y are 'bounds 'for f(x) in each of ;the subintervals [u^ l^^i-' ^ 
i ^ 0 / 1 ,2 , > P ^ (see Figure A6-2)^.' If -ve^ form the upper sum 

•U^ ■ over the partition of Lx^^^^^x^J using the- upper bound M^^ we have . - 




Figiire A6-2 



p 



• ''5 iJa K^'^^^- ^ ^o^la .'2 . .1^ rollows ^.on. Le™ A6-aa thai. ' 



""^'^^r-^'^'ft^^^^^^^ ^2 or [a,b]. there, exist 



^ ^ei-^ ^ S^^^i-fci^^ ^'^^^h has upper and lover sums U .-and L 



U ~ T 



^"W^ ^""^ ^^^^"^ less than /tBen. ■ 

Oonve^^ - ■ tbeo there exirt a ■: . 



*^"tloii^ - ^- over [a,bj-. -.. 

i^i*^'*-:'-^^ 4.1^ '"^^ «et.e^n love. 

, _ . ■ ■ , • It loW- . , Offl the converse statement in Lenma AI-5. > 



that.ttiere exist lover and uppei^ sufiis, not necessarily over 'the same, partition, 
say over- and over for which - < e , From ihe ' ■ 

■.corollary to Tieinina A6-3b, ve concltide that there exists a single partition a 
having upper and lower sums U and L for >7hich U - L < € . * * 

' * . " , ■ .» ■ . 

- ■ • ' ■. ' 

Next,ve -prove a usefiol , corollary to Theorem '5 -2a. ^ - 

- * Lenana A6-2£. If f is integrable over [a^b] then f . ±^ inte^rable 
over Sny subinter^'-al . ■ 

' - •• ■ • . - ■ . ■■ ' V ' ^ ' '^-^ V ' V ■■ 

Proof-. There exists a partition ' a- of [a^b] for' .which u - L < .e 
wher^^.U and L ^ denote upper and -lower sums over a . We may assume a ^ 
and p are points of for if they were not so originally they could ^Tdo 

introduced without affecting the values- of U a^id (see' the proof of • 

Leimna Ao-Jb) * With and g included in *cr ^- it follows that a contains 

a partition a' of [0:^3] * ]Mow in the sum " . 



U 



all terms are nonnegative.. If ve let U'' and ,L' denote those parts of 
the sums .U and L which are taken over a' , it Tollows that 

. • U'^ - 'L^ < u - L < G , ^ 

- Accord:ing to' Theorem o-3a^' the function f . d-s integrable over [a,3l\. . ■ ' 

Our method of defining the integral 'has av?>b^d certain analytical compli- 
cations associated with the definition of the integsral as a limit of Riemann 
sums. Some appreciation for the analytical di/f ic^ilties may be gldkned froni ^ 
\* the following discussion. . . ■ - 

■ ■ ■ . 

In order to establi^sh the connection between upper and. lower sums' and 
^" the Riemann sums of the' text (Section ■6-3(iii)) we need one'^'urther result. 

J • Lerma Ac -2d . If" f ^is .Integrable over [a,h] ' then for. all sufficiently - ^ 
fine subdivision's a there exist upper and lower '*sums closer than any f ixe^d " 
^ :tolerance e . .^7 ^^L' ^ ' ' . 

In oth^ terms^ for. every > 0 there exists a 5 0 * ' such that for '/ 
every partition a with norm ^ v( cr) less- than . 6 there ^ ex^st both an- upper 
sum U and a lower sum" Ij ' oveoy a for whic'ii - U - L <: v ■ - ' ' ■ 

■ ' : - -V- . / • •: : ■ 641 ■ "T • - 
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PrpoT. 'From the* exis-ten^^ of *t?ie integraX and the ^rollary to Lenma 

A6-2'b we know that, there exists a partition , "a = {x^^x^, . ,x^3 with upper 

. and.-"lower" siins U and L satisfying ■ U - L < T . We let and denote 

upper and lower bounds' for f 'in the "subinterval [x^ 1^*^^ ^ ^^"^ ^ 

m denote' up-oer and lover bounds in the entire, interval [xx^x ]' . 

-^"^ . • — . „ . y 0^ n-" . ' 

Let a =. [Uq^xi^^ . • .,u^ } be any j5art±^ion . of ^a^b]. / ,We separate the . ' 
-c^Ese for which a Gubinterval ^ ""^i _i "^i ^ contains points"^ of ' cr in/its ihterior 
^^^oca^ the case in. which' it does not'-^ ■■ - - . • . ' 

If [u^ ^^u.^.-] contains" a/ point of a in its interior we choose the 
. overall boundb- M" and* m • of f on [•a^bj.^'' as bound's for the function in the 

subxrrterval. Since there are at most the n - 1. points ^± ^ -^2 ^ ^ 
. X _ * which could be interior "ooints of intervals of a , there can be. no more 
than n 1 such intervals containing points of a . ^^^e^form the partial 
upper surf and partial lower sum ^"^^"^ thege'^^^^Siaj ^ry als and find 

t(l) . ' U-, - L- < (n - 1)CM'- iii)v(a) . 

If '^'^i-x^^i-' ^oss ^O'^ contain a point of ."c in its interior^ then 
[u^_^^,u^] imst lie wholly within an interval ^^^x-'*^^ ^-^ ' ta^e as 

: upper :and lower bounds for f - on '["^^ l^'^i'' theH^ounds* and for f 

on the ^ i3fe«:rval I^^_x^^^ • ^^'^ intervals of • a contained in. 

''[Xj^_^-j^,x^] ■ the total contribution to the difference betWen the upper and 
lower sums is less than or equal to. ■ - ^^^^ 1^ -* Forming the ^ 

partial upper sum ^d partial lower sum' over all. those intervals of 

c 'which contain no rjoints of c we find 



(2). ^ • . - ^ - I,^ < Y^.U^ - rr^) (^^- - y^J^) 




< e . 



For the complete upper ^sum U - "^2 complete, lower sxim 

L = + oyer '^a ' we have 



'2 ^ have 

K /" L = (U^ + U^) - f^x "2^ • - ^ 

/ * . < (n - l)*(M - m) v( a) 4- . 
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We cai;i; make the dxTference U L ^^ss than e by leaking each term, in the • r. 
last eocpression less than *|- ,It is stiTficient^ the^/ to "tak.^ / — and 

^ = 2L (n - l) (m - mj + "iT ^^^^ cienominator being' chosen^o giiard against the 
possibiS^y that (n - 1)(M.- m) = O) . -For vC^r), < 6\ the • lemma is established 

It is now easy to'', prove that integrability implies Riemann integrability* . . 

•*'»•*. ■'^ - - • " • ^ • ■ ' . » 

THEOREM 6-3c. The value is the integral of f over [a;,b] , in the - 

sens^ 0x7 Definition .6-3, if and only if it is the limit of Riemann 
Sims / 

(3) ' ' ' i - lim R . .. 

- ■ v(a)~0 

\ Proof , As before, consider' a partition c^= {x^,x^,* , . } with 
S^C-^) < o^- ^^-1^^^ • particular value in the interval 

C^^-^;.^] "^ave i\ < < ^ ^ whence, 

^ n. n' 

• k==l>^ k-1 ' k=l 



or I ..^ . 

L'< R < U , 

for Riemann sTjms and all lower and upper sums L and U over ^t^ . * 

Using Lemma A6-2d we can obtain upper? and lower sucns U and L for which 

the difference U - L is smaller "han an^- given*- positive e provided the ■ 
partition is fine enough; .I.e., v( a)<'^ for a suitable positive 5 . We 
•have simultaneously^" * # ■ " ' 

• ■ ■ L < I' < U ' . 

and " . '^'^ ■ 

for all Riemann -sums oh^^ c . It follows that ' . ' , ^ 

. _ |r - l| •< U- - L < £ , 

■Thus we have satisfied the criterion that "I is the appropriate limit of 
Riemsmn sums. . ^ > 

As a research___problem complete the proof or -the theorem (Exercises A6-2., 
No. 3). \P - ' ' ' \ 



■ Bxercisfe A6-2 

Let £' be a function which takes 'On a rnaxinrum" and mihiinum on e^rery 
closed interval (e.g.^ f coiild >e. a- continuous func^ion^ or monotone) - 
- Let U X a) and L ( o) be the upper and lover Riemann sums obtained by 
^ using the maximum and minimum values of f(x) as the appropriate bounds 
in each interval -of the subdivision, 

'Let- and be any partitions of [a^b] . ' Prove for the * 

"joint subdivision a = [J that 

U^'Co^)- > U^(a) >iriG)'>Tr(o^) •"'-..v-.^ 



In.oth-er terms^ by adding new points to a subdivision we may reduce 
the difference betT^reen the upper and- lower Riemann sioms 'tnd we 
cannot increase ' it'. ' .. ^ 

Show that if f is Riemann integrable (Sectipn o-^h-) over [a,b] .-/cthen 
f is bounded on^ [a^b]. * - ^. ' ^ 

Let f be integrable over [a^b] and let R denote a Ptiemann sum 
corresponding to. a partition- a c!^ [a^b] . We have proved (Theorem 
6-3c) that If f has an integral. I then' ^ ^ 

I = lim R . " 

Prove conversely'-- that If the limit of the Riemann -.sums exists then it is 
integral of f over L^^^^] ■ (Hint: .Show first for any partition and- 
^siuive € that ther^exist at least one Rxemann sum R and one upper 
sum U .over a such that :U-R<€.)- 

Consider the f-unction f ' defined on '[0,l] by 

O ^ y X irrational / ~ ^ 



f(x) = 

1 ^ X rational 
Prove that 'the integral of f does not exist. 
Consider ^e function f defined on [0,l] by 



0 X irrational 

^ -<•« 

1 s 

T- , X rational, x = — in lowes.t terms, 



Prove tr^t the .integral of f over [0,l] exists and* find its va53Ue. 

Give an example of a nonintegrable function.- fg where f . and g are 
ich' integrable . . . • ' ■ ' " • ' ^ 
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' . - A-7--^l. Covers of Closed Intervals * ^ " . * ..^ 

In order to prove the integrability or^ontinuous functions we introduce 
. the idea oi^a cover of an interval. A 'set C-^ of open intervals is said to 
^be^ a cover dr an interval I if fo^ every x *in I there is a member of 
C which ^5>c'ntains, or covers x .If f is continuous on, the. closed interval 
[a,b] then for every positive e each point x in [a,b] has a neighbor- 
hood K(x) with the property that ^ / * 

' .. |f(u) - f(x) r< € ' 

for all u in N(x) and in [a^b] . For each positive e , the set of such 
neighborhoods is a'- cover of the interval [a^b] . This cover is an infinite 
set of neighborhoods. The remarkabie property which enables us to prove the 
general integrability of continuous functions is that this Infinite set of 
neighborhoods can be repla-ced by a subset which is also a cover of [a,b] * 

THEOREM AT-l ni The Heine-Borel Principle > Every cover of a closed interval 
contains a cover consisting of finitely many open sets. 

Proof. We shall use the Nested Interval Principle (Section AI-5) to 
■prove this result • Let C be a^set of open intervals which cover [a,b] . 
We suppose that no finite subset of C is a cover of [a,b] and seek a 
contradicitorr. The t;*,^?^-..:^ [a,|<a+, b)] and [i<a + b),b] 

=• cannot both have T^nlte covers, within C 'for on combining the "two covers we 
should obtain a finite cover of [a,b] . Thus a^TTrta^st one of the half- 
intervals has no finite cover. Let [a. ,b-, ] b^ a half -interval which has no 

finite cover! Again, the half -intervals f^^l^^l 1 ^^d - 

l-i^^l -^l-^ '^l-l -"^^^ot both- have, finite covers'* " We can then choose a halaE*- 
interval without a finite cover and' denote it by [a^,b-] . In general, if 
j^^^^^eZe^have an i);iterval [a^^^b^] . without a finite ' cover, we denote by . ■ ' 
Niaj^^^^bj^^^] one of the half- intervals of [a^,b^] which has no finite cpver. 
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The lnt;ei-vals, T^^*"*^! jireceding construc-tion are nested; 



li: rbllows*. f rom "the Nested In-berval Principle tha-t there is at least one real 
'fiusfoer. s" in all these intervals, 




.Moreover, 



b - a 



= 7k:T^,^i - ^1^ ^ 



SO that the difrerence - a^ "is made less than any given tolerance Tor. 

sufriciently large k . It follows by Lemma Al-5, that the nuinber a sepa- 
rating the set Ox lover endpoints from the set of upper ^end points is -determined 
xiniquely • . ' . 

s a 
,v) . Sj 



Since s is a point of [a^b] it is covered by some open interval in 



C ^ say (xi, 



Since u < s < v- it follows that Minfs - , v - s} is 



positive. If; £ = Min/[s - u,v-s3, then b a = ^ < e for any 

ST-LTficiently large k and ^^j^j'^k"' contained in Cu,v^K.. It was asserted 

that [a, .b, ] had no finite cover in C . but now we find -Hiat it can be • . 
covered by the one interval (u,v) • This is the contradiction we^sought.. 



. , Exercises A7-1 

1'* Show that t-irfe rTeine-Borel Principle fails for the interval [l^Vz) ; 
that is, find a cover C of [l,v^) such that no finite subset of 
C is a cover of [1,72) • ' ' . . 

2. Prove that the Heine-Borel Principle fails for open intervals; that is, 
find a cover C of an open intez-vsl 5ueh that no finite' subset of C 
is a .cover. ^ * * - 

3. ;" Complete the demoi^tration that the Heine-Borel Principle is equivalent 

to the Sep^fc=atd.on ^xiom; . that, is, show in an ordered field that the 
principle implies-^he axiom. ^ 
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\ 



^ta^e and.. prove the. conve-rse of t-he He ine-Bbr el • Principle . 

VSiJCice the Separation Axiom fai^I^jj^^or the field of rational nunibers^ so 
also must the Heine-Borel Principle. State the would-be Heine-Borel'] * 
Principle" for. rational numbers and ahov'by example thai^ it is not ^-alid. 
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. - A7-2. The Integral of a_ ^ntinuous ^[unction;. ■. .^ . . , ■* . 

Using. l^he Heine-Borel Principle we . derive the basic result: 

THEORg^l A 7 -2 . ' ir • f i'EL^o^Rrtinuous on -the- .interval. : [3>b] , then T ' ^. . 

• . integrable over {a^b] - ^ , ' ^ ' ' 

. • . - Proof . Let. X be any point of |.[a;"b] • For a 'given positive let' 
N(x) be a neighborhood of x for whTich ■ . " 

Ci) ' , If.Cu) - f(x) !- < c > 

vhenever u is In . NCx)' . The neighboiibood rj(x) " cqneists of al-L the point 
u satisfying ' ■ ■ ' ■ ' 

, :, .• ; ' |u - x[ < o(x). 

. for s one value'. c(x) . Ve shall also inake use of ' the neighborhood" vith . ' . ',• 
radius I" o(x) , . ^ , ' , ' ■ - : \' ' 

. : ' . - \ KC-x) = [u :■ |u - x| < i--5(x)} . , _ 

The ^set ^f neighborhoods NCk}- for 'x in [a,b] . is a cover of [.a,b] - 
From the Heine-Borei Principle ■it--fQllow^ th^t there is_ a- finite subset or' 
; neighborhoods N(x) , (i = 1 ... , n) which cover the interval. If 

^ 6^ .is the radius of N(x^) , then |--5^ is the radius of ^N(x/) . We set 

- ■■ *" 

S - |-Min{5^} . ' " ' . 



Koy let ^ <r - .=? . (uq. u^ ^ ^ , . . , n^'} be any partition ""Vlth norm v( cr) < 5 . 
In each su.binterval . [^-ij^.-L ^ 1 we 'shall ^ind upper and lower bounds for 




which 'differ by at most a :?i-xed miil--iple o1 

Let X by ^ny point of [u^^, ,u^] . . Since' u^ - u^ ]_ "< ^ £ ^ S- 

it follows th^t I" - '^^ ! ^^ -^ • -"O- ^et KCx^) be -a covering interval of 
u^ . Since u^ is covered by an open interval NCx^) ,we have' ' • 

lu,, - x^ j < 5j ■ . Consequently ' - ' . 

^ ■ • Ix - X, 1 < 5, ; • ' , • 

tnat is, X isfe.poin- of UCx^J ..^ We conclude that (l) is satisfied:' 

oho . ■ ■ . ■ - , 

ERIC . , , 
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Taking. - ^X^.^) e-, ~ i'Cx^ ) - ,€ ve have uppei^ and' lower bound 

satisfying ^ - \C ' ' " ■ * ' : ^ 

■ . ■ - ■ » .. . ' , 

■ * 

It follows Cor the difrerence between the. corresponding uppe^ and lower sums 
that • ■ • ^ , ' - ■ ■ - . 




kx=^l 

n 



Since we can Tind ah upper sum and. loirer a lover sim which dirrer by less than 
any prescribed tolerance, the integrabilit^?- of f is proved- - 

Exercises A7-g " 

A functiofp is said to be jDt bounded variation on ^[a,b] if there 

exists a bound M such -that for all riartitions a = Cx^.x^ ,x^ ,x ] 
- - , - y ^ > O 1 2'-'^. ^ n 

. of u^b] ' - . ' ^ ■ . - ' ■ \ ■ J : :, ' - ■ . 

, X(a> - If (x^)-- f ) I' ,< M., ' - ' - 

• • . " k=l ~ , ■ . ^ . - 

(ay ■ Prov#if 'the function f is monotone on [a_b] then f , is of 

bounded variatio52 on . L^^'b] . . ' ' . ' • 

(b)' Prove if f ^is " a • f urtction of bounded- variation then f can.be 

represented a^ a sum' ■ f ";=^g h where ,g 'is weakly increasing 
' . . and h is weakly decreasing. Prove conversely-, i^ f can be 

represented as such a sum of monotone functions',, then, f is a. 

function -of bounde'd varia^on, " , , . ' 
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The preceding result enables 1as • to 'prove that not all-inte^rable rimc^ions 
are l^Tnear combinations of monotone f^anctions • Consider, tl^ f\inctipnC ' 
defined ^by ^ " " ' - * ■ . - ' 



f(x) = 



X cos — , 



X ^ 0 f.. 
X = 0 . 



and 



Prove that f . is continuous ^ therefc^re. inte^rable on [0,L-f 
Prove also th3t f is rjot of 'bounded variatioh on- [0,1] . 

Prov<# if f is continuous on the closed ' interval Ia,'bJ/ and has a 
bounded derivative. -in. the int'erior- (^"^b^ / then- f- is of ^bounded 
variation on' [a^b.] ... 

Prove , that if the; function f"" is' of bounded variation, on^ ^ [a, b] 
if --a < c < -d < b , then f is of bounde.d vari^ion on [c^d] . 

Tne. concept of length, of -a curve, that of "area, is not defined in 

general' by ;the methods of elementary geometry. - By ^ha.logy with the ^ 
concept of integral, it is natiiral to attempt to expresfe the length of 
a ctirve as a limit of the lengths of polygonal approximations-/ . - 
Let a curve be given as the graph of a given function f on [a.,b] . 
Given a partition aV^^I^^x^, , ,x^} -of [a,bj . we .construet an - * 



y 




/"■~^y = f(x) ^^T^ 

/ \ - ^ ' ^ ' 






^^jtVt^L :— \--^ , 


t 






/ i \ -w - 








/ / ^ ' \ » y 
ft \. y 
















. ■ 1^ 






a = 




= 1> 



^3? 
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inscribed poiygon. to the graph of f by J oiniiig tlie. successive points 
(Xj^,yj^) -vhere = f(x^) ; for k =. O , 1 , 2 , ... , n '.(Figure AT-^) 

l^e-t c>C denote the Length of the graph- and L( a) the length of the 
Inscribed polygon. We have • 



^k-1' 



L(c) = ^^'^.-^-2?.^ ^ ^^K 



where the general terr. in the s-um is the length of the straight-line 
-segment joining the-- ^?oints ^^^.i^^j^^i^' ^ ^^'"^k^ ' Intuitively^ the • 

straight path is the shortest path >>etweeh the two points^ so that the' 
path alo.-j the graph of f is niver shorter tha>l.the segment joining the" 
two points* We -OTJist then have Ij{ o)' < Tor all partitions a . »We 
can only estimate from belrow^^i^ ^sing inscribed polygons- Further- 

^more, i^iere ,is no obvious ggi^est^^^ay^ Df estimating c^^'^^"f*s^om' above. For 
this reason we define aC as- the' least tipper boujid ofC the/Lengths .- L( a) 
of- inscribed polygons, pirovided such a bound 'exists^. - ir the length jtC' 
^exists we say that f is rectif iable over, [a^bl • F^^o^e that a ^ - " 
necessary and sufficient condition^^fc)r f - to be- rectif iable over , fa/b}^ " " 
is that f be of bounded variation on [a,b],^ a- \ 

^^^^^^^^ , , ■ ■ ^ - \ 

Let Of be a point of* the doiqain of f for which every deleted neighbor- 
hood . contains . other points of -the domain. The. function . f is said to be 
i*icreasing at the point "a -if .there exists some '""neighborhood wherein 

f-) • . * x<a. ==^f(x) < f (a) 

and - ■ • - ' ' . ' 

(lij ' X >a: f(x-) > f(cr) ^ ^ 1 V • " ' * * ■ 

■ <^ ^ y . ^ ' . . - * ■ _ 

for -those points- -x in the domain ;of f . Show that if f is ^- -^5^' 

increasing at every point of the interval (a,b)- then f is increaoing 

on (a ,b> . . ' . ^ . ^ 

By the He'ine-Borel Principle pi^ve that ff f is 'caritinuous on [a,^b] ^ . 
thien ' f is • bounded on [a^b] , C Theorem ■ 4^U-l) ^ f '/ . 
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Appendix 8 ' ■ 

iLYTICAL. DEFINITION OF" THE .CIRCULAR FUI^CTIONS 



In Seoi;ionv$^-5 . ve derined the sine and cosine functions as solutions of 
the differential equation . , ' 

(1) , D^r + f - 0 ^ 

where sin": x » 0(x)'^ satisfies 'the initial condition" 

(2) 0(0) = 0 /0'(O) - 1 • V . 
and cos : x— ^.U^Cx) satisfies the initial condition 

(3) ' • ' /^'-(o) =i,^'Co) =-o . ^ ■ 

We w;Lsh to prove the results that the differential equartions define the two 
circular ^functions fftr all real values of x , and .that these' furrc^ons are 
periodic with period 2^ ^ - 

' We note. first that the inverse g of 0 , is. defined by tlie integral 
• ' ' '"' M = Rin) = {\ = dt 



J 0 I — 



( 



U 



<;i) 



for -all- values-' u in ,the open interval ^ -1 < u < 1 . From this fact we may 
concflude only that 0 is defined on soi:ae neighborhood of the origin by 

(5) ^ ^ ^ ^ - 0 : g(u) » u 

yyherever 0 is defined^ we .define ^ by 

' Co) ^ - ' V :.-x— ^.0'(x) 

Oar' f irs't probleni is to extend these definitions to. th^ domain of all real 
" .number ^ . Once we have shown the existence of the soli^ions 0 and fijr ' of the 

differential" equation (l) on the domain of all real n-umbers we are -"free to 

employ the addition ^theorem (Exercises 8-5) without restriction 'sin(2e the 
. sum.pf 1iwo numbers in the domain will again be in the domain-' Using the r 

ad"di"t ion 'theorems^ we shall have no diff lenity in es.tablishing the. periodicity 

of- the functions. , - . *, 



\ 



liCt X -be any real nujn'oer. Jit' is easily verified that 



(T) 
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a^ix - Xq) +^b0Cx^- x^) 



is * solution of the differential^ equation (l) which satisfies the initial 
condition • 

IQ) ' ^ * . ^ ^^Cx^) = a , f'Cx^) = b . — 

-FiiTtherrnore^ (7) is-^tiie-<2?nly solut^x>n--cat-i:sf congition (8) b^r-ex'a ctly - 

the same argument as that of' the* vm\queness *^^D<^3m (JTheoreni 8-5b) for the 

case = 0 . " ^ ' 

0 ■ - ^ rf:^, 

Now let ^ = sCt)) where 0 < "q < i so that 0 and ^ are defined by 
(5) and (6) on the 'closed interval ^ x < 6 • (Here we employ the 

symmetries of the two f-unctions. Exercises 8-5, -No. lO) ^ In (7) and (8) we 
take = g ^ a = = ^ and b ' = .0'(^) . Thus the 'function 0 saSsisfies 

the 'same initial conditions as f at x^ - i and theirefore' by the uniqueness 
theorem must coincide with f where the domains of the two functions overlap. 
The function f* is'therefore a naturial extension of = 0 • * The ^domain of 0 . 
includes the interval [-^,^] and the domain of f includes the interval* 
[x^ - I , Xq + |],= [0y2l] • The Intersection of two intervals is the inter- 
val [O,^] • We introduce the function ' - ' 

0(x) f (x) , X C [0,1] ^ 

■ *• - 

f(x) , X £ [1,2^] . 

^ ■ > ; ' 

Clearly 0 satisfies the differential eauation (l) on the interval [-&',2^] 
and the initial condition (2). Finally ve define the extension ^ ot 
on the inter-val [-1,2^]' by " * ^ 

^ : X — ^0V(x) / . 

o 

In-order -to" keep the notation simple we no longer distinguish between 
the extended functions, p and ^Jr and the original functiojis "0 and x|/ ; 
this cannot cause any confusion since the extensions are uniquely deter- 
mined. ■ - 

We H^y now repeat the procedure to ex±en^. the two functions further. 
Since 0( and" \i; are defined on the interval [-5,2^] we may introduce the 
solution (7) of the differential equation whiqh satisfies the same condition 
(8). at Xq = 2| as the function 0 that is, we take a = 0(2|) and , \ 
b - 0'(2g) - Ti^(2^) The function X defined on the' interval *^ . • 

[x - ^ ,x + 2^] = [l^Vg] which overlaps the domainr'of ' 0 on th$ interval 
[|^2^] . 'We extend the definitions of the fimctions 0 and ijr by setting 
0 = f and Ajr = f ' on the domain, of f . ' ■ " _ ' \ 



a8 

We proceed recursively. Once we have defined 0 and ijr on the interval 
[-|,2^|1 -we introduce the solution f of the differential equation defined 
by {'^) and (3). where = 2* | , a = ^^^o^ ^ = '"■'^^'0^- " function f is 

then defined on the interval [x^ - ^ , + 2\] = [(2^' - iH ^'vl^.icK 

overlaps the domain of 0 on the interval [(2^ - l)| , 2^"^"^^ ] . By the 

ujiiqueness theorem, the fxxnctions 0 and f are uhe same on the .common part 

of their domains* We extend the definitions 0 and \' to rr.^ entir^e interval 

V4-I - ' ^ '.*■'"" 

[-^ ,2*^ |] by setting 0 = f and \ff = f* bn^the domain of f - - 
•» ■ ' , ' 

Given' -any positive real number x , there exists a value 6f^ k such" 
that 2 I > X . It follows that 0(x) and "^(x) are uniquely defined for 
every positive value x . A similar construction may be used to define 0Cx) 
and >if(x) for all negative values^of x (see Exercises AQ ^ No. 'l) . In this way 
we extend the definitions of - the functions to all real values. 

To sho'w that the functions 0 and "if are periodic we must '^find an 
appropriate ^*ay to introduce 'the numbeiJ^ and to exhibit its rielation to ; 
the period • We define <the number r: by the relation ^ = S.(^^^ 9 tjiat is, 

from (h),/ ' ' ^ ,^ 



^ Jo 



A - t^ 



dt 



Equ^^valently , we heve 

(9) *' ^ " (z!(f) - 



Since [0(x)^ [■^(x)]^ = = 1- we conclude ^•nat 1^ = i or that ^ ' * 

- - ■ r. 4 , .• 

=- 1 . We -.-bviSh to determine « the correct sign". . •'■ , 

^ ^Fyom ( -k)^^ we ^know tKat^ 0 is incre&s'ing^ and nonnegativ^ on 'the interval 
[0,7^1 . Since. ^^'V* = -0 '(Exercises 8-5, No. 8) ^and is positive^^on [O^?]' , tftien 

'ilr* is decreasing; oh the interval- 'Since '0(x) can not attain the value 1 ^f 

r ■ • ^ / N ^ i / 

' in ' [0*r-l it follows that ^{x) cannot be zero at. any Ti^iint of the interval. 

' . f . * 

Observing tha^ ^CO) is positive ^d that if is continuous we conclude that 

^Ctt) ^ 0 , hence ^ " 

(10) .. = . 

We leav'e as an exercise the ^r)r oofs of the details of this argument. " 



r 
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Next ve insert ^the results (9) and (lO) ±jx the double -angle" Tc^rnralas * 
•(Section A2-5^ (9) and (10)) to obtain successivelv ^ ' , , . 

- * " ' 



0(f) ^"2 {Zf(|)^(f) =^1 



'Vhence, finally 



^yCn) = [Mr(|>}2 - [?zf(|)]2 = -1 



Tlie ,periocii'city pr the sine function now follows inmediately from (ll) 

0 and b = 1 in (T) and (8).' We have 



upon taking x-, 
(12) 



2jt , a 



'(x) = 0(x..- 23t) 



0 . 



where -.f satisfies exactly th^ Same initial conditions at = 27r ^ as 

^ It follows from the ^miqueness -theorem that f = '0 and from. (12) that 

(13) - . 0(x) = 0(x - 2n) . ' . 

..^Prom^.13) ^e see that ^ is periodic with period 2jr . . To complete, the- ^ 
proof we diff eren-fiafe in (I3) to obtain the same result for -\lr . - ' 

-\Jrle have used the ^symbols '0 and ^ throughout instead of ,the familiar * 

"""^ '$s<3 ^ ^ ^ • ' ^ ' 

sin ajnd cos *in ord^i'-*-t^^ avoia the possibility , of a logical slip through the 

inadvertent as siznrpt ion .without proof of one q^the well -known p^'operties of 

the clxcular 'functions • , Now that these properties have been estal^lished we 

.shall return to the customary notation- ^ ' 5 . ' 



Exercises A8 ^ 

1. (a) • Employing the methods of the text^ extend the def iffition-s' of"" 

sin : X ^ 0{x) and cos ::s.x ^ •vlf(x) given by (i^-)^- (5)^ '^nd 
(6) to all negative values of x • . * 
.-(b) Use the fact tKat the furictiona 0 'and ^ have been defined for 
X > ^ where O < § <'l ^ to extend their domain to include the 
.-^ set of all negative nimb^rs. _ " ^ 



2 . Prove : 



a8 ••: 



(a)" 


0(f 


- x) 


= ^^(x) . ' 

• 


ft 


- ( b-y 




- x) 


= 0.(x) . 




(c) 




- x) 


= SZ5(x)' , ' . 




(d) 




- x) 


= --;r(x) .. 





3. 



1 

2 • 

2 

2 
I 



Shov: 

(b) ^;.(|)- 

(c) 
(d) 

Sliow: • ^ / 

«^ ■ 

(a) .0 has no posi1:ive .period less than/ 2tc . * 

(b) - the function t : x^^:— is periodic, with period jrr ^ 

Derive the' romrulas 0(z + 25r.) = 0(z) and '^(2 + 27r) = iJrCz) 

(^i from (13) ' r . , • ' , . 

(b) direotly Trbm (ll) and~^he addition- theorems . 

. . ^ > 2 

.Prove that if t is the arc length of the ciirve y = vl, - x 

X = 0 and. x =*k then = a and i!;(t) = A - a< . 

' ^ - ' ■ ■ ^" J * * 



"bet'ween 
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• Appendix 9 - 
, , THE'STORiT ABOUT AL 



Under a nrlins by the Director of'^'^f^G, the s t dry ^ bout Al may be 

disseminated only by vord of'inouth- / . , ^ 

'ft- 

■ • ■ • . / • • 1 





Appendix 10 . 
ETTCE OF IMPROPER .ZNTBGRALS 

The main purpose or this appendix is to, prove the comparison test^ 
Theorem 10-6a, ' tor the convergence or improper integraJ-s For the proof of* 
this resiiXt we first establish tvo useful preliminary .lemmas • 

Lemma AlOa- If every interval ^a^x) contains points of the domain of- 

0, and 0 is monotone and hounded vithin some such interval, then lim. 2f(x) 

x*^-a 

exarsts - * • ■ 

• » . • 

Similarly, if every interval (x,h) contains points of the domain of 
0 and there is at least one such interval vherein f is monotone and - hounded , 
then lim 5Zf(x) exi^s • 



x-h 



Proof . . Let 



be an interval (a^x^) in vhich ^ is monotone and 



bounded. Say that 0 is weakly increasing in I • Since- 0^ is bounded in 
I / ,it has, a greatest lower boTind a . Thus 0Cx) >a in I , and for every 
positive € , there exists a point | in I such that 

0(1) - a < € . 

At the same time for a^l* x in the, domain of 0 within the inteirral (a,|) 

we have 0(x) < 0(| ) *by the monotone property of . 0 ^ and 0(x) > a because 

a is 4 lower bouhd; thus 0 < 0(x)/ - Q:<0C|)-Q:<e. We conclude that 1 

lim_^ 0(x) - a . 

X'-a * . ^ 

The proofs of the remaining cases are left to Exercises AlO, Number 1. 

Lemma AlOb , If f is Riemann\ integrgjple over then |f[ is 

Riemann integrable over [ct^p*] (Exercises ITo. 22). 



In A2-4, it was required that 0 be defined on an interval for the 
definition of monotone function^ but that requirement is not essential here* 



AlO 



Proof . Set \ • 

, X^'(x) , if f(x)^ '> 0 ; - 

0 ■ , If f (x) < 0 ; 



■f 

v(x) = \ 

( .0 , i: 



If f (x) > 0 . 

Thus, jf I = u + V • We show .that u and v , hence , are integralDle* 

Given any € theire exists a partition a of [0:^3] and upper and lower suIHS^■"^^ 

U - and L over o such that (in the notation of ChaT)ter 6)' 



n 



u - ^'^ E - - ^-1^ < 



'"Let . and ^ tn^ denote upper and lower b>cJ^md3, respectively, Tor u(x)-- on 
= ^^-1 ^ "^^^ ^ demote' i:he corresponding upper and 

lowet • suDis * We shall ^ show that M^* and can be chose^/sH that 

_ Mj^ - ip^ < ^^ - • -There are three possible cases: - 

(i) f(x) > 0- on X, ; theji u(x) = r(x) on X, and we take ' 



(ii) 



f(x) < 0 on ; -then uCx) = on and we teLke 
M^" = O on 

(iii) there exist points" ^ and t in such that r(s) > 0 and 

r(t) < O ; then > uCx) >^ > and we take M^* = M^^ , 

-)(--)(- 

In each case we have - < - so that. 

> U - L = ^(M^ -B^ )(X3^ -x^_^) ' . . .... 

There^ are upper and lower sums for u(x) over [a,b*] .wLich are closer than 
any assigned tolerance. It fo^ows that m is integrable over L^^bJ . 



^' Since -f/ is' also integrable over [a^b] i-b Tollows on replacing T 
"by -f , u by -v in the preceding argiment that v is integrable over^, 
* [a,>] . We conclude that If] = u + v is integrable over [a,b] . 

I 

THEOHI>I AlOa. Let f *be Riemann integrable over every closed ^interval 
■ for Tixed i and . 3 « (|,b) . If |:^(x)i <gCx) and 

1 gC^^^^A converges-, then \ f(x)dx ^nverges . Similarly, let f 

be Riemann integrable ^over every interval [a,T]] for a e (a,T]} . If . 

IfCx)I < g(x) and j ^(x)dx "converges, then j f(x)dx. converges. 

J a ^ • J a 

if 

rb . ■ . 

Proof . Set K = j g(x)dx . 'Since g(x) is nonnegative the f\mc-tlon 

^ given by . * ^ 

^(&) 7= .J g(x)dx — ■ 

is weakly increasing, and since ^ * has a 'left-sided limit at b that ilr is 
bounded on^ (l^b) (Exercises AlO, No. 2). In particular, since ^ is 
bounded and monotone on (§,b). ve conclude from the proof of Lemma AlOa that 

K - lim^ ^(P) .= sup {ijr(3) : g «f(|,b)} ; \ ^ 
&~b 

. i.e.,^K is the\ least up:der bound (Section Al-5^ of ->lr on (|,b) , so that 

= gCx)dx < K . ■ - , - 

TTow, let u and v 'be the fxinctions defined in' Lemma AlOb. On (^,b), 
•ve have - ' ^ ^. " • 

0 <uCx) < |f(3:) l'< g(x) 

0 < v(x) < [f (x) ) < g(x) . . 

- f 



Thus, 



^(x)dx < ^lr(p) < K , 



MP) = v(x)dx<i!rO) <K .. 
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AlO •» . 

Since u and v ^re nonnegative, we 'see that U and V are weakiy increas- 
ing, and since U and V are bounded,. Lemma AlOa yields the ■» convergence of 



lim 



UCp) = r ti(x)dx , 
J i 



" ."'.^ lim VC'p) = I v(x)dx''. 

But r(x) = u(x) vCx) implies the convergence of 

•b ->.b 



^J^ f(x)dx = J 



[ii(x)^ - v(x)]dx . 



To prove the theorem for the convergence of | f(x)dx make the 

a 



J 



I 



substitution x = -t ^ dx - -dt ^ and observe that 

. aim^ 'I jr(x)dx = lim 
(Exercises AlO, DTo. 3) • ' 

J. 

Theorem 10-oa i-s^a direct consequence ot Theorem AlOa • 

Sometimes a co'^arison-teSt as defined by Theorem 10-6a is not adequate ^ 
to establish the convergence of ^ f (x)dx * Theorem AlOa gives criteria for 

establishing absolute convergence , that is, the convergence of . |f (x) |dx . 

Hovever, it may happen that the integral of f(x) - is convergent, but "not 
absolutely -convergent.- ■ - " V 

Example 10-6b\ Consider 
*» 



xn X , - 
ax 

X ^ 



(the Dii^ichlet. integral) . Since lim ^ = 1 , ^/: x ^ can be 

. ^ - y 

extended^ continuously to . ^x = O • The dif f icultj^lies in the behavior of f 
for *large x • ^ " , . . ' 



AlO 



We obse'rve "that the ^raph of* y = ^ alternates, in ^ign as x 
:^ncreases and that the area under the arch of the graph over [2nny(2n 1)1:] 
is partly cancelled by^the cloned area belov ^the x-axis and above, the graph 
for (2n + l)n <x < (2n + 2)n , (Fi^re 10-ob).- It is this alternation which 
yields ctoverg^nce-. 




^ Figure AlO " 

The ' convergence can be proved from this observation (Exercises AlO^^No. 
the proof can be ma'de simple usingj^integration by parts. To avoid the 
consider 



5) but 
origin 



sin^ 



Set u = ^ , 



-cos X y dv = sin X dx to obtain 
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AlO 



Nov 



sin X ^ CO 



n/2 ^. 



s t f 



cos X 



jr/2 x'' 



dx . 



J COS . 



-5 4 

X 



so tha-t 



cos X 



is absolutiely convergent over- [?• ^ »] , and ILim 



cos -b 



= 0 . 



Consequently, J 



COS 

n/2 x' 



Next we show that 



dx converges axid so does X 



J I siii x 
0 f ^ 



dx 



diverges. We have 

•njT 



/nj 
0 



n 



sin X 



sin X 



dx • 



Now for X in [(k - l)jr "+ J , kjr - J-] 



r 



we have |sin x[ > ^ and x - Var . 



Thus 



sm X 



X, 



dx 



dx > -r- • • ; — > ^-r- 
— 3 -2 kjr - 



and henc^ 



a 



Sin X 



-T 1 



Now we enrplpy a trick to show that this last c'Jin can be nade arbitrarily large 
From ~ -on ' *[k -'l*k] we have 



Jk _ ^k -r 



Now sxmming from 1 we obtain. 
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J 



0 



sm X' 



>-i [1 + 



> i [1 + log n] 



i dx] 



From^-the xant^bundedness of log n ■ ve conclude that the integral diverges. 



" , ., ' Exercises AlO 

1. Cbmple-te -the .'proof* .of Lenma AlO-l. ' " 

2. Show if ..^.s weaM.y increasing- on and has a lefo-sided limit 
a-t -"b K = lim then ^ 4s bounded on (^^b) . 

3. ' Coit^lete the proof* of Tlitorem AlOa for j fCx)dx . 



k-m Show that the condition in .Theorem 10-6a, that t be integci^ble over 
every closed suhinterVai or Ca,h) , cannot be omitted from the conver- 
gence criterion* More precisely, show that if [f C'^:) 1 < gCx) and 

Jt» *^ - /- b . . >-b 

g(x)dx exists, then J '|f(x)Jdx exists but J f(x)dx need 



not exist. 



5- By eX:imating the $ibsolute difference between the areas of successive 



, ■ 4^ sxn X 
arches of the cuarve y = , i.e.. 



show that 



converges , 



6 . Prove . that 



■ r-^ 1 . 1 

I — sxn — 
J 0 



I 




dx , 



Cn=l,2,3,..0 



\ 



INDEX 



I'' » 



accelera-tion, ^4-09 " 
antiderivatiVe, ^h27 * . 
ai'ccos^ IkU 
afclengttL, 3^? 

atcsin, 1^3 ^ • . - . ' 

arc"tan, Ihh 

area r-Lu^ietlon ^ • ^ 

" additive proaperi^y^ 3^7" ^ 

order prqperty, 367 
asymp"t6te^ 23O , ' 

horizontal, 232^ 23^ 

oblique (slant), i233, 23^^ 

vertical, 232^ 23^ 
attenuata^n equation, ^02 



Binomial Theorem^ 338 
"boimded grovt^, 512 > * 
"bounded set of^oints," 26I ^ 

greatest loiter bound, 266 

least upper bound, 2o5 
bounded variation, 649 
braking coefficient, 513 
Buniakov'^y-Schwarz inequality, 403 



catenary, 

Cauchy^s ineqi^Tity* 253, 403 
chronaxie "^y 509 
composition of functions, 102, 
conic ■ section^ 313 
- directrix, 313 

r eccentricity, 313 
. focus, 313 . ^ / 

constrained extreme value problems^ 213 
continuity 

of coirrposite function 
^ (Th, 3-6e), 103 
of ,^f fexentiable function 
.. ; (Tb. 3-6d), apl/,r 
on the interi^^T^ IO8 
intuitive idea^ 62. " 
of inverse function (Th. r3-6f), 104 
^ piecewise-^ 5^9 " - 
of product" o^f continjious functions 

CTh. 37^^) /' 99 • : - 
of quotient of- continuous functions 

(Th. 3-6c), 100 
of sum Of continuous fixnctions ^ 
(Th. 3-6a),--99 
convex set, 207 
convexity^ 206 

flexed dovnv^d, 207, 234 
flexed upvard, 207, 203, 234 



cos'ine integral, 63^ 
cover cf^an interv^, 



decay coef f ic^ient, 49^ ' " ^ . 
decomposition into partial fraction, 5^ 
decreasing function, 234, 299^ 

veakly,. 156, 299^ 
derivative 

of a^, 466 




of arccos 

,0: 
•0: 

of Ci 

(Th. h-6), 14^ 
of cos^ X, 139 . 
of cot X, 139 

. 

of e^, 465 
of f c/ 118 

of f:x— *x, 118 
frx—x^, 118 
f:x-*Vx, 118 

IX— ^ — , 118 



Chai^n Rule) 



-.of 
of 

of f : 

* X" 

of f :x-^ 1 y 
of f*, 117 



118 



of- a function at appoint, 49 
of inverse of diff erentiable 

function (Th. 4-3), I32. 
of 'linear,^ combination ' (Th* ,4-2a), 120 
of log X, 465 ^ 
of polynomial (Th. 4- 2c, . Cor. 2), 125 
of polynomial of diff erentiable 

function (Th. 4-2c^ Cor. 3), 125^ 
Dover rule for "oositive integers 
^ ^ (Th. 4-2c), 125 ' , . 

^pf a product (Th. 4-2b>, 122 
of quotient of dif fereritiable 

function (Th. 4-2d, Cor. l), 128 
of rational function (Th. 4-2d, 

Cor. 2), 129 
of reciprocal of ciLff erentiable 

function (Th. 4- 2d), 128 - 
of right-hand and left-hand, 121 
of sin X,. 139^^ '■■ ' 
successive higher, 159 
of -ban X, I39 
differential equations,' 429 
eX (Th. 3-5a), 471 
sin X, cos X {Th. 8-5b), 472 
direction angle, 30 
displacement, total,, 408 
dom-ain of a function, 269 
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paroT^eorfcies of ^ MH 
ellipse, 313 ' ' ^ ' ^ . . ' 

fopal chord, 3lif ^ . 

la-fcus orecirum, 31^4- ' ' 

energy densi"by, 5^3 
epsilonics, Gjt 
exponent 

definition oT zero exponent;, hhS - 
general lavs» i'or negative 

.integers, hk6 I 
general^ lavs ^ot positive 
integers, 
. rational* exponents*,' hhj 
exponential function," W;^7' 
derivative of, k-k3 
* inverse function, hkS 
exponentially datirped sinusoid, 607 
Extreme Val^e- Theorem ('Th. 3-Tb), 109 

proof, 3k7 . 
extremurrr, 173-' - 
isolated, 199' 
loc^, 176, 181, 200 
on open interval (Lomma 3~2r) ^ IL78 
relative, I76 ' - ^ -^^ 



^ field, 
f;;inction ' " ^ 

alD solute value, 95 > 27ij- 
coniposi4;e, 286 
"^even and odd, 276 
" inPteger part, 57, 275 
one-to-one, 290 
periodic^. 277 ^ 
signum (sgn), 6I, 62, 27^ 
function definition, 269 
circiilar, 137, 3O3 
constant, 27^4- 
explicitly defined, 1^2 
identity, %7^ ' 
- implicitly defined, I61 
inverse circular, -l43f 
Fund^ental ^Theoretn. of calculus, ^25 



glooal properties of f , 169 
graph sketching, 229, 233 
N Green's fimction, 61d 
; grovt^ coefficient, J+97^ 513 



\ half^life, 14-99 

Eeine-Borel Principle, 6U-^ 
hyper"bola, 313 - 
hyperbolic functions, ^85 

cosh X, 1+85 

derivatives of, h3^ 



r inverse, ,488 - . * 

sinh X, 

tanh"x, ^85 
Eyperl5blic sector, ^4^87 



impiic!t€- differentiation, 162 ' / *V 
Impla'Cit Function Theorem, 361 " 
Increasing function, ,110, 2^4, 299 

veakly^ 196, 299 
indefinite integral, i|-27 
initial value, 497 
initial value problem, 43O ' 
' integral ^ - ' . 

continuous function, -648 . 
• 'definition, 377 
.estimates of, 437 T 
: existence, 638 

acist^ce Theorem (Th, ,6-3a), 378 * 
. -g^^etric properties,. 388 
, limit of Tiemann sum, :383, 643 
' of monotone function (Th, 6^3b)-, ' 379 
integral operator, 617 - 
integrals ^ 
convergent, 5^2 

(±efinit;e^ 570, 427 ' 
definition, 58I 
. divergent, 582 
i mpr oper , 5 78- 
i^ymmetric, 571 
integration, - 535 ^ ^ ^ . 

of constant times integrable 

function, 394- • 
of linear -combination of integrable 
functions, 393 . 
by parts, 554 
of a polynomial, 633 
of rational functions, 563 J 
of sum of integrable functions, 395 
special reductions*, 573 
sutfstitution of circular 

functions, 546 
Substi1:ution Rule (Th. 10-2)/>40 ^ 
Intenaediate Value .Theorem (Th. 3-7a) , 
1Q9 ' ^ . 

proof, 350 ' -<) 

interval, 259 

closed, 259^,109 " , , 

'-interior poif:t of , 259 ' ' 

^ length of,. 259 ' 
midpoint of, 259 
open,. 109; 259 * 
inverse function, 131,^ 291f . 



lit 



Lagrange- rul^ of vSLrifctibn of<ft 

psucameters, 
latent period, 509 
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